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Abstract - In this paper, a new kind of series repairable
system with repairman vacation is discussed, in which the
failure rate functions of all the units and the delayed
vacation rate function of the repairman are related to the
working time of the system, and also considers a simple
repairable system with a warning device which can signal
an alarm when the system is not in good condition.
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1. INTRODUCTION

A repairable system is a system which after failing to
perform one or more of its functions satisfactorily, can be
restored to fully satisfactory performance by any method
rather than the replacement of the entire system. Since the
1960s, various repairable system models have been
established and researched, such as one-unit, series,
k -out-of-N,
multiple-state, human machine and software systems.
Vacation model originally arises in queueing theory and
has been well studied in the past three decades and

parallel, series-parallel, redundance,

successfully applied in many areas such as manufacturing
/ service and computer / communication network
systems.

In section 2, we discuss existence and uniqueness of
system solution and some properties of the system is
presented. In section 3, we discuss the reliability
indexes. In section 4, we discuss the stability, especially

the exponential stability of the system solution by Co

semigroup theory.
2. Existence and Uniqueness of System Solution

The unique existence of the solution of the initial value
problem of abstract semi-linear evolution equations. In
this section, we discuss the unique existence of the mild
solution of system because of its limitation of the physical

condition, by C,-semigroup theory. Some properties of

the system operator A will be presented first.

Definition 2.1 The system operator A:D(A)c X —
X defined by

A(Poo, Po1 (), P11 (%), oo, Pin (%), Py1 (1), vy Pan )T
= ( [ e+ Y [ wopady,

—Py1(x) = 1(x)Poy(x), —Pi1(x) — (x)Py1(x), -+,

—P1n (x) = 7(0)P1n (), =P21 (¥) = 1 P21 (), -+,

—P} () = )P ()"

with

P = (POO'PO].'Pll'""Pl'n'PZI' ...,P2n)T eX

P; are differentiable in R,and P/ € L'(R,), |.
j=01,1i,2i,i =12, ..,n

D(A) =

Lemma 2.2 The system operator A is densely defined in X.

Proof. For any F = (fo0, fou, fir - » fin forr =
fon)T € X, then f; € L'(R,), j = 01,1i,2i,

i=12,..,n. Thus for any n >0, there exist positive
numbers G; and 5]- such that

” g < bo1 g <
xX)|dx < =, xX)|dx < —
J, tiax<g. [T il < g

and

(o4 77 Sk T]
ka [fe(©)]dE < o fo |fie (©)|dE <Taw

k=1i2i,i=1,..,n Let
1)

= min {601, 61!" 62,:,

3n
2{nr + 9[(e + Ml fool + r(x>|fu(x)|dx]}}'

Take Pyy = foo and

gPOOr 0 S X < 6
Poy (x) = {901(95), 8§ <x <Gy
0, Gop <x <0
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O’ OSX<6
Py (x) = {gu(x), §<x<Gy
0, G <x<o

[ee)

A;Pyo + f r(x)P;;(x)dx, 0<y<d
Py(y) = 0

92:(), <y <Gy

O, GZi < y < oo,

Here, g; are continuously differentiable functions

satisfying

gj(Gj) =0,901(6) = €Pyo, 91:(8) =0,

[oe]

920(8) = APy + f r (0 Py (X)dx
0

and

Go1 r] Gk n
[ 1 - Pl <3, [ 1) - Pelag <o,

8 8 n
j=01k; k=1i,2i;i=1,2,..,n Then P; are continuously
differentiable functions and P'e LY(R,). Thus
P = (Poo, P01, P11, -"'Pln' P21, ...,Pzn)T € D(A).
Furthermore, it is easy to prove that || F—P |I<n.
Therefore, D(A) is dense in X. [ ]

Lemma 2.3 {{|¢ > e+ A} c p(4), where p(4) is the
resolvent set of system operator A. And there exists a
constant W > 0, such that forany & > W,

1

IREGAN < =,

where R(§;4) = (81 — A)™L.

Lemma 2.4 Let f:[t,,T] X X = X be continuous about ¢t
on [ty, T] and uniformly Lipschitz continuous (with
constant L) on X, if —A is the infinitesimal generator of a
C, semigroup T(t), t = 0, on X, then for every u, € X the

initial value problem

w + Au(t)

it = f(t,u(t)), t>¢ty

u(ty) =1ug

has a unique mild solution u € C([t,, T] : X). Moreover,
the mapping u, = u is Lipschitz continuous from X into
C([to, T] = X).

