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Abstract - To satisfy the user's requirements of open
management and visual query in theoretical forward models a
novel scheme and study for spaces that makes the Gelfand
Shilov technique to generalize the Laplace Stieltjes transform
a simple objective function a combination of two different
transforms in the Distributional Generalized sense appropriate
domains for harmonic analysis is proposed technology to be
taken into consideration during the planning modeling
operating Cauchy problems and performing  various
operations due to wide spread applicability to solve the PDE
involving distributional condition. In addition the primitive is
used by giving convenient explanations for more general
situations to achieve and enjoy a slightly faster decay in
domain even in polynomial case by changing the scheme from
one dimension to higher follows from the property of strong
continuity at origin implies continuity at any point. However
Cauchy problems with solutions which are not continuous at
zero include important Differential problems that often arise
in applications alongwith the well imposed
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1. INTRODUCTION

The systematic theory of distributional integral
transform that objects develops well established valuable
techniques of generalized functions also known as
distributions due to wide spread applicability in real life
situations have its origin in the work of Schwartz[1],
Zemanian[2], Brychkov[3], Snedonn[4] . The roots and
mathematical approach of the methods are of great interest
to gain appropriate flavor in several branches of engineering
stress back to the work of Heaviside[1890], Todor [5],
Hamed[6], Cappiello[7] due to the concept of imposing
conditions on the decay of the fundamental functions in
Mar8l[8], Gabriella[9] at infinity with growth of the
derivative to all the integrable functions used to formulate
generalized solutions of partial differential equations as well
as ordinary differential equations involving distributional
boundary conditions for propogation of heat in cylindrical
coordinates espetially in the quantum field theory as the
order of the derivative increases. The linear part of such
equations in Dusan[10], Jaeyoung[11], Geetha[12] is
connected to study the local regularity properties of
analyzing functions as a motivation for formulating the
generalized Laplace Stieltjes transform defind in Gulhane

[13] a widest one result on the connection between the
transforms not satisfying admissibility conditions with both
local and global behavior of the transform. Dmitrii in [14]
designed a theoretical forward platform over integral
representations of the generalized hypergeometric functions
to establish new inequalities by collecting a number of
consequences of properties for completely monotonic
Stieltjes class.

We studied a crucible role in mathematical analysis,
mathematical physics and engineering of generalized
functions in the form of a continuous collection of six distinct
volumes by Gelfand[15], Irina[16] as an introduction to
generalized functions and presents various applications to
analysis, partial differential equations, stochastic process,
representation theory where many continuous non-
continuous problems naturally lead to differential equations
whose solution is a work by Paul Dirac[1920], Fisher[17] for
Dirac delta distributions used in modeling quantum

electronics as o' (t) equals to zero for nonzero functions and

o for tequals to zero. The major protection devices in a
generalized distribution theory a class of Gelfand Shilov
spaces [18, 19, 20] their closed subspaces consisting of
analytic signals which are almost exponentially localized in
time and frequency variables control the decay of the
transforms independently in each variables in Cordero[21]
since the appropriate support of transform in positive
domain which do not contain explicit regularity conditions.
The spaces have gained more attention in Feichtinger[22],
Toft[23] connection with the modulation spaces localization
operators the corresponding pseudo-differential calculusin
Teofanov[24, 25] the projective descriptions of a general
class of Gelfand Shilov spaces of Roumieu type are
indispensable for achieving completed tensor product
representations of different important classes of vector
valued ultra-differentiable functions of Roumieu. The main
interest comes historically from Quantum Mechanics, where
the exponential decay of eigen functions have intensively
studied. Gelfand Shilov type spaces Robertson [26] in which
the topology of bounded convergence is assigned to the dual
function study with the Symbol-Global operator's type in the
context of time-frequency analysis.

