’,/ International Research Journal of Engineering and Technology (IRJET) e-ISSN: 2395-0056
JET Volume: 08 Issue: 06 | June 2021 www.irjet.net p-ISSN: 2395-0072

ON THE INJECTIVE DOMINATION OF JUMP GRAPHS
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ABSTRACT: Let J(G)=(V,E)be a jump graph. A subset D of J(V) is called injective dominating set (inj-dominating set) if every
vertex VE J(V) - D there exists a vertex u€ D such that |I'(u,v)|=1, where |I'(u,v)| 9s the number of common neighbors
between the vertices u and v. The minimum cardinality of such dominating set denoted by yin(J(G)) and is called injective
dominating number (Inj-dominating number) of J(G). In this paper, we introduce the injective domination of a jump graph
J(G)and analogous to that , we define the injective independence number (Inj-independence number)fini(J(G). and injective
domatic number (Inj-domatic number) dinj(J(G)). Bounds and some interesting results are established.
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1 .Introduction:

By a graph means a finite, undirected with no loops and multiple edges. In general we use

< X > to denote the sub graph induced by the set of vertices X and N(v), N[v] denote the open and closed neighborhood of a
vertex v, respectively. The distance between two vertices u and v in J(G) is the number of edges in a shortest path connecting
them this is also known as the geodesic distance .The eccentricity of a vertex v is the greatest geodesic distance between v and
any other vertex an denoted by e(v)

A set D of vertices in a graph J(G) is a dominating set if every vertex in J(V) - D is adjacent to some vertex in D. The
dominating number y(J(G)) is the minimum cardinality of a dominating set of ](G{.We denote to the smallest integer greater
than or equal to x by [ x 7 and the greatest integer less than or equal to x by - x '\ strongly regular jump graph with
parameter (n,k, 4 pu)isa graph withn vertices such that the number of common neighbors of two verticesuansvisk, 1 or
u according to whether u and v are equal, adjacent, respectively. When A = Othe strongly regular graph J(G) is called primitive
ifJ(G) and J(G ) are connected.

For terminology and notations not specifically defined here we rfer the rader to [5] For more details about
domination number and neighborhood number and their related parameters. We refer to [3],[4]

The common neighborhood domination in graph has introduced in [2]. A subset D of J(V) is called common neighborhood
dominating set (CN-dominating set)if every vertex v € J(V) - D there exists a vertex u € D such that uv € E(J(G)) and | I'(u,v)|=>
1, where |TI'(u,v)]| is the number of common neighborhood between the vertices u and v. The minimum cardinality of such
dominating set denoted by y(J(G)) and is called common neighborhood domination number (CN-domination number) of J(G).
The common neighborhood(CN-neighborhood) of a vertex

u€ V(J(G)) denoted by Ncn(U) is defined as Nen(u) = {v € V(J(G)): uv € E(J(G)) and | T'(w,v)|= 1 }.

The common neighborhood graph (congraph) of J(G), denoted by con(]J(G)), is the graph with the vertex set vi,
V3,......Vp, in which two vertices are adjacent if and only if they have at least one common neighbor in the graph J(G) [1].

In this paper, we introduce the concept of injective domination in jump graph. In ordinary domination between
vertices is enough for a vertex to dominate another in practice. If the persons

Have common friend then it may result in friendship. Human being have a tendency to move with others when they have
common friends.
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2. Injective Dominating Sets:

If defense and domination problem in some situations there should not be direct contact between two individuals but can be
linked by a third person this motivated us to introduced the concept of injective domination.

Definition 2.1 ([1]). Let J(G) be a jump graph with vertex set V(J(G))= { v1, v2,v3,......vp}, For I # jthe common neighborhood of
the verticed v; and v;, denoted by I'(v;, vj) is the set of vertices different from v; and v;, which are adjacent to both v; and v;.