Theorem 2.5 The system operator A generates a C,
semigroup T(t).

Theorem 2.6 For any T >0, assume &(t) and A4;(t)
(i=1,2, ... , n) are continuous on [0, T]. Then for
any P € X, if Py;(t, - ) € C([0,T]: L} (R,)), where Py, is

the second component of P, the semi-linear evolution
system has a unique mild solution P € C([0, T]: X).
Moreover, the mapping P, — P is Lipschitz continuous
from X into C([0, T] : X).

3. Reliability indexes

In this section, we substitute the limit values é and ii
respectively for the delayed vacation rate &(t) of
repairman and the failure rate A;(t) of each unit i,
i =1,2,..,n. Thus system is stable. So in this section we
can study steady-state reliability indexes of the system
with the method of Laplace transformation because the
premise of Laplace transformation needs the condition
that the system solution, is unique existed and stable.

Theorem 3.1 The stead-state availability of the system is

A = 1+¢f
Vo l+eg+ (A +ef) X, Ak

where

f=f o=l T @lar g
0
g= j e—fgcr(‘r)d‘rdx’

0

hy = f el Mgy =12 n.
0

Theorem 3.2 The stead-state probability of the
repairman on vacation is

&g
P, = :
Voo l4eg+ Q4T Ahy

Theorem 3.3 The stead-state failure frequency of the
system is

Wf = AAU.
4. Stability of System Solution

In this section, we discuss the stability, especially the
exponential stability of the system solution by C,
semigroup theory. For this purpose, we first translate the
system equations into an abstract Cauchy problem in a
suitable Banach space. Then some primary properties of
system operator and its adjoint operator are presented.
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4.1 Properties of System Operator 4

In this section, we present some concerned
properties of system operator A including the distribution
of its spectrum.

Lemma 4.1 The system operator A is a densely closed
dissipative operator.

Lemma 4.2 For any y € C satisfying Rey >0 or
y =ia,a € R\{0}, y is a regular point of the system
operator A.

Lemma 4.3 0 is an eigenvalue of the system operator A
with algebraic multiplicity one.

4.2. Properties of Adjoint Operator A*

In this section, we present some properties of A,
the adjoint operator of system operator 4, including its
spectrum distribution.

Lemma 4.4 For any y € C satisfying

e+ ag ay,+M A+ A,
ly +e+apl Rey +ag + M’ |y + A4, + 4,

sup {

£ M+, +M M
ly +&|’Rey +1;,+ A, + M'Rey + M

b<1

y € p(4"), the resolvent set of A", where M = sup{r, u}
and 7, u are

r= sup r(x) < oo,
x€[0,00)

p= sup u(y) <oo.
Y€[0,00)

Lemma 4.5 0 is an eigenvalue of operator A* with
algebraic multiplicity one.

Theorem 4.6 The system operator A generates a positive
C, semigroup of contraction T'(t).

Theorem 4.7 The system P(t, - )= (Py(t), Pi(t,

X), Po(t), Pa1 (), Poz(t, ¥), P3(t, X), P3i(t, x), Psa(t, x))"
has a unique nonnegative time-dependent solution
P(t, - ) with expression as

P(t;) =T(t)P, Vt€E [0,).

Lemma 4.8 Assume that

1 X
0 <7 =Ilim —f r(s)ds,
0

x—-0 X
11y
g4 = lim —f u(s)ds < oo.
Yoy Jo
Then A, generates a quasi-compact semigroup T, (t).
Fory > 0,P € X, let

(dby(P))(x, y) = [diag(0, Py + €P,4,0,0,1,P,

+ [, T(s)Ps2(s)ds, 0, 0, 0)] - E,(x, y),

where

Ey(x, y) — (0’ e—f;‘ (y+a0+r(s))ds’ O,e_f(f (y+/11+/12+r(s))ds’

e~ I (v+u(5))ds’ e I (r+r()ds

e'f;(y”(s))dS)T € Ker(yl —A).

It is not hard to see that @, is a compact operator with the
property that I + ®,, is a bijection from D(4,) to D(A) and

yI—(A-B)] (I+®,) = yl—A,.

Lemma 4.9 S(t)—Ty(t) is a nonnegative compact
operator, for any t > 0.

Theorem 4.10 C, semigroup T(t) generated by the
system operator 4 is quasi-compact.

5. Conclusion

In this paper, we discussed the existence and uniqueness
of system solution and some properties of the system and
also investigated the stability, especially the exponential
stability of the system solution by C,-semigroup theory.
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