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Abstract

Residue to binary conversion is presented for the five
moduli set {27 —1,2", 2" +1,2"°1 — 1,27+ —
1} in this paper. A novel converter for the moduli set
using modular adders, multipliers, and carry save adders
is proposed using a cyclic jump method. The binary
representation, hardware implementation and
comparison with a state-of- the- art scheme put the
proposed converter ahead. The moduli set is carefully
selected to provide for larger dynamic range needed for
digital signal processing.

Keywords: Residue Number system; Moduli set;
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i. Introduction

Residue Number System (RNS) is an emerging area of
research. This is because of its suitability for the
implementation of high-speed digital signal processing
devices and its inherent parallelism, modularity, fault
tolerance and carry free propagation properties [7].
Arithmetic  operations such as addition and
multiplication are performed more easily and efficiently
in RNS than conventional two’s complement number
systems [6].

The traditional moduli set {2™ + 1, 2", 2™ — 1}, has been
one of the most popularly studied in RNS.

The set{2™ —1,2™, 2" +1,2"" 1 —
1,2™*1 — 1} which shares a common factor of 2
between the third, fourth and fifth moduli has been
applied. This moduli set offers consecutiveness and
allows for equal width adders and multipliers in
hardware design. This gives it high study significance
than the traditional moduli sets [5].

moduli

ii. Fundamentals of Residue Number

System(RNS)

RNS is presented using relatively prime moduli set
{m;}i=1x such that, the greatest common

divisor(gcd) of (ml-,m]-) =1for i#]j, while

M = []X,m,, is the dynamic range. The residues of a
decimal number X is obtained as x; = |X|,,,.A decimal
number X can therefore be represented in RNS as
X = (x4, %5,%3, .., %), 0 <x; <m,;. This representation
is unique for any integer X € [0,M —1]. |X|n,is the
modulo operation of X with respect to m; [1],[4].

Two standard conversion techniques exist for
performing reversion conversions in RNS. They are The
Chinese Remainder Theorem and the Mixed Radix
Conversion Method. However, other derived versions for
performing backward conversion also exist.

iii. Mixed Radix Conversion

The Mixed Radix Conversion (MRC) approach is an
alternative method to the CRT for performing reverse
conversion. This method does not involve the use of the
large modulo-M computation as is required by the CRT.
This method is used to perform ‘residue to binary
conversion of (xy, x,, X3, X4, xs) based on the moduli set
{my, m,, ...ms} as follows;

X =
a; + a,m; + azmym, + ay;mymyms + agsmymomzmy +
a,mmyms ..My _; (2)

Where a; ;-1 are the Mixed Radix Digits (MRDs) which
can be computed below as shown in [2],[3],[8] ;
a, = Xq
a = |(x2 - a1)|m1_1|m2|m2

as = |((x3 - a1)|m1_1|m3 - a2)|m§1|m3|m3

A = |(((xk - al)lml_llmk - az)lmz_llmk B

— Ag-1 )lmI:11 |mk |mk

iv. The Cyclic Jump Technique

A cyclic jump approach to reverse conversion is
presented in this paper. The technique uses the first
residue as an initial position and then jumps to new
locations until a final point is reached. The various
jumps are then summed when all residues turn to zero,
to arrive at the decimal number X. This technique is an
MRC based approach.
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v. Jump Technique for the 5- Moduli Set {2" —
1,2%,2" + 1,271 — 1,271 — 1}

General algorithm for a five moduli set

1. The first jump is defined by the number j; which
normally corresponds to the first residue in X i.e. J; =
rl-

The first location L; after the jump J; is defined by L, =
X—=]

Thus
[|7"1 —Jilm, = 7"1’]
[, —Jilm, = 7|
Ly =X—Ji={I"s=Jilm, =ré|
[172 = Jilm, = 74|
I7s = J1lms = rE:J

2. The second jump is defined by the number J, , such

that:

Jo =myK, and |r; — J3lm2 =0 o~ MKy |y =0
K= |

2 mil

The second location L, is givenby L, =r—J; — ],
Thus

Ly=X-]i—-] =1L, - I2
Ir{ = Jalm, =7/
172 = Jolm, =12
=|lrs = Jalm, = 13
Iy = J2lm, =12

|r5' _]2|m5 = TSH
3. The third jump is defined by J;, such that

Jz3=mm;K; and |13’ — J3|p, = => 3" —
14
3

m1m2K3|m3 =0 K3 = g
ms

The third location is givenby L; =71, —J; —J, — J3

Thus

[|7'1”_]3|m1 =1n]
||7‘2”_]3|m2 =n I
Lyi=X-L1—L2—5z=L—]3 =1 173" = J3lms =r3'"|
[ 172" = Jslm, = 12" |
llTS’,_]3|m5 =T3 J

