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Abstract:

In this paper, we consider a rough hyperideals in join hyperlattice. Moreover, we investigate some theorems and properties
for rough hyperideals in join hyperlattice.
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Introduction:

In this section, we introduce the notion of rough hyperideals in hyperlattices and discuss some properties of them.
Givenahyperlattice L, by P*(L) wewill denote the setof all nonempty subsets of L. If  is an equivalence relation on

L,then, forevery a€ L, [a]g stands for the equivalence class of a with the represent 8. For any nonempty subset 4 of L, we denote
[A]s= {[a]g| a€ A}. Forany A,B € P*(L), we denote A B ifthe following conditions hold:

(1)foralla€ A,3b € Bsuchthata8b;
(2)forallde B,3c€ Asuchthatcod.
Now, we can introduce the notion of hyper congruences on hyperlattices in the following manner.

Definition 1. Let (L, A, @) be a hyperlattice. An equivalence relation 8 on L is called a hyper congruence on L if for all a, a’,
b, b’ € L thefollowing implication holds: afa’, and b8b’

imply (aAb) 8(a Ab)and (aVb) 8 (aVb).

Obviously, an equivalence relation 8 on (L, A, @) is a hyper congruence if and only if for all a, b,x € L, we have that afb
implies (aAx) 8 (b Ax)and(aVx)8 (bV x).

Lemma 2. Let (L, A, @) be a hyperlattice, and let 8 be a hyper congruence on L. For all a, b, € L, then [a]g A [b]g S [a A
blg-[aleV [b]le S [aVD]e.

Proof. Suppose thatx € [a]g A [b]g, then there exist x; € [a]g and x, € [b]gsuch
That x € x; A x,E. Since afxy, bOx,, by Definition1,wehave (a Ab) 8 (x; A x).
X € x; A x, implies thatthereexists y€ a A bsuchthatx6y.Therefore,wehave
X€E [a A b]g, which implies[a]g A [b]g S [a A b]g. Similarly, we can prove that
[aleV [Ple < [aVb]e.

A hyper congruence relation 6 on (L, A,2) is called A-complete if
[ale A [b]g=[a A b]g for all a, b € L. Similarly, 6 is called &-complete if

[algV [b]lg € [aVb]g forall a, b € L. Wecall 6 complete if it is both A-complete and B-Complete. Now, we briefly recall the rough
set theory in Pawlak’s sense.
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Let 6 be an equivalence relation on L, and let A be a nonempty subset of L.

Then, the sets 8(4) = {x € L |[x]g N A # @} and 6(A) = {x € L |[x]g S A} are called, respectively, the upper and lower
approximations of A with respectto8.8(A) = (6 (4), 8(A)) is called a rough set with respect to 6.

Proposition 3. Let8 beahyper congruenceona hyperlattice (L, A,B). If A, B are two nonempty subsets of L, then
i) 6(A) A 8(B)S O(AAB).Inparticular, ifd isaA —complete, thend(A) A §(B)= O(AAB).

(ii) 0(A) V 8(B)S O(ABB).In particular,ifd isaVV —complete,thend(A) V 6(B)= 6(AZB).

Proof:

Suppose that x€ (A) A 8(B). There exist x1 €0 (A)andxy €6 (B)suchthatx€xq Axp.

Itfollows thatthere exists a, b € L such thata € [x;]g N Aand b € [x;]4 N B. Since 8 is a hyper congruence on L, we have
aAb C [x1]g A [x2]6S [x1 A x3]g by lemma 2.

On the other hand, sincea Ab S AABweobtaina Ab S [x; A Xx3]g N
(A AB),whichimpliesx€x1 Ax2 € 6(AAB). Therefore@(A) A 8(B)S O(AAB).

If 6 isA —complete, letx € 6 (A AB), then [x]y N (AAB) # @.Therefore thereexistsy€ [x]g N (AAB),andsoforsomea€ A and b € B, we
havey € a A b.Since 8 isaA —complete, we canobtainx € [y]g S [a A b]g =[a]g A [D]s-

Thus, there exists x; € [a]g and x, € [b]g such thatx € x; A x,.

