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1. INTRODUCTION
Let ¥ denote the class of functions f given by,

fla) =z+ L5 2am2" (1)

which are analytic in the open unit disk T = {z : |z| = 1}. Furthermore, let é represent the class of all functions f € ¥ in the
form (1) which are univalent in . The Koebe one-quarter theorem [5] ensures that the image of F under every function f&
¢ contains a disk of radius %. Thus, every function f € é has an inverse f~* satisfying F~*(f(z)) =z (z € &) and

(Frd) =w (wl <n(f). () =1/4).
A function f € ¥ is said to be bi-univalent in ¥ if both fand its inverse f~* are univalent in ¥. Let X denote the class of

bi-univalent functions defined in . Since f € T has the Taylor-Maclaurin series expansion given by (1), its inverse f~* has

the expansion
fiw) = w—a,w? + (202 — a:)w® — (5a} — 5a,a,) + - (2)

Many authors introduced and investigated different subclasses of bi-univalent functions and obtained estimates for the
initial coefficients for functions in these subclasses (see [1, 3, 6, 7, 11, 15, 14, 12, 17]).
In Geometric Function Theory, different subclasses of the normalized analytic function class ¢ have been analysed from
various viewpoints. The g-calculus and the fractional g-calculus provide important tools that have been used for the
investigation of different subclasses of .

To begin with, we define the fractional (p, q)-derivative (see [4, 10]) for a complex function f(z} as follows:

Definition 1. For 0 =< g < p = 1, the (p, q)-derivative of a complex-valued function f (2} is given by

du,qf':f&':] = (m-giz forz#10 (3)
| 10 forz=0.

From the above definition, it is clear that

o (z™) = [m], 2™, (4
where
[l =22 (5)

Thus, for f€ § given by (1), we have
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fyof(2) =1+ E5 s [m]yqamz™ " (6)

For p=1, we obtain the g-derivative of f{(z) (see [9]) given by

dqf{z:l = L (L-gz fﬂ?"z = 0
(0 forz=10

T

1-g
1-g

and thus, for € § given by (1), we have d f(z) =1+ L3 _;[m] anz™"" where [m], =

Also, for f€ ¥, we have lim ;- d f(z) = f'(z).

This paper introduces two new subclasses of bi-univalent functions defined by using (p, q)-derivatives and we determine
bounds for the initial coefficients |&3 | and |z | for functions in these subclasses. For this purpose, we use the following

lemma:

Lemma 2. [5]If p(z) = 1+ pyz + poz® + paz* + = isanalyticin Y such that Re p(z)= 0, then |p | = 2. for each k.

o
2. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS Bt’qu; e e,

In this section, we introduce the subclass Bg'q{l, u, ) of the bi-univalent function class X and obtain the bounds for |a; |

and |a; | for the functions in this subclass.
Definition 3. A function f € X given by (1) is said to be in the class E’;'q{lJ woo) where 0 <g=<p=1

Az=1 w=0, 0= a=1ifthe following conditions are satisfied:

|arg {0 D2 4 3,7 G) +pz (dpof @)} <= e ) )

-4 k

and

|ar‘g {{1 -1 gtﬁ +Ad,gw) + pw (dp_qg{w]) '}| = E (w e i) (8)

¥

1™

[—
wm+

-1
where 2(1—a) X5, = 1 and g is the extension of f~* to Y.

Now, we obtain the bounds for |@=|and |az]| for the function class Bg'q{l, T30

Theorem 4. Let f(z) given by (1) be in the class Bg'q{ﬂu . ). Then

g iy

9)

lag| = min |[t=A+ A+ mgl " [apl r ' r 1 a2
rElsipg \j|:|:'l:l.—.1+'..1+:_r£'[!.p_q;+|_1—nfn[i—.1+'..1+_ul1[:_r,_;}*|

and

4t s
gl = - = - - .
lag| = [1-d+ A+ @) [2p 3° t [F I P

(10)

Proof. Let f € BL(A u,&). Then, from (7) and (8), we have
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-84 4d,f@) +pz (dpof @) = K(2)* e &) (11)
and

-0 4+ ad, g0w) + pw (dp_qg(w])r = [h(w)]® (w e &) (12)
where

klz) =1+ ks + k2l + kaz¥ + 0 (z € ) (13)
and

hw) =1+ hyw + hyw? + haw? + - (w € &) (14)

satisfying the conditions Re k(z) > 0 and Re h(w) > 0.