4. The fourth jump is defined by J, , such that:

Ja = mymymzK, and |ry"” _]4|m4 =0 |ry"" —

nr
Ts

m1m2m3K4|m4 =0 K, =

mimzmzlm,

The fourth locationis givenby L, =71, —J; —J, —J3 —J,4

Thus
Ly=X— h—lh—Js—Ja=Ls—J. =
rr rnrr
Iy _]4|m1 =n
nr — mnrr
I3 _]4|m2 =N

5" _]4|m3 =T3
nr

|74 _]4|m4 =

175" = Jalms =75

I
=

5. The fifth jump is defined by J5 such that:

mnrro__

Js = mymymymy Ky and |r,"" _]5|m5 =0 |7
m1m2m3m4K5|m5 =0
nrr

T4

K4=

mymamzmy ms

The fourth location is given by L =1 —J; —J, —J3 —
Ja—]s

Thus —>
Lyi=X-JL1—La=5s=Ja—Js =Ly — Js
4" = sl =70
73" = Jslm, = 75"
= 1" = Jslm, = 13"
74" = Jslm, = 74"
72" = Jslmy = 1"

Where(r{"", r,'""", 3", r,""",r2""") = (0,0,0,0,0)
Therefore, the decimal number is given by:
X=Lh+tL++].+]s

vi. Numerical illustrations

For example, given the moduli set {2" —1,2" 2" +
1,21 —1,2™*1 — 1} and assuming we are given

aresidue number X = (2,5,5,2,2)
Therefore we have, m; = 2" —1,m, = 2",
my=2"+1,m,=2"1-1and mg = 2" -1

Whenn =3, my=7,m,=8 ,my=9 , my=3,,
mg= 15,1 =2, =513=5,1r, =2 and
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T'5=2

The first jump is defined by the number J; which
normally corresponds to the first residue in X.

Thus J;, = 2

The first location is defined by: (X —J;)

Therefore:
2-2[,=0
[5—-2|g=3
—>X—-2=||5-2|g=3
[2-2|3=0
2—-2]15=0

The second jump is defined by the number J,, such that:

Jo=7K;, and |3 —J,|g =0
13 = 7K, |g = 0 ==>K, = |§|8=5

ThusJ, =35

The second location is defined by: (X —J;, — J,)

Therefore:
|2—-35],=0
|3—-35]g=0
X—-2-35=|13—-35|,=4
|0 -35|;=1
[0 —35];s =10

3. The third jump is defined by the number J;,
such that:

J3=7*8x+K;and |4 — ]3] =0
4= 56Ks]o=0=> Ky = || =2

5619
Thus J; =112

The third location is defined by: (X —J; — J, — J3)

Therefore:
[0—-112], =0
[0—-112|g =10
X—-2-35—-112=| |[4—-112|4 =0
[1—-112|3=0

110 — 112],5 = 3

4. The fourth jump is defined by the number J,,
such that:

]4 = 7*8*91(4 and |0 _]4|3 =0
0 — 504K,|5 =0 =K, =1
Thus J, =504

The fourth location is defined by: (X —J; — J, — J3 — J4)

Therefore:
[|0—504|7 = 0]
[ 10—504]3=0|
X—2-35-112—-504 =| |0 —504|, =0 |
[ 10-504];=0]|
I3 = 504/, = 9/

The fifth jump is defined by the number J5, such that:
_]5 = 7*8*9*3K5 and |9 __]5|15 =0

|9 = 1512K; |15 =0 ==K = || =2

1512115~
Thus J. = 3024

The fifth location is defined by: (X —J; — J, — J3 —J4 —
Js)

Therefore:
[10—3024|, = 0]
[ 10 —3024|g =0 |
X—2-35-112—-504—3024 =||0—-3024|, =0 |
[ 10 —3024], =0 |

1|9 — 3024, = 0

Therefore the corresponding decimal number is:
2435+ 112 4+ 504 4+ 3024 =3677

ie. (2,5,5,22)——>3677

vii. Binary Representation for the Moduli
set{2"—1,2"2"+1,2"'=1,2""' —1}  Given
{2 —-1,2",2" + 1, 2n-1
1,2™*1 — 1}, its binary representation is given as
follows;
Step 1: First jump ( /;), which is equal to first residue ;.
ie Ji =1

