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Abstract - The concept of burn-in is given considering a
burn-in process, using the bath-tub shaped failure rate,
renewal results have been given. A cost model in product
life cycle for burn-in system is also included.
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1. INTRODUCTION

Burn-in is a technique applied with the intention of
eliminating early failures of a system or device. Without
burn-in, defective components are more likely to be
delivered to customers. We consider a burn-in procedure
for a system that is maintained through periodic
inspection and perfect repair at failure. We consider the
problem of determining both the optimal burn-in time and
optimal replacement policy under the assumption of a
bathtub-shaped failure rate function.

Manufacturers guarantee the quality of their products by
offering to repair or replace a faulty product free of charge
for a certain length of time, referred to as the ‘warranty
period’. Expected warranty cost to a manufacturer
generally increases in proportion to duration of warranty
coverage. For consumers, longer period coverage and
better warranty terms are an indication of higher
reliability. Warranty coverage periods offered by
manufacturers are progressively increasing and a large
number of products are provided and sold with long-term
warranties. A lifetime warranty protects consumers
against unexpected failures occuring during the lifespan of
a product and more products are offered with lifetime
warranty policies (Murthy and Jack 2004).

Definition 1 Burn-in is a manufacturing process applied to
products to eliminate initial failures or weak components
before their release on the market.

Definition 2 A failure rate function r(t) is said to have a
bathtub shape, if there exist 0 < t; < t, < oo such that

strictly decreases, if 0st<ty
r(t) ={isaconstant,say 4y, if t; <t<t,
strictly increases, if t,<t,

where t; and t, are called the (first and second) change
points of r(¢t).
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Figure : Bathtub-shaped failure rate function.

Definition 3 The optimal solution is each burned-in
product after the warranty is of age b + w. Let u(= 0) be its
post-warranty useful lifetime and L be its total useful
lifetime. Therefore, the post-warranty useful lifetime is
u=L—b—w. We assume that product failures over the
post-warranty period are minimally rectified, and the cost is
borne by the customer.

Definition 4 Age replacement policy, Under an age policy
a system is replaced upon failure or at a fixed age T,
whichever come earlier. Here, repair times are assumed to
be negligible.

Definition 5 Block replacement policy under a block
replacement policy, the system in operation is replaced upon
failure and at fixed times T,2T, ... of the two replacement
policies an age replacement policy is more difficult to excute
as the age of the system must be recorded. Although block
replacement policy is easier to execute as the age of the
system need not be recorded, but we may have to frequently
replace relatively new systems.

Definition 6 Under a periodic replacement policy, the
system in operation is performed minimal repair at failure
and replaced after a time T. The working age of a device at
time t is the cumulative life-time for which the devce was
working.

Definition 7 A failure rate function r(x) is initially
decreasing (ID) if there exists 0 < x, < oo such that r(x)
strictly decreases in x € [0, x,]. For an initially decreasing
failure rate function r(x), the first and second infancy
points t, and t,, are defined by

t, = sup{t = 0: r(x) strictly decreases in x < t}

t,. = sup{t = 0:r(x) is nonincreasing in x < t}.
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Definition 8 A failure rate function r(x) is eventually
increasing (EI) if there exists 0 < x, < oo such that r(x)
strictly increases in x € [x,, o). For an eventually
increasing failure rate function r(x), the first and second
wear-out points t* and t** are defined by

t* = inf{t > 0: 7(x) is non decreasing in x > t}
t™ = inf{t > 0:r(x) strictly increases in x > t}.

2. Optimal Burn-In for Systems with ID and/or EI
Failure Rate Functions

Let a system have random life X which has distribution
function F(x), density f(x), and failure rate function
r(x) = f(x)/F(x), where F(x) = 1 — F(x) is the survival
function of X. Throughout, we assume that r(x) is
continuous. Furthermore, let the lifetime of a system
which has survived the burn-in time and cumulative
distribution function (CDF) be X, and F,(x), respectively.
Then

Fy(x) =P(X, <x)
=P(X<b+x|X>Db)

__ F(b)-F(b+x)

>
O b,x =0,

and

Fp(x) =1 - Fy(x)

F(b+x)
F(b)

exp (— fbb+x r(u)du),

b,x = 0 denote the failure rate function of X, as r,(x),
which is given by r,(x) = r(b + x), b,x = 0.