2. CREATION OF TOPOLOGICAL SPACES

In order to simplify the exposition we start by
recalling some facts about one dimensional LS type spaces
Gelfand Shilov involving both integral differentiation
multiplication by function exponential concept under one
umbrella having the approach to solve different types
different order different degree ordinary differential
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equations partial differential equations upto some desired
order over some domain C” thespace LS, , =LS, A(Rd )

with constraints mainly on the decrease of the functions at
infinity for o > Oconsists of all infinitely differentiable

functions (o(t, X) for 0 < X <00, 0 <t <oo satisfying the

inequality for each nonnegative integer |, q

Va k,1,q® = SUp eat(1+x)k DtI(XDx)q(P(t! XX
0

<t<oo
0<X<o0

< C, Ak

as the constants Aand Cq depend on the everywhere
differentiable testing function @and a€R
k* =1 for k =0

. We get

The topology of the multinormed space is generated by the

countable multiform {Va, K1, q }T]q:O

With this topology LS, , is a countably multiform

complete, normed, real (or complex) strongest possible one

with continuous induction map LS, , to LS, , for every

a

choice of v > 0.

Although some aspects were developed much earlier as if
Yar1q?<Cy BYq¥ where C, is a function depend on

I, q for the systematic study of exponential constructed

space LS” which arise as a application of differentiable
functions whose derivatives do or donot existin the classical
sense for the space having constraints mainly on the growth
of the involved partial derivatives as | approaches to infinity
for [ >0 as the origin.

The extensively used_contribution for the development of the
necessary facts related to the generalized functions theory
by Schwartz hence the construction of Laplace Stiltjes
transform theory of generalized distributional transform is
based on the test function space LS consisting of all

infinitely differentiable function go(t, X) defined for all
positive values of t, X having continuous derivative over

some domain Cw(Rdl)

satisfying SUP
O<t<o
0<x<o0

e (1+x) D! (xD, ) olt, x)‘ <o

Obviously the spaces LS LS”" of all non negative

a,a’
numbers ¢, [ are subspaces of the above testing function
space for 0 < X <00, 0<t<oo

Lettherebegiven ¢r;, 5, >0, A, B, € R befixed, (o(t, X)
function defined for all positive values of t, X having
continuous derivative over some domain C” (R o ) _Gelfand

Shilov type space relative to
B , a ). .
'-Sff, A= I—Sfi 21 (R 1) is defined by

Laplace transform

LsA B ={pec*(R:)/3C,, >0,

a,

sup

O<t<eo
O<x<oo

<C,, A'Bla*1" |

e®(1+x) D! (xD, flt, x)‘

where the constants Cllql’ A, B, depend on the

everywhere differential testing function ¢ . From a
topological point of view the spaces LSZ1 and Zfi are given

. . . BB
by the union and intersection for A, B, >0 of LSall‘ A

respectively with their topologies having special paid
attention on the inductive and projective limits:

B i Prs By
LS, =ind AII,IQ>0 LS, and
B _ i i B By
X/t = proj A1I’|Q>O LS,
LSDIZ1 and Zfi are nontrivial iff ¢+ 3 =0and
o, ;> 0. the union and intersection for A/, B, >0 of
ﬂl’ Bl
LS. A -
Evidently the space Ls(fl1 of all non negative numbers @, f3
LS#

whereas space as a union of countably normed spaces were
able to define sequential convergence in all metioned spaces
such that these spaces became sequentially complete.

is contained in the intersection of the spaces LS, ,,

The Gelfand Shilov type distributional spaces (LS 0/511 )' and
(Zgi )'are given by the intersection and union for
A, B >0of (LSfj”,il )' and its topological sence is given
by the projective and inductive limits:

A BBy ) B BB
(Lsf= NLsiR) ana (22)= Ylsz )

A, B>0 A, B>0
Here (LSO'/Z1 )' is the dual of LSfl1 and (Zgi )' is the dual of
B

2o
_Gelfand Shilov type spaces as a exponential sence as well as

polynomial approach relative to Stieltjes transform
LSF2 B2 — | §F2 B (Rd2 ) is defined for convenience under
a, Ay a, Ay
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proper coordination of the variables and parameters in a
unified manner by