Definition 2.2. Let]J(G)=( V,E) be a graph . A subset D of V is called injective dominating set
(Inj-dominating set) if for every vertex ve V either v € D or tere exists a vertex u€ D such that
[ T(u,v)| =1. The minimum cardinalioty of Inj-dominating set of ](G) denoted by

¥ inj(J(G)) and called injective domination number (Inj-domination number) of J(G).

Proposition 2.3: Let J(G)= (V,E)be a graph and ueV be such that |T'(u, v) |=0 for all v€ V(J(G)). Then u is every injective
dominating se, such vertices are called injective isolated vertices.

Proposition 2.4 : Let](G)= (V,E) be strongly regular graph with parameters (n,k, 4 u).Then
¥y (J(G)) = L or 2.
Proposition 2.5.: For any graph J(G), ¥ inj(J(G) ) < v«(J(G)).

Proof: From the definition of the CN-dominating set of a graph J(G), For any graph J(G). For any graph ]J(G) any CN-dominating
set D is also Inj-dominating set. Hence y inj(J(G) < ya(J(G)).

We note that Inj-domination number of a graph J(G) may be greater than, smaller than or equal to the domination
number of ](G).

Example 2.6.

i) yomg((P2))=2 y(J(P2)) =1

i) Yoing(J(Cs))=2  y(J(Cs)) =1

iii) IfJ(G) is the Petersen graph, then y inj(J(G)) =2 ya(J(G)).=3
Proposition 2.7:

i) For any complete graph J(Kp) where p # 2 y inj(J(Kp)) = 1

ii) For any wheel graph J(G) = J(Wp)) v in(J(G)) =1

iii) For any complete bipartite graph | (Krm) ¥ inj(J( Kem)) =2

iv) For any graph J(G), y wj(Kp +J(G)) =1 where p > 2
Proposition2.8. For any graph J(G) with vertices 1 <y inj(J(G)) <p
Proposition 2.9: Let ](G) be a graph with p vertices .Then y i,j(J(G)) =p if and only if J(G) is a forest with
A(G) =1
Proof: Let J(*G) be a forest with A(J(G)) < 1. Then we have two cses.
Case 1. IfJ(G) is connected. Then either J(G) = J(Kz) or J(G) = J(K1). Hence yiyj(J(G)) =p

Case 2.If](G) is is disconnected, then J(G) = J(n 1K2 U nzK> ), thus yi,(J(G)) =p
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Conversely, If yinj(J(G)) =p then all the vertices of J(G) are Inj-isolated that means J(G) is isomorphic to J(Ki) or J(K2) or to the
disjoint union of J(K1) and J(K3), thatis J(G) = J(n 1K2 U nzK3 ), for some ny,nz €{0,1,2,...} Hence J(G) is a forest with A(J(G)) <
1.

Proposdition 2.10: Let J(G)( b a nontrivial connect4d graph. Then yiyj(J(G)) =1 if and only if there exists a vertex v € V(J(G))
such that N(v) = Ne(v) and e(v)< 2

Prof: Let v € V(J(G)) be any vertex in J(G) such that N(v)= Ny (v) and e(v) < 2. Then for any vertex

u€ V(J(G))-{v} if u is adjacent to v, Since N(v)= Ncn(v) , then obvious u € Njyj(v). If u is not adjacent to v, then |[(uv)| = 1.
Thus for any vertex u€ V(J(G))-{v}, |[I'(w,v)| = 1.. Hence, yi;(J(G)) =1.

Conversely, 9f](G) is a graph with p vertices and yin(J(G)) =1., then there exist at least one vertex v

€ V(G) such that dergiyj(v) = p - 1, then any vertex u€ V(J(G))-{v} either contained in trianglewith v or has distance two from
v. Hence , N(v)= Niyj(v) and e(v0 < 2.

Theorem 2.11([6]) For any path P, and any cycle C, where p >3, we hae
y(Py) =¥(Cp) =T% 1
Proposition 2.12 ®[2]).For any path P, and any cycle Cp

i) Con (Pp) = Pr pj2q U P Ly
ii) Cp ifpisoddandp = 3.

