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Introduction: The Concept of Fuzzy Lattice was already introduced by Ajmal, N [1], S. Nanda [3] and WilCox, L. R [6]
explained modularity in the theory of Lattices, Igbalunnisa andVasantha, W. B, [7] explained by Super modular Lattices, G.
Gratzer [2], M. Mullaiand B. Chellappa [4] explained Fuzzy L-ideal and V. Vinoba and K. Nithya [5] Explained fuzzy modular
pairs in Fuzzy Lattice and Fuzzy Modular Lattice. A few of definitions and results are listed that the fuzzy Semi-Super
modular lattice using in this paper we explain fuzzy Semi-Super modular lattice, Definition of fuzzy semi-Super modular
lattice, Characterization theorem of Fuzzy Semi-Super modular Lattice and some examples are given.

Definition: A lattice L is said to be fuzzy semi-super modular if it satisfies the following identity.

H(a +b) p(a +c) p(a +d) p(a +e)=p(a) + p(b) u(c) n(a +d) p(a +e) +u(b) u(d) pla +c) p(a +e) + u(b) p(e) u(a +c) u(a+ d) + p(c)
u(d) pa+b) p(a+e) +p(c)p(e) n(a+b) p(a+d) +p(d) pu(e) u(a+b) u(a+c)

Foralla,b,c,d, ein L.

Theorem: 1.1

If L is a Fuzzy lattice which is not Fuzzy Semi-super modular then L contains a Fuzzy set of five elements u (a;), 1 (b,),
1 (c1), 1 (d1), 1 (e1) such that.

u(av a)Au(av by) Ap(avdy) Ap(aVey) > p(a) while

+*

n(@) >uby AcApu(avd) Au(avey),uby Ad) A uave)Au(aVvey), mu(by Ae)) Apu(aVve) A

n(avdy), n(ciAdi) A (avby) Ap(avey), 1 (e Ae)Ar(a Vv bi)Au(av dq),u(d, A eg)Au(a Vv by)Ap(aVv c;)holds.
[k (B1), 1 (€1), 1 (d4), 1 (e1) being distinct p (by)# p(c,),

Otherwise p (b1)= u(b; A ¢;)and p(aVv by)=p(a)V u(by A cq)

A contradiction as it will imply equality of p(a Vv by)A p(av c;)Au(av d)Ap(av e;)=p(a)]

Proof:

Let L be a Fuzzy modular lattice which is not Fuzzy Semi-super modular. As L is not Fuzzy Semi-super modular there exists
elements p(x),1(P),1(Q),u(R),1(S) such that.

HEXVP)AR(XVQ)AR(XVRIA u(xV S) > pu(x)V[R(PVQ)AR(XVR)AR(XVS)V[L(QVR)AR(XVP)A(xVS)]
*
[K(RVS)AR(xVP)AR(xVQ)] (1)

i (@)=px)V[H(PVQ)AR(xVR)AN(xVS)]
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VIn (QAR)AR(xVP)A(xVS)]
V[H(RVS)A(xVP)Au(xVQ)]
w (bs) =p (P)
w(c) =1 (Q)
w(ds) =n(R)
(e =u(s)
thenp (av by) = p (a) u (b1)
=u(x)V[H(P)JAR(Q)AR(XVR)AR(xVS)]
VIk (QARR)AR(xVP)Au(xVS)]
VIK(R) AR(S)A pu(xVP)AR(xVQ)]A p(P)
i (av by) =u(x)vu(P)
=p(xVP)
Similarly
H(ave) =p (xvQ)
w(av d;) =p (xVR) and p (aV e;) =p (xVS)
So
W (av by) Ap(av ¢;)An(av d;)Au(av e;)
=U(XVP)AR(XVQ)AR(XVR)AR(XVS)
Applying equation (1) in above equation
w(av by)Au(av c)Ap(av d;)Ap(av e;)
= p(x)V[(PAQARKAR)AU(XAS) IV [L(QAR) AR(XAP)A(XAS)]#V [L(RAS)AR(XAP) AR (xAQ)]
W (av b)Au(av c)Ap(av di)Ap(av e;)>p(a)
Hence proved
Theorem 1.2