LS% % ={pec*(R')/3C,, >0,

sup

O<t<o
O<x<o0

<C,, ASBIK g |

e™(1+x)D!(xD, ), x)‘

where the constants C'zQz’ A,, B, depend on the
everywhere differential testing function ¢ . The spaces
LSU'Z2 and Zfi are given by the union and intersection for
A, B, >0of Lszzy’E: and its topology is given by the
inductive and projective limits:

B . 5y, B
LS,? =ind lim LS/ ,* and

Ay, B,>0

B _ i i P2 By

=proj lim LS

Z“Z Proj A, B,>0 | % he
LSfZ2 and Zgﬁ are nontrivial iff o, + /3, >0and
a, B, >0. the union and intersection for A,, B, >0of
LS
The Gelfand Shilov type distributional spaces (LS aﬁ; )' and
(252 )'are given by the intersection and union for
A, B,>0of (LSZZ,'E; )' and its topological sence is given
by the projective and inductive limits:

(Lsfy= NLsi) ana ()= sl

Ay, B,>0 Ay, By>0
Here (LSZ2 )' is the dual of LS(Z2 and (Zgi )' is the dual of
B
2

Now we are ready to extend and construct the systematic
theory of straightforward extension of two dimensional
some LS type spaces of Laplace Stieltjes transform

LSfi"’ 2‘ using  Gelfand  Shilov
o, =a,, a,; B, =P, P, defined by

LS/ B ={peC(R%)/13C, >0,

technique for

sup
O<t<oo
0<x<oo

<C,, A*AfB!BIa™ | ik g |

{1+ D!(:D, ol )

wherethe constants C, , ; A = A, A); B, =B,, B, depend

on the everywhere differential testing function ¢. The

spaces LSij’fj and Zgigz a pair of Laplace Stieltjes

transform as a very powerful mathematical tool applied in
various areas of engineering and science with the increasing
complexity of engineering problems are given by the union

and intersection for A, B, > 0of LSfiy’ 2‘ and its topology
is given by the inductive and projective limits:

BB i 1 Bi: B
LS.».2 =ind All,'glo LS, and

BB _ I B B
2 = Pproj Al','Eflo LS. »
LSij’fj and Zﬁgz are nontrivial iff ¢; + /5 >0and
a; B, >0 the union and intersection for A, B, 2 0of
LSy 2.
The Gelfand Shilov type distributional spaces (LS 0/511 522 )' and
(Zfi'gz )'are given by the intersection and union for

A, B =00of (LSfi"’ 2‘ )' and its topological sence is given

by the projective and inductive limits:

(st = (LS 2 ) ana

AL B>0
(&)= Ulsix)
A, B>0 s

Here (LSO/Z{'{Q2 )' is the dual of LSfj”fzz and (Zgigz )' is the
dual of Zfi gﬁ . The corresponding dual spaces introduced

for the study of Cauchy problems in partial differential
equations created as a model in technical subjects are the
spaces of ultradistributions of Roumieu and Beurling
respectively. Unless specified otherwise all the spaces
introduced throughout will henceforth be considered
equipped with their naturally Hausdorff locally convex
topologies on these spaces are generated by the family of

seminorms ¥, y | qf-
We consider the domain —oo<t<0,0<X<o0 is in
[Sfjf: if ¢ smooth function g?)(t, X):(p(—t, X)is in
LSflly’fz2 for which

<C,, A'A;B/Bja*1"ik “q"

satisfying all above mentioned properties. Corresponding to
all defined spaces in above sections the spaces.