Theorem 2.1 Suppose that the lifetime distribution
function F(t) has an eventually increasing failure rate
function r(t) with the first wear-out point t*.

elfs; —t" <tthen0 < b* < t%
elfs; —t">7then0 <b* <s; —1,
where s; is defined by s; = sup{t > t": r(t) = r(t")}

Theorem 2.2 Suppose that the failure rate function r(t) is
both initially decreasing and eventually increasing. Let
r* = sup{r(t):t > t,,} and assume that r* < r(0).

olfs; —t" <t,thent, < b" < t%

olfs; —t* = 1,thenty, < b" <s; — 1,

where s; € [t*,t™] is defined by s; = sup{t > t":r(t) =
r(t")} and ¢, €[0,t,,] is defined by t, =sup{t <
t., 7(t) =71}

Theorem 2.3 Suppose that the lifetime distribution
function F(t) has an eventually increasing failure rate

function r(t) with first wear-out point t*. Then the optimal
burn-in time b" satisfies 0 < b* < t* + 1.

Theorem 2.4 Suppose that the failure rate function r(t) is
both initially decreasing and eventually increasing. Assume
that r* < r(0), where r* is as for Theorem 2.2. Then the
optimal burn-in time b* satisfies by < b* < t* + 1, where
by = max{t, —t, 0} and ¢t, €0, t,.] is defined by
to = sup{t < t,.:rt)=r"}

Theorem 2.5 Suppose that the lifetime distribution
function F(t) has a bathtub-shaped failure rate function
r(t), which has change points 0 < t; < t, < co.

CASEL (b < t;)

In this case we define n,(b) = |[s,(b)/z], where
sy(b) =t, — b.

 If ny(b) = 0, then n*(b) = 1. Otherwise, if n,(b) = 1,
then n*(b) = n,(b).

e Suppose further that r(b) < r(o0) < oo,
(@) Ifng(b) = 1, thenn*(b) < nz(b) + 1;
(b) Ifny(b) = 0,thenn*(b) =1,

where n3(b) = |s3(b)/t] and s3(b) >0 is uniquely
determined by the equation (b + s3(b)) = r(b).

CASEIL (t; < b < t,)

Define n,(b) = |s,(b)/t| as in Case L. If n,(b) = 0,
then n*(b) = 1. Otherwise, if n,(b) = 1, then n*(b) could
be any one of {1,2, ...,n,(b)}.

CASEIIL: (t, <b)
In this case, n*(b) = 1.

Theorem 2.6 Suppose that the lifetime distribution
function F(t) has a bathtub-shaped failure rate function
r(t) which has change points 0 < t; <t, <oo. Thent; +t
is an uniform upper bound for optimal burn-in time, that is,
0<b'(n) <ty +r7 foralln>1.

Theorem 2.7 Suppose that the lifetime distribution
function F(t) has a bathtub-shaped failure rate function
r(t) which has change points 0 <t, <t, =oco. Then
A(b', n) < A(ty,n) = A(b",n),forall b’ < t;,b" > t,for
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each fixed n > 1. That is, optimal burn-in time b*(n) = t;,
foralln > 1.

3. Cost Models in Product Life Cycle

Let E[h(b)] be the total expected burn-in cost for a
repairable product with burn-in time b. This cost
includes the cost of burn-in procedure and the expected
minimal repair cost during the bum-in period [0, b], that
is,

E[h(b)] = c(b) + E[M)], (1)

where c(b) is the burn-in cost and E[M,] is the expected
minimal repair cost during the burn-in period. We assume
that the burn-in cost is a sum of the fixed setup cost of the
burn-in period of product and the variable cost which is
proportional to the length of the burn-in time with
coefficient of proportionality ¢, > 0, thatis,

c(b) = ¢c; + cpb.