If L is a fuzzy modular lattice = which is not a fuzzy semi-super modular then L contains a set of five elements
u(a),pu(b),u(c),u(d),n(e) such that

u(avb) = u (avc) =p (avd) =p (ave)>p (a)

*

Further p(a)>p(bAc),u(bAd),u(bAe),u(cAd),u(cAe),u(dAe)
Proof:

As L is not Fuzzy semi-super modular, then by previous theorem, we can assert the existence of the set of five elements
U(a),u(bl)IH(Cl)rH(dl),H(el)in L SuCh that

w(av b)Ap(av e )Ap(av di)Ap(av ey)>p(a) (1)
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+
And>p (by)Au(cy)Au(aVv di)Ap(av ey),
p (b)AR(d)AR(AY ¢ )Ap(aV ey),
K (b1)Au(e;)An(av ci)An(av dy),
i (e )Ar(d)Ar(@v by)Ap(av ey),
K (c1)An(eg)Ap(av by)Ap(av dy),
K (d1)Au(er)An(av by)Ap(av cy).
Put p (b) =g (b)Ap(aV c;)Ap(aVv di)Ap(av e;)
u(c) =u (c1)An(av by)Ap(av dy)Ap(aVv eq)
u (d) =p (dq)An(av by)Au(av ci)Ap(av e;)
w(e) =p (eg)Ap(av by)Ap(av ci)Ap(av dy)
u (avb)=min {p(a),u(b)}
2min{u(a), u(b;)An(av c;)Ap(aVv di)Ap(aVv e;)}
>Min {p(aV b;)Ap(aVv ¢;)Au(av di)Au(aVv e;)}
Since L is fuzzy modular.
>p(a) by (1)
+
Similarly
i (ave)zmin {p(a),p(c)}
2min{p(a), u(c,)Au(av by)Au(av d;)Ap(aVv e;)}
>min {u(aVv c;)Au (aVv by)Au(aVv d;)Ap(aVv e;)}
Since L is fuzzy modular.
> (a) by (1)
"
i (avd)=min {p(a),n(d)}
2min{u(a), u(d,)Au(av by)Au(av c;)Ap(aVv e;)}
>Min {p(aVv d;)Ap(aVv by)Ap(av c;)Ap(aVv e;)}
Since L is fuzzy modular.
> (a) by (1)
+
i (ave)=min {p(a),u(e)}

=min{u(a), p(e;)Au(av by)Au(av c)Ap(av dq)}
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>Min {p(aV e;)Ap(av by)Ap(av cy)Ap(av dq)}
Since L is fuzzy modular.

>p(a) by (1)
+*
Now p (bAc)=min {pu(b),u(c)}

2min{ u(b;)Ap(aVv c)Ap(av di)Ap(aVv e,),

W (ci)Au(av by)Au(av di)Ap(av eq)}
By commutative property
=>min{pu(bi)Ap(cy V di)Ap(av e )Ap(c)Au(by v dy)Ap(av eq)}
By associative law,
>min{pu(b;)Ap(cy V dqi),p(@v e )Ap(cy),u(by vV d)Ap(av eq)}
=min{p(b,)An(aVv eq),ulcy)u(by V di)Ap(av e}
=Min { p(aV e;)A p(aVv eq), p(b1)A p(by V dy),ulcy)}
By commutative and associative law
>Min {p(aVv e),u(by vV 1)}
By idempotent, absorption law
=p (aV e )Ap(by A cy)
=p(a)>p (by A cy)
u (bAd)=min {u(b),u(d)}
>min{ u(b)Ap(av c)Ap(av d)Ap(av eq),
i (di)Au(av bi)Ap(av ci)Ap(av e;)}
By commutative property
=>min {u(b)An(cy V di)Ap(av e )AR(d)AR(by V ci)AR(aV eq)}
By associative law,
>min {u(b)Au(cy V dy)u(av e )Ap(d,),u(by V ci)Aun(aVv e;)}
2min{u(b;)Ap(aVv ey), u(d;),u(by V c1)An(av e;)}
=Min {p(aVv e;)A p(av ey), p(b)A u(by V c1) , n(d1)}
By commutative and associative law
>Min {p(aVv e;),u(b, A dq)}
By idempotent, absorption law
=p (aVv e JAu(by A d4)