Now, equating the coefficients of like terms in (11) and (12), we get

-2+ Q+wil, Ja =ak, (15)
{1 -2 +G+ 2003, o = aky + Z2202 (16)
“f1-a+ G+, Ja; = ah, (17)
and
(1-2+Q0+2003,.)0a —a,) = ah, + Z=2p2 (18)
From (15) and (17), we get

hy = -k, (19)
And
2{1 — 2+ QL+ @) [2], . ad = a®(kf + k) (20)

Now, from (16), (18) and (20), we obtain
Thus, we have
201 -2+ G+ 20031, Jad =alk, + hy) + wla—1) (k2 + ki)

2

ala-1)
2

=alk, + h,) + ﬂ—1+u+MDh$%§

o2 = e (kg +h)
= —— —
7 zefe-A+ QemlElp o+ - m [1- A+ Ul ) 215,032

(21)

Now, calculating the absolute values on both sides of (20) and (21) and by using Lemma 2, we get

© 2020,IRJET | ImpactFactorvalue:7.529 | IS0 9001:2008 Certified Journal | Page 168



INTERNATIONAL RESEARCH JOURNAL OF ENGINEERING AND TECHNOLOGY (IRJET) E-ISSN: 2395-0056
J]{T'_ VOLUME: 07, SPECIAL ISSUE | JUNE 2020 WWW.IRJET.NET P-ISSN: 2395-0072

International Conference on Recent Trends in Science & Technology-2020 (ICRTST - 2020)
Organised by: ATME College of Engineering, Mysuru, INDIA

o & [k 2+ Ry % e
las|? = (Ikey | 1_| 1= : _
= {L-A+ LA+ [2]p g3 T 2 L-A+ L pl[2]y 37
and
2 et |k |+ Rz ]) 4ot
laz|©

= - . - - — = - . - - —
|2a{1-A+(A+2p00a] r q} +{1—aM1-A+(A+pI02] P q} | |2a{1—A+(1+2p00a] P q} +l1—a1-A+(A+pI 02l P q} |

from which we obtain (9).
Further, to find the bound on the coefficient |az |, we substract (18) from (16) and use (19) to obtain

[k —hg)

Oy = o2 ;
g 2 t 21—+ (+20 [

— (22)

gt

Substituting for &% from (20) in (22), we have

22k +hi) & (fy —hg)
Gy = - - -
e -1+ 0+ 2] p 532 #H{1-1+(1+2p008

— (23)

Speqd

Now, by finding the absolute values on both sides of (23) and using Lemma 2, we obtain

laa| < a2 ([ky 2417y 7] a(lkzl+|Rz) ag’ N I

Tl = - . F4 r 1 = N _ F - =

= 2{1-A+ D+l L2l o 2l{-A+U+2d 3l p gl = [1-24Caep) ] pqi [{1-a+(ie2e0lal, )

which is precisely (10).

Hence the Theorem 4 is proved. =

Remark 5. Ifwe put 4 = 1 in Definition 3, then the class BE-'*(JL . &) reduces to the class H'Jf;"“which was defined and
studied by Motamednezhad and Salehian [10].

Thus, from Theorem 4., we obtain the results as follows:

Corollary 6. Let f(z) given by (1) be in the class H'Jf:'r"‘ﬂ. Then

_ 2z I
|a; | = min - .
== L TN - R T Ty 2rnq2
Hlelpg 1_‘i.1".".1.+._:L[!.r,_q+'.1.—|:'. (L+w7 205 g
and
40° T
|ﬂ-g | =

(+p? 23, (+zpdlEly

Remark 7. Ifwe put = 1,p = 1 and let g — 17 in Definition 3, then the class BL (1, . &) reduces to the class H =(u. &)
which was defined and studied by Frasin [6].

Thus, from Theorem 4, we obtain the results as follows:

Corollary 8. Let f(z) given by (1) be in the class H (g &}. Then,

a 2o

- |

1+p " S Tla+ D+ ap e+ p—au+2)
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and

2

2o

las| = ep? T ez

3. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS B2 “[ 1, 1, v]

Here we introduce the function class 55” (4.1, ¥] using the definition as follows:

Definition 9. A function f € X given by (1) is said to be in the class E’;'q[‘lhu; ¥l where 0 < g <p = 1,

Az=1, u=0 0= y = 1ifthe following conditions are satisfied:

Re {(1 ~ D524, + pz (d,, () ) f} Sy (zei) (24)
and

Re {(1 - 1}% + A d,,g(w) + pw (dpj_g(W}) ’} >y (WE ) (25)
where 2{1 —¥) Eﬁﬂi:f:i = 1 and g is the extension of f~* to Y.