A T b Th P B P

LSs, LS, LSs,, LS"?, LSe, LS., LSe o

which have domain —oo<t<0, 0< X<oocan also be
defined.
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Depending on various choices of distributional spaces
defined above defined in Gulhane [13] nondefined equipped
with their naturally Hausdrof locally convex topologies
generated by their respective corresponding total families of
seminorms are as usal denoted by

B B iz B B B
Tal, T7, Ta2 , 172, Ta11, Ta; , Talf », - Moreover all the
spaces having domain — oo <t <0, 0 < X < oo are equipped
with their naturally Hausdrof locally convex topologies

= ThA T Th Th Th ZAP
Tar T Tap, T T, Tay, Tana

Further we extend the space LS/ Al gefined by

ay, Ay, My, My

Lshznn _{peC (R4 )/3C, >0,

ay, op,M, My

sup

O<t<oo
O<x<o0

<Cq (ml + 51)a (mz + 52)k (n1 + 771)I

(n2 + n, )q aaall 15 kkaz qQﬁz }

where 6;,0,, 1, 1], are any numbers greater than zero

e®(1+x)D! (xD, ) olt, x)

lose the property of strongly continuity at X=0,t=0
O<x<oo, 0<t<aoo

equipped with their naturally Hausdrof locally convex
topologies generated by their respective corresponding total

being strongly continuous at

. . s BNy,
families of seminorms as usal denoted by T(fl PNz o
1, 02, My, My

. =B Bam, My
the domain 0 <X <oo, 0<t<ooand T 4, a,,m, m, for the

domain —o<t <0, 0< X< 0.

3. CONCLUSION

For the functional analystengineers from a topological point

of view described spaces as a union of countability normed
spaces able to define sequential convergence in all above
mentioned spaces so become sequentially complete are
interesting because of rich structure used to solve the
equation of propogation of heat in cylindrical coordinates
imposing the generalized boundary conditions.

REFERENCES

1. L Schwartz, Theorie des Distributions, Hermann,
Paris, 1950.

2. A HZemanian, Realizability Theory for Continuous
Linear Systems, Academic Press, New York,1968.

3. YuABrychkov, A P Prudnikov, Integral transforms
of Generalized Functions, Gordon and breach
science publishers, 1968.

4. 1 N Snedonn, The use of Integral Transforms, Mc
Graw Hill, New York, 1972.

5. Todor Gramcheyv, StevanPilipovi@ and Luigi Rodino,
“Classes of Degenerate Elliptic Operators in
Gelfand-Shilov, Operator Theory,” Advances and

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Applications, Vol. 189, 15-31 c¢ 2008, Birkhauser
Verlag Basel /Switzerland.

M Hamed Obiedat Ibraheem Abu-Falahah,
“Structure Of (W1, W2)-Tempered Ultradistribution
Using Short-Time Fourier Transform,” Italian
Journal of Pure and Applied Mathematics - N. 39—
2018 pp154-164.

M Cappiello, R Schulz, “Microlocal analysis of
quasianalytic Gelfand-Shilov  type ultra-
distributions,” Complex Var. Elliptic Equ. 61 (4),
538-561 (2016).

Mar8l Bngeles Garc@l -Ferrero, Angkana REnd,
“Strong unique continuation for the higher order
fractional Laplacian,” Mathematics in Engineering,
2019, 1(4): pp 715-774.

Gabriella Bretti, Emiliano Cristiani, Corrado
Lattanzio, Amelio Maurizi, Benedetto Piccoli, “Two
algorithms for a fully coupled and consistently
macroscopic PDE-ODE system modeling a moving
bottleneck on a road,” Mathematics in Engineering,
2019,1(1): pp 55-83.doi: 10.3934/Mine.2018.1.55
Dusan Raki and Nenad Teofanov, “Progressive
Gelfand-Shilov Spaces and Wavelet Transforms,”
Hindawi Publishing Corporation Journal of Function
Spaces and Applications Volume 2012, Article ID
951819, 19 pages DOI:10.1155/2012/951819.
Jaeyoung Chung, Soon-Yeong Chung, And Dohan
Kim, “Characterizations of The Gelfand-Shilov
Spaces Via Fourier Transforms,” Proceedings of The
American Mathematical Society, Volume 124,
Number 7, July 1996 Pp 2101-2108.

