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Abstract - Stability of collinear libration point L2 in photo - gravitational restricted problem of 2+2 bodies when bigger

primary is a triaxial rigid body perturbed by coriolis and centrifugal forces has been studied in which it is found that L2 is
unstable.
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1. INTRODUCTION

Equilibrium solutions of restricted problem of 2+2 bodies are derived by Whipple (1984) in which M 1, and M 2
are two point masses moving in the circular Keplerian orbit about their centre of mass. He assumed that |\/|1 >M 5. Two

minor bodies M; and M, (ml, m, << Mz) move in the gravitational fields of primaries (Ml and M 2). They attract

each other but do not perturb the primaries. He showed the existence of fourteen equilibrium solutions. Six of these
solutions are located about the collinear Lagrangian points of classical restricted problem of three bodies, eight solutions
are found in the neighborhood of triangular Lagrangian points.

Sharma, Taqvi and Bhatnagar (2001) studied the existence and stability of libration points in the restricted three
body problem when primaries are triaxial rigid body and source of radiation. They found five libration points, two
triangular and three collinear they also observed that collinear points are unstable while triangular libration points are

stable for the mass parameter 0 < pz < g4, .

Garain and Chakraborty (2007) derived libration points and examined stability in Robe’s three body restricted
problem when second primary is a triaxial rigid body perturbed by coriolis and centrifugal forces. They found that the
collinear libration points are deviated due to perturbation of centrifugal forces and triaxility of the second primary.
Perturbation of coriolis force and triaxility character of the body play important role for finding the region of stability.

Hoque and Garain (2014) computed collinear libration pointL,. In the case of 2+2 body problem when

perturbation effects act in coriolis and centrifugal forces, small primary is a radiating body and bigger primary as a triaxial
rigid body.

2. EQUATIONS OF MOTION

Whipple’s (1984) equation of motion of restricted problem of 2 + 2 bodies in synodic system be

oT
§ _ 2y — 1
Xj — 2Y; _8Xi (1)
oT
Vi +2% =— 2)
oy,
V4 —ﬂ (i=1,2) 3)
i 82 ) -4
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) r, r, 2r
M, m; . 2 2 2, .2 2 2 2, 2
,U:M M ’/uizM M (|=1,2), =0 —w)" +y +27, Iy = —u+D)"+y +2
1 2 1 2

? = (%, _Xz)2 +(y, - yz))2 +(z, _22)2

Here we consider M, , a radiating body and M, a triaxial rigid body, we have also considered effect of perturbation in
coriolis and centrifugal forces in this configuration.

Hence force function T reduces to U as follows:

U=y PR om) e pe | (-0 =0;) _30-p)o; ~0n)y;

4
T Ty T e g 2 ?
Where, q=1-¢, f=1+€"and i =1, 2.
I . _ . ) ., oJ ouU ouU .
Equilibrium points of the system are those points where X, =y, =2, =—=—=—=0, (i=1,2).
oX; oy, 0
Thus we have,
- A=) —p) _qux—p+D) (% —X%)  30-u)(20,—0,) (X% — #)
3
I.;l.:l. r21 r 2r11
_ _ _ 2
+15(1 1oy 07-2)()(1 “)Y; ~0 5)
2r
By, — A-)y, . My (Y1 —Y,) _ 31— )20, —0,)V
! rle:'l. r23l ra 2r151
_3(1_ﬂ)(01_02) 2y, _5y13 -0 (6)
2 noon
_ A-1)z, Oz, u, (z,-1,) _ 3(1-)(20,-0,)z, 15(1 H)(oy — O-z)yl2 Z _ 0 (7
rl:?l r23l r : 2 r151 2 rl 1 -
[, — A—p)(x, — 1) . qu(X, —u+1) . My (X, —X4) . 31— 1) (2o, —0,)(X, — 1)
’ r132 r232 r3 2r152
_ _ _ 2
N 15(1 - p)(oy 07_2)()(2 “)Y; -0 8)
2r;,
A—w)y, aquy, wmy,-v,) 3Q-)(2oc,—0,)y,
B, 3 3 3 o 5
I Py r 2r;,
_3(1_,”)(0-1_0_2) 2y, _5y§ -0 ©)
2 r> ol
12 12
3 (1-n)z, _Quz, (2, -2) B 3(1-p)(20,-0,)z, 15(1 H)(o; O'z)yz -0
3 3 3 5 7 (10)
I, I r 2r;, 2r,

From equations (7) and (10), we have Z;, = Z, = 0.
By inspection, it can be seen that equations (6) and (9) are satisfied when y; =Y, = 0.