=u(a)>u (by A dy)
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i (bAe)=min{p(b),u(e)}
2min{ u(b;)Ap(aVv c)Ap(av di)Ap(aVv e,),
i (el)Ar(av by)Ap(av c)Ap(av dq)}
By commutative property,
>min{ u(b)Au(cy V eg)Ap(av di)A p(e)Au(by V ¢ )Ap(av dy)}
By associative law
=>min{ u(by)Ap(cy V e),p(@v dqi)A pleq),u(by Vv ci)Ap(av dq)}
2min{ p(b;)Au(av d;), uer),u(by v c)An(av d,)}
2min{p(av d) Ap(av dy), (b )Au(by V c1), uleq)}
By commutative and associative law
=>min{p(av d,),u(b; A ey}
By idempotent, absorption law
=p(avdy)Au(b, Aeq)
=i (@)>u(by Aeq)
u(cAd)=min{p(c),u(d)}
>min{ u(c)Ap(av b)Ap(av d)Ap(av eq),
i (di)Au(av bi)Ap(av ci)Ap(av e;)}
By commutative property,
2min{ p(c;)Au(by V di)Ap(aVv e )A u(diJAu(by V ¢ )Au(av e, )}
By associative law
>min{ pu(c )Ap(by V dy),u(aVv e JAu(d,),1u(by V c)An(aVv e;)}
2min{ p(c;)Ap(aVv eq),u(d,),u(by V c)An(av ey}
>min {p(aV ey )A p(aVv eq), u(dy),u(by V c1)Ap(cq)}
By commutative and associative law
=>min{u(aVv e;),u(c; Ady)}
By idempotent, absorption law
=u(ave)Au(c; Ady)
=p (a)> u(e, A dy)
u(cAe)zmin{u(c),u(e)}
2min{ p(c;)Ap(av by)Au(av di)Au(av e,),
i (er)An(av by)Au(av ci)Ap(av d,)}

By commutative property
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>min{ pu(cy)Au(by V e)Ap(av d)Au(e)Au(by V cy)Ap(av dq)}
By association law
>min{ u(cy)Au(by V eq),u(av di)Au(e),u(by V cy)Ap(av dq)}
2min{ p(c;)Ap(av dy).u(eq).n(by V c)Ap(av dq)}
=min{p(aVv d;) Ap(av dy), ule)A(by Vv cp), pleq)}
By commutative and associative law
=>min{p(av d,),pu(c, A eq)}
By idempotent, absorption law
=p(avd)Aap(cg Aey)
= (@)>p(ciAe)
u (dAe)=min{u(d),u(e)}
=>min{ p(d)Aun(av by )Ap(av c;)Ap(aVv eq),
W (e )Ar(av by)Ap(av ci)Ap(av dq)}
By commutative property
>min{ u(d,)Ap(by vV el )Ap(av c)Ap(e )An(by V di)Ap(aVv ¢}
By associative law
2min{ p(d;)Au(by V e),u(av ci)Au(er),u(by V di)Au(av )}
>min{ u(d)Ap(av ci)Ap(e,),u(by vV d)Ap(av cq)}
2min{ p(aV ¢;) Ap(aVv ¢;), u(di)A p(by V dq), u(es)}
By commutative and associative law
>min{ p(aVv ¢;),u(d; Aeg)}
By idempotent, absorption law
=u(ave)Au(dy Aey)
=p (a)> p(dy Aey).
Theorem: 1.3

If a fuzzy lattice L is fuzzy semi-super modular then for p(b)=p(c) ,u(d)zp(e) and p(avb)=p(avc), u(aAb)=p(aAc) and
u(avd)=p(ave),u(and)=p(ane)for any p(a) imply p(c)=p(d) and p(d)=p(e).

