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Abstract: In this paper, the initial value problem is solved by differential transform method. The proposed method is
promising to a broad class of linear and non-linear problems. The result of differential transform method is in good
agreement with those obtained by using already existing ones. The differential transform method appeared to be effective,
reliable, easy and flexible for finding the solutions for such type of initial value problems. DTM is an analytical & numerical
method for solving a wide variety of numerical differential equations and usually gets the solution in series form.
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1. Introduction

Many problems of different fields like engineering, physics and geology are described by ordinary or partial differential
equations with appropriate value problems. The differential transform method is very effective and powerful tool for
solving various kinds of differential equations. Zhou introduced the basic idea of DTM in 1980, to solve linear and non-
linear initial value problem that applies in electrical circuits. DTM is an iterative procedure for obtaining analytical Taylor
Series solution of differential equations. The Taylor series method computationally takes long time for large orders. The
main advantage of this method is that this can be applied directly to differential equations without recurring linearization,
discretization.

2. Differential transform method (DTM):

Differential transform of the function y(x), is defined as follows:

1y
k![ dxk

Y(K) = O (1)

and inverse differential transform of Y(k) is defined by:

ye) = > Y(Rx*

Based on the above definitions, the fundamental operations of differential transform method as shown below:
3. One dimensional differential transformation:
3.1.Ify(x) = w(x) * z(x), then, Y (k) =W (k) + Z (k)
3.2.If y(x) = c w(x), then, Y (k) = ¢ W (k), where “c” is constant.
3.3.If y(x) = (dw(x))/dx, then, Y (k) = (k+1) W (k).

3.4.1fy(x) = (d"m w(x))/ (dx"m), then, Y (k) = (k+1) (k+2) -------- (k+m) W (k+m).
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3.5.1fy(x) = 1, then Y (k) =5 (k).
3.6.1fy(x) = x, then Y (k) = & (k-1).

3.7.1f y(x) = w(x) z(x), then, Y (k) =X%,_o W (k) z(k — m).
3.8.1fy(x) =x™, then Y (k) = §(k-m) = 1, if k=m

=0,ifke#m
Here m is non-negative integer

ak
3.9.Ify(x) =e**, then Y (k) = e?, Where a is constant.

m (m-1) (M—=2)........... (m—-k+1)
k!

3.10. If y(x) =(1 + x)™, then Y (k) =

k
3.11. If y(x) = sin (wx + ), then Y (k) = VZ—I sin (kz—” + o), Here o, w are constant.

k
3.12. If y(x) = cos (wx + ), then Y (k) = M;—I cos (kz—’T + o), Here o, w are constant.

4. Numerical Applications:
In this section, we will apply Differential transform method to some initial value problem:
4.1. Problem 1:

Consider the equation with initial value

2 7

2%y Ay 4 _2 oy 2Z
X“Togrx_— -y =Xt )1(1)-3,)/(1)-3 ...................................................... 3)
Here we are taking transformation x =ef, logx =t

Therefor equation (3) becomes with initial value

d2
Y.y=e*t | y(0)=§,y'(0)=z ..................................................................... 4)

dx? 3

Now, we apply differential transform method, on equation (4), gives:

(k+1)(k + 2)Y(k + 2) - Y(k) = ‘,‘c—k ..............................................................................

R S
(+1)(k+2) Lk!

With the conditions y(0)= g, y(1) = g

Thus, Y(k + 2) = + Y(k)]

When k=0, in equation (6), then

Y(2)= +Y(0)]=3[1+2]=2

_r [ﬁ
(0+1)(0+2) Lo!

When k = 1, in equation (6), then
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= —1 71222
et R (€] o] U kR S— (8)

When k = 2, in equation (6), then

16 5 53
Y (4) = m[2|+ (O] ] ] T S ——— 9)

WehaveY(Z)z Y(3)—— Y(4)— ..................

Then, we have following solution to initial value problem:

AL I T 0 TP (10)
=toY(0) + tY(1) + t2Y(2) + t3Y(3) + t*Y(4) + o (t°)

ie y(t) = §+ t (g) + t2 (2) + t3(§) + tﬂ%) F oo

219353

y(t)——+ t+—t S+ t4+0(t5)+ ............................................................. (1)

4.2. Problem 2:

Now, consider the following with initial value problem:
x? 5x— +y? = (log x)?