First location L, isdefindas L, =r —J;
7= ("2n - T1,0)
7= (T22n-3 = 12,1, T2,0)
3= (13202 - 13,1, T3,0)
3= (Ta2n-1 - Ta,1,Ta,0)
Ts= (Ta2n—1 75,1, 750)

the moduli set
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Iry = J1ilmy = Y
I, = Jilmg =13
Ir3 = Jilms =13
|7y —Jilmy =14
lrs — Jilms =15

ThusL, =r—]; =

|(7’1,2"—1 ---r1,o) — (121 ---7"1,0)|2n_1
|(7’2,2" ---T2,1'Tz,o) — (ry2n-q ---7"1,0)|2n

= |(7’3,2"+1 ---T3,1'T3,o) — (ry2n-q ---7"1,0)|2nJr1
|(razn-1-1 - Ta17a0) = (r1anoq - 710) | nea_,

_|(7"5,2"+1-1 15,10 7”4,0) - (7"1,2"—1 ---7"1,0)|2n+1_1_

00000 1
|(ra2n .T91,790) + (s ---T,o)|2n
= |(7"3,2"+1 ---T3,1'7"3,0) + (s '"T,O)|2n+1
|(Faznt s o a0) + (Fis e Ti0) L pnos_, |
| (rs pntiog Ts1.750) + (Tis ---T,o)|2n+1_1J
00000

1 ’
T'Z’Zn, rZ,O

e e e

! !
=| T32n+1 130
!
Tyon=1_1 740

~

~

_r5’,2"+1_1' TS,OJ
Step 2: Second jump ( /, ) is defined by:

J» =myk, and |r, _]2|m2 =0
—> | _m1k2|m2 =0=k, = &

my

maz

the expression (*) is continuously iterated by repeatedly

adding the modulus m, until such a time that

|y — m1k2|m2 =0

Jo = myky = 22ky=ky 53, ... k20.00

=J22n - J20

Location L, isgivenas: L, =r—J; =], =L,_J,

Iy — J2lmy =7

[|7”2 —J2Im; ]

Ly=r—Ji—=J; =Li_J, = |lrs = Jolm3 = 13|
[7a — Jolmy =1 |
Irs = Jalms =]

Il
Y

[ 00000
|(T2,2" 121, Tz,o) - (]2,2”' "']2,0)|2n

= ‘ |(r3,2"+1 131, 7'3,0) - (]2,2"' ---]2,0)|2nJr1
! T4,1 7’4,0) - (]2,2"' ---]2,0)|2n—1_1J

|(T'4_'2n—1_1
[|(r5,2”+1—1 wT50,730) = (J22m, "']2,0)|2n+1_1

—

00...00

00000
[ |(7"3,2"+1 ---7”3,1'7”3,0) = Uz22m ---]2,0)|2n+1

|(razn-1-1 a1 700) = U2.2m, "']2,0)|2n—1_1 |
l|(7'5,2"+1—1 wT5,1,Ta0) = (J22m, "']2,0)|2n+1_1J

00000
[ 00000 ]

=| 7'3:,’2"+1:7'3’.’o |
!

! 1
T4'2n—1_1, T4'0

T5’:2n+1_1, T‘S"'O
Step 3: Third jump is defined by J; and this is given by;

]3 = m1m2k3 and
m1m2k3|m3 =0

" = Jslms =0 3 |r5' -

T3

3= ms

m;m,
J3 = mymyk; = 222n - 1.K;
= (2" + 1).K3n41, . K3000

= 2"K3n0, .. K3+ K3oni, . Kag

Third Location (L3) after the jump J5 is given by:

nr

|1y — J3lmy =71
I, = J3lm, = 15"
Ly =1_J1_J,-J3 = Ly_J3 =|lr5 = J3lmz = 13"

[Ty — J3lmy = 1"
rnr

|15 — J3lms =135

00000 1
2,1 7"2,0) - Uz,z“r wJ20) |2n

[
| |(T2’2n

|(T3,2”+1 ---7"3,1'7"3,0) - Uz,z“r "']2,0)|2n+1
I |(T4,2”—1—1 ---7”4,1:7'4,0) - (]2,2"' "']2,0)|2n—1_1 l
|(7”5,2”+1—1 = T5,1 7”4,0) - (]2,2”' "']2,0)|2n+1_1J