Now, we obtain the bounds for |@2|and |az| for the function class. B * [, . v].

Theorem 10. Let f{z) given by (1) be in the class BZ [ 4.1 ¥]. Then

la;] < min IIL—A:III:.;—E[:: nal x|||1—.1+l12.i i_";:['l pal (26)
and
lag | = m (27)

Proof. Letf € E’;'q[l, 4 ¥]. Then, from (24) and (25), we have

-1 %+ Adpof(z) + uz {dﬂ_qf{z])r =y+ {1 —ylk(z) (z€ &) (28)
and

-0+ 2d, g0w) + pw {dﬂ_qg{W':])r =y + (1 —pPgw) (we) (29)
where k(z) and k{w) are given by (13) and (14), respectively, with Re k(z) > 0 and Re h(w) > 0.
Now, equating the coefficients of like terms in (28) and (29), we get
{1 —A+0+w [E]ﬂ_q}n: =(1—-ylk, (30)
1-2+G+2008],)a; = Q- )k, (31)
-1+ G+, e, = A —pIn, (32)
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and
1-2+G+2003),}(2ad —a;) =1 —ylh, (33)
From (30) and (32), we get
By = —k, (34)
and
21—+ G+ @) (2,000 = (1 — )2 +h) (35)
Also, from (31) and (33), we get
21 -1+ @A+ 23], 36 = (1 -9 (ks + hy) (36)

Now, by finding the absolute values on both sides of (35) and (36) and using Lemma 2, we get

I, |2 (=12 ey P+ [Rg %) 41-y3°
o o= - ~ a3 = - - .2
< Z{L-A+ [+ [2]p g3 [1-A+ A+ [2p g}
and
7 (=¥l Rz |+ Rzl [1-¥)
las |

- . = - -
T |-+ lezpdlEly ) T =AUz [3]

from which we obtain (26).

Further, to find the bound on the coefficient |az |, we substract (33) from (31) to get

.;1—;;)(?;:—?::_:- _ (37)

p
a; = a; +
"

20 {1-A++2p0 (3

Substituting for &% from (35) in (37), we have

r1-y1% (i} +kri) (1-yitka—kg)
a; = . —— A (38)

1 r a2 [ [ |
[1-A+(+p0 2] 73 2{1-A+(A+2p00E]p o

Also, by substituting the value of a% from (36) in (37), we have

[1-¥1k;
%2 = [ i+l+200
A+ U+ 2plEly o

(39)

Now, by finding the absolute values on both sides of (38) and (39) and using Lemma 2, we obtain

la.| < (1-¥)2 1k 12+1Ry]2) N (¥R [+|R2]) 4(1-y12 N I{1-1)
gl = - - B4 T r 1 Y = N . FJ - - ¥
2{1- A+ A+ p) [ p.qi 2{1-A+0+2p0 0] p 2l = -2+ p) 2] IF'-#E [{1-A+ {1+ 2e018] p.qil
and
(1-y]|k; 2(1—y)
la. | < = | ;|_ = 2ty
s [1-d+llezpdlaly o = [1-A+0ezpd g 0

from which we obtain (27).
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Hence the Theorem is proved. =

Remark 11. If we put & = 1 in Definition 9, then the class Bﬁ-'* [ 1. ¥] reduces to the class H'Jf:"u{ﬂ which was defined and
studied by Motamednezhad and Salehian [10].

Thus, from Theorem 10, we obtain the result as follows:

Corollary 12. Let f{z) given by (1) be in the class Hi::"u(’r:l . Then

. 21—y] I(1-¥)
lag | = min {[14.@ e 4 (L2008l o
Mi2lpg "\I ’ P
and
2l1-)
T . .
lag| < (1+2Ely, .

Remark 13. Ifwe put A = 1.p = 1 andlet g — 17 in Definition 9, then the class Bg'q [Lu.¥] reduces to the class
HE(y) which was defined and studied by Frasin [6].

Thus, from Theorem 10, we obtain the result as follows:

Corollary 14. Let f{z) given by (1.1) be in the class H';':’_Ir’]. Then,

1y [2oon
las| < min [—'r |
14" o) 3(1+20

and
2(1-¥)
| 23 | = -
3(1+2u)
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