Com(Cp) = P, UP; if p=4
Cp/2U Cpjz ifpiseven

From the definition of the common neighborhood graph and the Inj-domination in ajump graph the following
propositions can easily verified.

Proposition 2.13: For any graph J(G), yinJ (G)0 = y(con(J(G))
The proof of the following proposition is straight forward crom Theorem 2.11 and proposition 2.12

Proposition :2.14: For any cycle C, with 09dd number of vertices p= 3.

Yinj((Cp)) = YO(CP) =T 7 7

p
3
Theorem 2.15: For any cycle Cp with even number of vertices pZ 3.

P
6

Yinjg(cp)) = 2 T' ¢ 7

Proof: From Proposition 2.13 ,Theorem 2.11 and proposition 2.12, if p is even then

Vinioeen = Yini( 0(Cp2))U (Cp/2)) = 2¥(J(Cpr2)) = 21 &

6 1
Proposition 2.16: For any odd number p> 3

-1

+1
ymP)) = 151 + 5 T

Proof: From proposition 2.13, Theorem 2.11 and proposition 2.12, if p is odd then,
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YiiJ(Pp)) = ¥ (J(Prp/27) UJ(Prps24) ) =¥ (U(Pp+1/2) UJ(Pp-1/2))) =

p+1 p-1
= 1+* 151

Proposition 2.17 For any even number p > 4,
yii(J(Pp)) = 2T 2 7

Proof: From proposition 2.13, Theorem 2.11 and p[roposition 2.12, if p is even then, g 1= L 2 4= 2 Hence  yin(J(Pp))
= P

=2T 1

Theorem 2.18 Let J(G)= (v, E) be a jump graph without Inj-isolated vertices. If D is a minimal Inj-dominating set the V - D is an

Inj-dominating set.

Proof: Let d be the minimal Inj-dominating set of J(G) , Suppose V - D is not Inj-dominating set. Then there exists a vertex u in
D such that u is not Inj-dominated by any vertex in V - D,thatis | ['(u,v) |= 0 for anyb vertex vin V -n D. Since J(G) has no Inj-
isolated vertices, then there is at least one vertex in D - {u} has common neighborhood with u, Thus D - {u} is Inj-dominating
set of J(G) which contradicts tht minimality ofb the Inj-dominating set D. Thus every vertex in D has common neighborhood
with at least one vertex in V - D. Hence V - D is an Inj-dominating set.

Theorem2.19; A jump graph J(G) has a unique minimal Inj-dominating set, if and only if the set of all Inj-isolated vertices
forms an Inj-dominating set.

Proof: Let J(G) has unique minimal Inj-dominating set D, and suppose S = { u€ V : u is Inj-isolated vertex}. Thus S < D. Now
suppose D # S

letveD - S, Since v is no Inj-isolated vertex, then V - {v } is an Inj-dominating set. Hence there is a minimal Inj-dominating set
D1 < V — {v} D1+ D a contradiction to the fact that J(G) has a unique minimal Inj-dominating set. Therefore S = D.

Conversely, if the set of all Inj-isolated vertices in ]J(G) forms an Inj-dominating set, then it is clear that J(G) has a uni9que Inj-
dominating set.

Theorem 2.20: For any (p,q) graph J(G), vinJ(G) =p-q

Proof:Let D be a minimum Inj-isolated vertices in ]J(G), Since every vertex in V - D has common neighborhood with at least one
vertex of D, then q = |V -D |, Hence yiyJ(G) =p-q.

Theorem 2.21: Let J(G) be a graph on p vertices and 8injJ(G)) = 1 Then yiyJ(G) < g

Proof: Let D be any minimal Inj-dominating set in J(G). Then by Theorem 2.18, V - D is also an Inj-dominating set in J(G).
Hence, yiyJ(G) <min{|Di|,|V-D[}<.
Theorem 2.22: For any graph J(G) on p vertices yinJ(G) <p - Aini(J(G)).