00000 1
00 ...00 |
00 ...00

|(ragn-1y ma1,7a0) = Uaam, ---]r4,1.r4,o)|2n_1_1

| |(T5,2"+1—1 - Ts5,10 7"5,0) - (]2,2’% "']2,0)|2n+1_1 J

00000 1
00...00

—=| 00..00 |
113n-p7iBJ
782 m—1, 750
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Step 4: Fourth jump (J,) is given by: [|7‘1 —Jslmy ="
. Iy = Jslmy = 1"
Ja =mymymzkyand |ry" — Julm, =0 =|lrs = Jslmg = 13"
7”4” |T4_ _]5|m4 = T4””,
= Ir" —mymymzkyly, =0,K, = mymamsl, s — JsIms = 715"
o [ 00000 1
K, = mlr:lzm3 =0 ‘ |(7"2,2“ ---7'2,1:7'2,0) - (]2,2"' "']2,0)|2n

(7"3,2”+1 131, 7'3,0) - (]2,2"' "']2,0)|2n+1

Ja=mymy;mzk, |

[|(T4,2"—1—1 wTa1,Ta0) = (z2m ---]2,o)|2n—1_1J

Fourth Location (L,) after the jump J, is given by: |(rs2n+1-q - Ts1,720) = Uzzm - J20) L nes_,

Ly=r—J1i—=Ja—Jz—Ja=Ls—], =

00000 1
Also,Ly=r—J1 =z —J3—Ja=Ls—]4 00...00
Iy = Jalmy = 7" = 00...00
[lrl —]4|m1 B ri,,,,] 00 ...00
=12 e _ 2!/!/ _|(r5.2"+1—1 7”5,1,7”5,0) - (]2,2"+1' "']7"5 175 o)l n+1_
||7'3 — Jalms =13 l e 1
[y — r 00000
4 Jale T 00...00
=100 ... 00I
00 ...00 ] L00 ...00
= 88 ---88 Where (T{””, Tz’””, T?:HH’T‘;IIH’TIHH) — (0’0’0’0’0)
| (T5,2"+1—1 = T5,10 7"4.0) - (]2,2"' ---]2,0) |2n+1_1J The binary number is computed as follows;
00000 1
00...00 X=r13..T10 )220 - J20* J3an T30t a2n,.. g4 0*
=| 00..00 J
5.2n,...
00....00 moJse
_7"5,,’2,;1_1,7'5’,,(’], 4 bit (2n+1)bit
— —t—
. . . . 00 s 001‘1’3 ...rl'O + 00 s 00]2,2"’ ...]2’0 + #
Step 5: Firth jump (J5) is given by: = (4n—3)bit 2n bit
B P—— “o 00...00 J34n, - J30 + Ja2n-1,--Ja0 +J520-1, - J50
Js = mym; mymy ks and |r5"" — Js|mg = 2nbit  (an+1) bit (4n+1) bit (4n+1) bit
e (4n+1)bit
= |rg"" = mymymam, k5|m5 =0,
. v. Proposed Hardware Implementation Scheme
Ts
Ky = | ———
5 mymymsmy | The hardware implementation for the new 5- moduli set
reverse converter is as shown in figure 1; In the
. = e _ | 0 | — 0], =0 implementation, the residues are passed through various
57 lmymymamy ms ~ l2019a8l, — 4T adder channels to yield the respective new residues. The
full conversion takes place in just 5 steps making the
Js=mym,mymyks; =20.19.18.0 =0 speed very good.

Firth Location (Lg) after the jump Js is given by:
Ls=r—Ji=)2=]z=Ja—Js=Ls—]Js

And, Ls=7—J1 = —J3—Ja—Js =Ly — s
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CPA-modmy OPA- modm, PR modmy

CPA: modmy ‘

=

A madimy ‘ [ e

]

2hit shift

=0 2 . .
L] T

PA- madm,

‘ PA- modmy

CPA- modm, ‘

CPA- modm ‘

P i RS I L

‘ Pl madin, CPA- madm, ‘ CPA- madm

i :_{
?:; N o
.
“' CPA- madm,,
K N

?'5“" =0

——|l

Ga | 4ntl)

A {4n4l)

T
X

Figure 1: Hardware Architecture for the proposed
cyclic jump method

viii. Conclusion

The paper proposed a novel converter for the selected 5-
moduli set

{2"—1,2"2"+ 12" —1,2" -1}, The
proposed converter is very fast and efficient in
performing reverse conversions compared with a state-
of-the-art converter presented in [7]. This is because, it
uses fewer steps to generate the decimal value for any
given conversion. The converter is best suited for
applications requiring very large dynamic ranges such as
DSP operations.
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