Withy(1)=0, y(1) =1

Taking transformation x = et ,log x = t, the equation (12) becomes,

a?y d_y _(1)2
Aoy =
Withy (0)= 0, 77 (0) =1 oeeeeeeeeeeeeeeccesseeeeeeeaeeseeneeees e see s s ses s (13)

Now, we apply DTM method on equation (13)

(k+1) (k+2) Y(k+2) + 4 (k+1) Y(k+1) + ¥%_ Y(K) Y(k — m)= 8(K-2) woorrerrrrrrren (14)
Thus,
Y(k+2)= m [—4 (k+DYk+1D -3k _y®yk-—m)+86k—-2)] ... (15)

With following conditions: y (0)=0,y(1)=1
Now, we find Y (2), Y (3), Y (4) «ecoeveermeienienens If we put k=0 in the equation (15), then

Y(2)= [-4(0+ DY +1) = X3-y(0)y(0 —m) + 0]

(0+1)(0+2)
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= LB ) =04 0] = -2 s (16)

If we put k=1 in equation (15), then

: 1
T (1+1)(1+2)

Y(3) [—4 (2)Y(2) — Y(1)Y(1) — Y(1)Y(0) + 0]=§ [16—1—0+0 ]=§ ......... (17)

If we put k=2 in equation (15), then

Y(4) = Grnam [~ ®YE) —Y@Y(Q) - YY) - Y()Y(0) + 1]

Ll-12 (15) (=2)(=2) — (=2)(1) = (=2) (0) + 1 ]:ﬁ [-30—4+2+0+1]="> ...(18)

12 6

Therefore, we have:

_ _ 15 -3
Y(2)=-2Y(3) = o Y(4) = g e
Thus, its solution is:
V() = 0 X Y (K) crrer ettt sss s s st ettt s s e s (19)

yO=t°Y(O) +Y (D) +2Y2)+t3YRB) +t* Y (4) + O(t°) + coeee..
YO =t = 262+ 28 = D £ O(E%) F oo oo (20)

4.3. Problem 3:
Consider the equation with initial value problem:

2 d%

x222
dx?

d
F3xT =2y =X (21)

With initial conditions:y(1) =1, y’(1) = =2

Taking transformation x = e*, logx = t, the equation (21) becomes,

2’y

Tnt +2% —2y =¢t

With Y (0) =1, 37(0) = =2 coeveesloeer e se s s (22)

Now, we apply DTM method on equation (22)

(k+1) (k+2) Y(k+2) +2(k + 1) Y(k +1) ~2Y()= &
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Thus,
Y(k+2)—m[ 2 (k + 2)Y(k + 1)+2Y(k)+—] .................................... (23)

And the initial conditions are: y (0) =0,y (1) = =2

Substituting these values atk =0, 1, 2, 3............. in above equation
Y (2 —;[ —2 (DY(D) + 2 Y(0) +l]—1[—2(—2) +2(1) +1]=2 24
@ =550 =5 (1) T —— (24)
Y(3)= (1+1)(1+2)[( 2)2)(3) +(2)(-2) + 1] ............................................. (25)
1 1 1 -17 7 1] 49
Y (4) _m[ —2 @2+ DYE) + 2Y(@) +5]==[-6 (Z2) +2(2) + = (26)
_ 1 _ l _i _ 17 131
Y (5) _7(3“)(3”)[ 23+ DY@ + 2YG3) +2]==[-8 (2) +2(20) + = nl27)
We obtained the close form solution up to N=5, so, we have:
_7 _ 17 49 -131
Y2)=5, YB3)= =, Y(#)= Y(5) e
Its solution is:
y(t) = izt Y(K)
=tY(0) + t1Y(1) + t2Y(2) + t3Y(3) + t*Y(4) + t°Y(5) +0(t%) +rrrrrrrrrrrersrrerrerrrrrrerenens (28)
2 3 4049 5 (131 6
=1+ (-2 + () + B +tH(5) +t (120)+ O(t®) +
_1 7.2 3 4 _ 1315 6Y _
=1-2t+t% - t + t o+ 0t crrsrressereseeesessssessssssesssss e sesensensee(29)

Conclusion

In this paper we extended the applications of differential transform method which is based on Taylor series expansion, to
construct analytical approximate solutions of the initial value problems. DTM is simple , easy to use & produce reliable
results.
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