Proof: Let v be a vertex of J(G) such that degin{v} = Aionj(J(G)). Then v has common neighborhood with |Niy{v}| = Ainj(J(G))
vertices. Thus, V - Nini{v} is an Inj-dominating set. Therefore yinjJ(G) < | V- Niy{v} |, Hence

YiniJ(G) < p = Aini(J(G))-

Proposition 2.23; For asny graph J(G) with diameter less than or equal three and maximum degree A (J(G)), vinJ(G) < A
0@ +1

Proof:Let diam(J(G)) < 3 and v € V(J(G)) such that deg(v) = A(J(G)), Clarlythat, if diam(J(G)) = 1 then J(G) is a complete graph
and the result holds. Suppose diam(J(G)) = 2 or 3 Let Vi(J(G)) € V(JG)) be the set of vertices of J(G) which have distance I
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from v, where [ = 1,2,3. Obv8ously, the set S = V;(J(G)) U {v} is an Inj-dominating set of J(G) of order A(J(G)) + 1. Hence ¥in;
J(G) = A(G)+1.

Definition:2. 24; Let |(G)= (V, E) be a jump graph. S € V(J(G)) is called Inj-independent set if no two vertices in S have
common neighbor. An Inj-independent set S is called maximal Inj-independent set if no superset of S is Inj-independent set.
Ghe Inj-independent set with maximum size called the maximum Inj-independent set in J(G) and its size called the Inj-
independence number of J(G) and is denoted by Bin;(J(G))

Theorem 2.25: Let S be a maximal Inj-independent set. Then S is a minimal Inj-dominating set.

Proof: Lt S be a maximal Inj-independent set and u €V - S. If u & Niyj(v) for every v €S, then S U {u}is an Inj-independent
set, a contradiction to the maximality of S. Therefore u € Njyj(v) for some v € S. Hence, S is an Inj-dominating set. To prove
that S is minimal Inj-dominating set. Suppose S is not minimal. Then for some u € S the set S - {u} is an Inj-dominating set.
Then there exist some vertex in S has a common neighborhood with u, a contradiction because S is an Inj-independent set.
Therefore S is a minimal Inj-dominating set.

Corollary: 2.26: For any graph ] (G), yini(J(G)) < Binjocc)).
3. Injective domatic number in a jump graph.

Let J(G)=(V, E) be a jump graph .A partition A of its vertex set V](G)) is called a domatic partition of J(G) if each class of A is
dominating set in J(G). The maximum order of a partition of V(J(G)) into dominating sets is called domatic number of J(G) and
is denoted by d(J(G)).

Analogously as to y(J(G)) the domatic number d(J(G)) was introduced, we introduce the injr=ective domatic
number diyj(J(G)), and we obtain some bounds and establish some propoertieds of the injective domatic number of a jump

graph J(G).

Definition 3.1.: Let J(G) = (V, E ) be a jump graph . a partition A of its vertex set V(J(G)) is called an injective domatic (in short
Inj-domatic) partitioned J(G)if each class of A is an Inj-dominating set in J(G). The maximum order of a partition of V(J(G)) into
Inj-dominating sets called the Inj-domatic numbr of J(G) and is denoted by din;(J(G)).

For every jump graph J(G) there exists at last one Inj-domatic partition of V(J(G)) namely {V(J(G))}.Therefore
dinj(J(G)) is well-defined for any jump graph J(G).

Theore4m 3.2;

i) Foranybcompleted graph J(Ky) d(Ky) = den (J(Ky)) = d(J(Kp)) P
ii) Dini(J(G)) = n1 if and only if J(G) has at least one Inj-isolatd vertex.
iii) For any wheel grph of p vertices, dinj(J(Wp)) =p
iv) For any complete bipartite graph J(K:,m)
Min {r, m} ifr,m > 2,
Dinj(J(Kr,m)) =
1, otherwise
V) For any jump graph J(G), if Ninj(v) = N(v) for any vertex v in V(J(G)), then
Din (J(G)) = dU(G)).
Proof:
I) If J(G) =(V, E) is a complete graph J(Kp), then for any vertex v the set {v} is a minimum CN-dominating set and
also a minimum Inj-dominating set is p. Hence , dinj( J(Kp))= den(J(Kp))=p
11) Let J(G) be a graph which has an Inj-isolated vertex say v, then every Inj-dominting set of J(G) must contain the