V. Geetha And N. R. Mangalambal, “The Laplace-
Stieltjes Transformation on Ordered topological
Vector Space of Generalized functions,” Acta Math.
Univ. Comenianae Vol. LXXX, 2 (2011), pp 243-249.
P A Gulhane & A S Gudadhe, “On L.S. Spaces of
Gelfand Shilov Technique,” Bulletin of Pure &
Applied Sciences, Vol 25E, No. 1, (2006) pp 351-
354.

Dmitrii Karp, “Applications of the Stieltjes and
Laplace transform representations of the
hypergeometric functions,” Integral Transforms and
Special Functions, May 2017 DOI:
10.1080/10652469.2017.1351964

I M Gelfand & G E Shilov, Generalized Functions, Vol
1-6, Academic Press, New York, 1968.

V Irina, Melnikova, Stochastic Cauchy Problems in
Infinite Dimensions, generalized and regular
Solutions, Melnikova, CRC Press, Taylor and Francis
Group,1964.

B Fisher, “The Dirac delta functions and the change
of variables,” Math Student, Vol 32, 1974, pp 28-32.
SJ.L. van Eijndhoven, “Functional analytic
characterizations of the Gelfand-Shilov spaces,”
Proceedings A 90 (2), June 22,1987, Communicated
by Prof. N.G. de Bruijn at the meeting of January 26,
1987, pp 133-144.

NenadTeofanova, “Gelfand-Shilov spaces, and
localization operators,” Functional Analysis,

© 2020,IRJET | ImpactFactor value: 7.34 |

IS0 9001:2008 Certified Journal |

Page 3226


https://www.researchgate.net/journal/1065-2469_Integral_Transforms_and_Special_Functions
https://www.researchgate.net/journal/1065-2469_Integral_Transforms_and_Special_Functions

\// International Research Journal of Engineering and Technology (IRJET) e-ISSN: 2395-0056
RJET Volume: 07 Issue: 02 | Feb 2020 www.irjet.net p-ISSN: 2395-0072

Approximation and Computation 7 (2) ,2015, pp
135-158.

20. Z. Lozanov-Crvenkovic, D.Peri ~ Si * C, And
M.Taskovi C, “Gelfand-Shilov Spaces Structural and
Kernel Theorems,” arXiv:0706.2268v2,16 Jan 2007,
pp 1-11

21. E. Cordero, S. Pilipovic, L. Rodino, N. Teofanov,
“Quasianalytic Gelfand-Shilov spaces with
application to localization operators,” Rocky
Mountain Journal of Mathematics, 40 (4), 2010, pp
1123-1147.

22. H. G. Feichtinger, K. Grochenig, and D. Walnut,
“Wilson bases and modulation spaces,” Math. Nachr.
155,1992, pp 7-17.

23. ]. Toft, “The Bargmann transform on modulation
and Gelfand-Shilov spaces, with applications to
Toeplitz and pseudo-differential operators,” J.
Pseudo-Differ. Oper. Appl. 3, 2012, pp 145-227.

24. N.Teofanov, “Gelfand-Shilov spaces, Gevrey classes,
and related topics,” 22/11/17, The Prague seminar
on function spaces (Prague) pp 1-57.

25. N. Teofanov, “Gelfand-Shilov  spaces &
pseudodifferential operators,” Sampling Theory in
Signal and Image Processing 5(2), 2006, pp 225-
242.

26. A H Robertson, Topological Vector Spaces,
Cambridge Uni Press, Cambridge, 1972.

© 2020,IRJET | ImpactFactorvalue:7.34 | 1S09001:2008 Certified Journal | Page 3227