It follows that a € [x;]g N Aand b € [x,]g N B. Hence, x; € 9=(A) and x, € 9=(B), and we have Xx € x; A x, € A(A) A O(B).

Therefore, 8(A) A 6(B) = 6(AAB).
(2) is similar to that of (1).
Proposition 4: Let 8 beahyper congruenceonahyperlattice (L, A,@) and A, B are two nonempty subsets of L, then
0] If A and B are two A-hyperideals of L, then8(A) A 8(B)= 6(AAB).
(ii) If A and B are two V-hyperideals of L, then(A) V §(B)= 6(AVB).

(1) Letx € (AAB), then there exista € A and b € B such that [x]y N (a A b) # @, which implies that there existst€ a A b
such that x 0 t. Since A is a A-hyperideal of L, wehavea Ab € A. It follows that t € A. Hence, we obtain that [x]g N
A= [t]y N A= @,whichimpliesx€ §(A). In a similar way, we have x € §(B). Thus, x Ex AXS H(A) A §(B).

Combining proposition 3, we have (A) A (B) = 6(AAB).
(2) The proofis similar to that of (1).

Proposition 5: Let 6 be a hypercongurence relation on a hyperlattice (L, A, @). If A and B are A -hyperideals (2 -hyperideals) of L,
thend(ANB)=0(A) n §(B).

Proof: Let x € §(A) N §(B), we have [x]g N A # @ and [x]g N B # @.Then, thereexistx; € A and x, € B such that x;0x and x,6x.It
follows from @ which is a hyper congruence relation that x; A x,6x Ax, which implies that there exists t € x; A x, such that t fx.Since Aand B
are A-hyperideals of L, wehavex; A x, S ANB.So,t€ ANB.Itfollowsthat[x], N (ANB)=[t]g N (ANB)# ®,whichimpliesx€ §(ANB).Hence,
A(A) n 6(B) S 6(ANB).Onthe other hand, itis clear that 8 (ANB) € H(A) N §(B). Therefore, 8(ANB)=6(A) N §(B). In a similar way, if
A and B are @ -hyperideals of L, we can also obtain #(ANB) =8 (A) n §(B).

Next, we will introduce and investigate a new algebraic structure called rough hyperideals in join hyper lattices. Let us begin
with introducing the following definitions.
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Definition 6: Let 8 be a hypercongruence on a hyperlattice (L, A, @), and let A be a non empty subset of L. A is called alower (an upper)rough sub
hyperlattice of L if § (A)(8(A)) is a sub hyperlattice of L. A is called a rough sub hyperlattice of L if A is both a lower rough sub
hyperlattice and an upper rough sub hyperlattice of L.

Similarly, A is called a lower (an upper) rough A -hyperideal of Lif (A)( (A)) is a A-hyperideal of L. And we call A as rough A-hyperideal of L
if A is both alower rough A-hyperideal and an upper rough A-hyperideal of L. In a similar way, a rough @ -hyperideal of L. can be defined.

Example 7: Let L = {3, b, ¢, d} be the hyperlattice. Let 8 be a hyper congruence relation on the hyperlattice L with the following equivalent classes:
[a]o={a,b},[c]e= {c, d}. Considering A = {a, b, c}, we can obtain that ()= {a, b} 8(A) =L.

Notice that {a, b} and L are A-hyperideals, so A is a rough A-hyperideal of L. If A = {b, ¢, d}, we have that (4) = {c, d} and 8 (A) = L. we obtain that {c, d}
and L are B-hyperideals, so A is arough B-hyperideal of L.

Example 8: In example 7, A ={a, b, c} isa rough A-hyperideal of (L, A, @), but A is not a A-hyperideal of L.
Conclusion:

Hence, we have successfully introduced the Rough hyperideals in join hyperlattice. And we investigated some of their
properties.
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