Proof:

Given L is a fuzzy semi-super modular lattice, and for p(b)=u(c) ,u(d)zp(e) and p(avb)=p(avc), p(anb)=p(anc) and
n(avd)=p(ave),u(and)=p(ane)for any p(a)

To prove p(c) =u (d) and p(d)=p(e).
L is a fuzzy semi-super modular lattice

Then L is a fuzzy modular lattice, by the theorem
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Every modular lattice is semi-super modular lattice.

Hence we have, L is a fuzzy modular lattice, and for p(b)=p(c) ,u(d)zp(e) and p(avb)=p(avc), p(aAb)=p(aAc) and
n(avd)=p(ave),u(and)=p(ane)for any p(a)

= p(b) = p (c)and p(d)=p(e).

[Fuzzy dual of the fuzzy modular lattice is fuzzy modular]
Every fuzzy modular lattice is fuzzy semi-super modular lattice.
Proof:

Follow from the theorem

In any fuzzy lattice L the following are equivalent.
(Du(avb) Au (ave)=p (a) V[u (b) A (avc)]

(i)u (aAb) Vi (aAc)=p () Alu (b) Vi (aAc)]
Vu(a), u(b), p(c)inL.

Proof: (i) =(ii)

Let pn (a), pu (b), i (c) in L be arbitrary, then

1 (a Ab) Vi (a Ac)= min{ pn (a Ab), u (a Ac)}
>min{ p (a Ac), u (aA b)}, by commutative law
2min{ u (a Ac) Vi (a), i (aA c) vi (b}, by (i)
>min{ p (a) vu (a Ac), p (b) Vi (a Ac)}, by commutative law
>min{ pu (a), n (b) Vi (a Ac)}, by absorption law
=i (@A [ (b) Vi (a Ac)]

Hence u (a Ab) v (a Ac)=p (a) A[u (b) Vi (a AC)],
forall u (a), u(b), 1 (c) in L.

(ii) = (i)

Let p (a), u (b), u (c) in L be arbitrary

1 (av b)Ap (a vc) zmin{ p (a vb), u (a vc)}

>min{ u (aV c), u (a vb)}, by commutative law
2min{ p (a ve) Ap (a), p(av c) Ap (b)}, by (ii)
zmin{ n (@)A p (a ve), p(b) Ap(ava)},

By commutative law

>min{ u (a), 1 (b) A (a vc)}, by absorption law
=p(a) v[p (b) Ap(ave)]

Hence p (a Vb) Ap (a vc)=p (a)V [u (b) Au (a vc)], for all p (a), u (b), 1 (c) in L.
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Proof:

Follow from the theorem

In any fuzzy lattice L the following are equivalent.
(ii)u(avd) Au (ave)=p (a) V[u (d) An (ave)]

(iv)p (and) v (ane)=p (a) Alp (d) v (ane)]

Vu(a), u(d), pu(e)inL.

Proof : (iii) =(iv)

Let u(a), u (d), u (e) in L be arbitrary, then

1 (a Ad) vp (a Ae)=min{ p (a Ad), n (a Ae)}

>min{ p (a Ad), p (aA e)}, by commutative law

>min{ p (a Ad) vu (a), u (an e) vu (d)}, by (iii)

>min{ p (a) Vi (a Ae), p (d) Vi (a Ae)}, by commutative law
>2min{ p (a), 1 (d) vu (a Ae)}, by absorption law

=i (@A [ (d) Vi (a Ae)]

Hence u (a Ad) v (a Ae)=p () Alp (d) Vi (a Ae)],
forall p(a), p(d), u(e)in L.