vertex v. Then dinj(J(G)) = 1.
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Conversely, if dinj(J(G)) = 1. And suppose J(G) has no Inj-isolated vertex, then by Theorem 2.21 yinj(J(G)) < g, S0

if we suppose D is a minimal Inj-dominating set I J(G), then V - D is also a minimal Inj-dominating set. Thus
dinj(J(G)) = 2, a contradiction. Therefore ]J(G) has at last one Inj-isolated vertex.

iii) Since for every vertex v of the wheel graph the degionj{v} = p - 1. Hence di,j(J(W;)) =p
(iv) and (v) the proofis obvious.
Evidently each CN-dominating set in J(G) is an Inj-dominating set in J(G) and any
CN- domatic partition is an Inj-domatic partition. We have the following proposition.
Proposition 3.3.: For any graph J(G), dinj(J(G)) = den(J(G)).
Theorem 3.4 : For any graph J(G) with p vertices, di,(J(G)) < p/yinj(](G))
Proof: Assume that diyj(J(G)) =d and { D1, D, D3.......Dg4} is a partition of V(J(G)) into

d numbers of Inj-dominating sets, clearly | Di | = y¥i(J(G)) for I = 1,2,......d. n we have p=Y%,|Di | =dyim(J(G)),
Hence di(J(G)) < P/yui(J(G))

Theorem 3.5: For any graph J(G) with p vertices, din(J(G)) = L p/p — Si(J(Q)) d

Proof: Let D be any subset of V(J(G)) such that | D | = p - 6iyj(J(G)). For any vertex v € V- D we have | Niyj[v} | = 1 + 6inj(J(G)).
Therefore Niyj(v) N D # . Thus D is an Inj-dominating set of J(G). So we can take any | p/p — 8ij(J(G)) ] disjoint subset ach of
cardinality p - 8inj(J(G)). Hence

dw0(©@) = - P/p - 8w0(G) -
Theorem 3.6: For any graph such that dinj(J(G)) < 8ij(J(G)) + 1. Further the equality holds If J(G) is complete graph J(K}))

Proof: Let J(G) be a graph such that diy(J(G)) > 8inj(J(G)) + 1. Then there exists at least 8inj(J(G)) + 2 Inj-dominating sets
which they are mutually6 disjoint. Let v be any vertex in V(J(G)) such that deginj(J(G)) = 8inj(J(G)). Then there is at least one of
the Inj-dominating sets which has no intersection with Nigonj[v]. Hence, that Inj-dominating set can not dominate v, a
contradiction. Therefore dinj(J(G)) < 6ij(J(G)) + 1. It is a obvious if J(G) is complete, then din;(J(G)) > 8inj(J(G)) + 1.

Theorem 3.7: For any graph ](G) with p vertices dinj(J(G)) + dinj(J(G™) < p + 1.

Proof: From Theorem 3.6, we have dinj(J(G)) < 8inj(J(G)) + 1. and dinj(J(G ™)) < 8inj(J(G ™)) + 1, and clearly 8iw(J(G ™)) =p-1
-Ainj(J(G)). Hence

dinj(J(G)) + din(J(G ™)) < 8inj(J(G)) + P -Aunj(J(G)) +1 < p+1
Theorem 3.8: For any graph J(G) with p vertices and without Inj-isolated vertices, disj(J(G)) + yinj(J(G)) < p + 1.
Proof: Let J(G) be a graph with p vertices. Then by Theorem 2.22, we have
Yini(J(G)) < p - Aii(J(G)) < p - 8inj(J(G)),
And also from Theorem 3.6, dinj(J(G)) < dinj (J(G))+ 1.Then

din(J(G)) +¥ii(J(G)) < inj (J(G))+ 1.+ p - 8iniJ(G))
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Hence,
dinj(J(G)) +¥in(J(G)) < p+1
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