The total expected burn-in cost for a product with burn-in
time b, E[h(b)] is

E[A(D)] = ¢s + cpb + [} 1 (t) x r(t)dt 2)

Each product that survives the burn-in procedure enters
the market at age b. If the item fails at time ¢, (€ [0, w])
during the warranty period (t,, is a calendar time over the
warranty period), then it is repaired instantly by a
minimal repair with cost of c,(t,). We assume that
cy(t) = cq(t) forallt = 0.

Let E[c, (b)] be the expected warranty servicing cost of
the burned-in product with burn-in time b. Then, the
expected warranty servicing cost is

E[c,(D)] = [ c(tw) X 15 (t,,)d,, (3)

where r,(-) is the failure (hazard) rate function of the
product after the burn-in procedure. Since we assumed
that failures during burn-in are corrected by minimal
repair, we have r,(t,) = r(b +t,). Then

b+w

E[c,(D)] = [, c2(t = b) x r(t)dt. (4)

Let E[c,(b,w)] be the expected penalty cost for the
manufacturer during the post-warranty period. Then

E[c,(b,w)] = [y cp(t) X1p(w + t,)dt,.  (5)

By replacing r,(w + t,) = r(b + w + t,), we have

Elc,(b,w)] = [, c,(t —b—w) xr(t)dt. (6)

where the penalty cost depends on the failure time t, and
¢,(t,) is a continuous non-increasing function of t,,.

Then E[c(b,w)] be the total mean servicing cost per unit

of product, subjected to a burn-in procedure with time b
and sold under warranty of length w. Therefore,

E[c(b,w)] = E[h(b)] + E[cy (D)] + E[cp (b, w)]. (7)

By substituting equations (2), (4) and (6) into (7), the
following non-linear optimization problem is considered

Mincg + ¢, b + fob ¢, () x r(t)dt + fbb+w c,(t b) %
r(t)dt + [, cy(t — b +w) xr(t)dt

s.t:b=0, w>=0 and b+w < L. (8)

By taking the derivatives of E[c(b, w)] with respect to b
and w, we obtain

d
7 Fleb,w)] = ¢, + c1(b) x 7(b)

+ [cz w) xr(b+w)—cy(0) xr(b)

b+w _
+ f r(t) det]
b

db
+[=cp(0) xT(b+w) + [, 7(®) x
dcp(t—b-w)
ab dt]

and

iE[c(b, w) =c,(w) Xr(b+w)
dw .,

—c,(0) xr(b+w)+ f r(t)

b+w

de,(t—b—w

XM“].
dw

+

b+w d —b
¢, + [c1(b) — o] X 7(b) + f r(t) X %dt
L ’ dc,(t — b —w)
+ f r(t) X pTdt
b+w

= [cpo — co(W)] X (b +w)

dcy (t—b—w)

dw

J rox dt = [c,0 — c,(W)] X 7(b + w)(9)

An upper bound for the optimal burn-in time :
Assume that the product has a bathtub-shape failure rate

with two change points t; and tV(O Sty < 00).
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Suppose b and b’ such that t; < b < b". From equation (2),
it is obvious that E[h(b)] is strictly increasing in b > 0.
Now, we consider

s(b, b', w) = (E[c,, (b")] = E[c,, (D)D) + (E[c,p (b, w)] =
E[c, (b, w)]).

By using equations (3) and (5), we have
¢(b, ', w) = ([ c,(®) x [r(t+b")—r(t+b)ldt)

+ ([ cp(® x [rt+w+Db)—r(t+w+Db)] dt).

Conclusion

In this paper, we discussed the concept of burn-in process
using the bath-tub shaped failure rate, renewal results and
also we investigated the cost model in product life cycle
for burn-in system.
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