Some Results On Fuzzy semi-Super modular Lattices
(iv) =(iii)

Let pu (a), u(d), u (e) in L be arbitrary

u (av d)Ap (ave) zmin{ u (a vd), 1 (a ve)}

>min{ n (aV e), 1 (a vd)}, by commutative law

2min{ p (a Ve) Ap (a), p (av e) Au (d)}, by (iv)

zmin{ n (a)A p (a ve), p (d) Ap(ave)},

By commutative law

>min { 1 (a), u (d) Ap (a Ve)}, by absorption law

=i (a) v[p (d) Au(ave)]

Hence p (a vd) Ap (a ve)=p (a)V [u (d) Ap (a ve)], for all pu (a), u (d), u (e) in L.
Theorem: 1.4

If L is a Fuzzy lattice, for p (a) =u (b), p (a Vc)=u (b vc) and p (a Ac)=p(b Ac) forany p (c) imply p (a)=u (b). Then L is Fuzzy
modular but not a Fuzzy semi-super modular lattice.

Proof:

First we shall prove fuzzy super modular lattice
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Given L is a Fuzzy lattice, for p (a) =u (b), u (a Vc)=p (b Vc) and p (a Ac)= p(b Ac) forany p (c) imply p (a)=p (b).
Then by the equivalent theorem 1.3

(Du(avb) Ap (ave)=p (a) V[u (b) Ap (ave)]

(i)u (aAb) Vit (aAc)=p (a) Alu (b) Vi (aAc)]

L is a Fuzzy modular lattice.

=L has a Fuzzy sublattice isomorphic to M4 or M3, 3.

=L is not a Fuzzy supermodular lattice, by theorem

(A Fuzzy modular lattice L is Fuzzy super modular if and only if it does not contain a fuzzy sub lattice isomorphic to either
M4 or M3, 3).

By the lemma,
Any fuzzy super modular lattice is fuzzy semi-super modular lattice.

Conclusion: This paper is proved that If L is a Fuzzy lattice which is not Fuzzy Semi-super modular then L contains a
Fuzzy set of five elements u(aq), n(by), 1(ce), n(dq), n(eq) such that

u(av a)Au(av b)) Ap(avdy) Ap(aVe,) > u(a) while

+*

w(@)>u(by Ac)Ap(avdy) Au(aVer), u(b, Ady)

Aulave)Aul@ave), ubyAe) Aplave)A

w(avd,), u(ciAdy) Au(avb,) Ap(avey), p (e Aeg)A

w(a Vv bi)Ap(av dq),u(d, A e)Ap(a Vv by)Ap(aVv cq)holds.

[1 (B1), 1 (c1), 1 (d4), 1 (eq) being distinct u(by)# p(c,),

Otherwise p (b1)= u(b; A c¢1) and p(av by)=p(a)Vv u(b; A c;) A contradiction as it will imply equality of

u(@av by)A pu(av cy)Au(av di)Ap(av eg)=p(a)], If L is a fuzzy modular lattice which is not a fuzzy semi-super modular then
L contains a set of five elements p(a),u(b),u(c),n(d),i(e) such that

u(avb) = u(ave) = p(avd) = p (ave)>p (a)
+*

Further p(a)>p(bAc),u(bAd),u(bAe),u(cAd),u(cAe),u(dAe), If a fuzzy lattice L is fuzzy semi-super modular then for
u(c)=p(d) and p(cve)=p(dve), p(cAe)=p(dAe) for any p(e) imply p(c)=p(d).

If L is a Fuzzy lattice, for p (a) =p (b), p (a vc) =p (b vc) and p(a Ac) = p (b Ac) forany p (c) imply p (a) =p (b). Then L is
Fuzzy modular but not a Fuzzy semi-super modular lattice.
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