Now we have to determine X; and X, such that the following simplified forms of equations (5) and (8) are satisfied.
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. QA—)(X — 1) - que(x, —p+1) o £ (X —X,)

B2

|X1_:“|3 |X1_/“+]43

%, — %, |
_ 31— )20, —0,) (X — p) N 15(1 - ) (0, — 7,) (% — L)Yy

2|X1 _ﬂ|5

And

2|X1 _ﬂ|7

=0 (11)

_ A— (X, — p) _ qu(x, —p+1) M (X — %)

X _/“|3 X _ﬂ+]43

_ 31— ) (20, —0,)(X, — 1) N 15(1— p)(0, —7,) (%, — 4)Y;
2|X2 _ﬂ|7

2|X2 —,u|5

=0 (12)

The solution of equations (11) and (12) can be obtained with the help of power series.

LeteizL&, (i=12)
(1 + 1,)°
re=—_and e,=— 2
(1 + 15)° (1 + 115)°
My
gty €= —2— =y e, =k(say)

(1, + ,uz)5

Let X, =L+ a,; e}, fori=1, 23

=L

(13)

(14)

(15)

(16)

Where Li', L; ) Lé equilibrium points be in photo-gravitational restricted problem of three bodies when

bigger primary is a triaxial rigid body perturbed by coriolis and centrifugal forces and X; be the x coordinate

of first small body.

X, =L{+> a, & fori=123
j=1

Similar to Whipple,

x =L+ ED o \herei=1,2,3
(Q5)° (4 + p1,)°

And

X, =L — (ﬂ)l ! ~ wherei=1,2,3

(Q;x)§ (1 + /'12)5

Hoque and Garain (2014) obtained two
X, =a,, —b,, e+c,, € -2d,,0, +d,,0,
and

X, =a,, —b,, e +c,, € -2d,,0, +d,,0,

(17)

(18)

(19)

(x,0,0) and (x,,0,0) of L, in

X, —x1|3

which
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(F)u (1) u,B
Where a21:ﬂ_1+a2+£—2g, b, =b, - ; 222 ;
A (uy + p1,)° SAS (uy + 14,)°
() u (+1)u,B
azzzlu_l'i'az_}—lg; b,, =b, + ; 12 ;
A23(,U1+,u2)3 3A23(ﬂ1+ﬂ2)3
+1)u,C +1D . D
C,, =C, + S J4C, ~and d,, =d, - E )ﬂ122
3A} (uy + 1,)° A} (uy + 1,)°
(1) 11,C (1) ,D
€ =C, — 4 2 23’ d21:d2+ 4 2 23
3A23(,U1+/Jz)3 3A23(/11+/v‘2)3

They obtained the particular values of X, and X, for different values of £, f; and z,.

Our characteristic equation corresponding to the point (Xl, 0, 0) is

U
f(A) =A%+ 22 [4——*1*1 oy M} 1w U, ~UZ )=0 20)
H H
Ui _ |:,B+ 2(1_3/“) 4 2q3,u + 2#;2 + 6(1_/1)(250'1 _02)_ 45(1_/“)(07_1 — 0 )Y12:|
H I P r I M
U, _ _(1—/1)_(]_/1_&_3(1—/1)(40‘1—30'2) 3(1_/1)3/12 3qﬁ1y12
- ﬁ 3 3 3 5 + 5 + 5
My n, Y] r 2r; s r,
N 3u, (yl —Y )2 n 15(1_ ﬂ)(70'1 —60, )Y12 _ 105(1_ lu)(al — 9, )y14
r° 2r) 2r),
U =y 3(1_ :u)(xl - :u)yl n Sq:u(xl —H +1)y1 + 3L, (Xl — X, )(yl - Y2)
Xy, r I r
" 15(1_ Iu)(zo-l —0» )(Xl - /U)yl n 15(1_ /J)(O-l —0» )(Xl — 1),
7

7
2r-11 r-11

In this case, ¥, =0 and Yy, =0.
Therefore the above equations reduce to

ﬂ:{ﬁ+(2(1—#)+ 200 2m, +6(1—#)(261—62)}

ta X,—u) (g —p+l) (% —x,) (%, —p2)
%Y1 — 0
Hy
And
M{ﬂ_ M-g) o w 31— p)do —302)}
H (Xl - ;U)S (Xl —H +1)3 (Xl =X, )3 2(X1 - ﬂ)s

For the collinear equilibrium solutions the partial derivatives contained in equation (20) reduce to
Ui 20— ) 2qu 244, 61— )20, —0,)
—= =+ 3+ 3+ 3+ 5

#h R ey R R % — 4]
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U Vi 0

H
Uylyl - (1+€,)_ (1_/1) _ (- e)u M _3(1—,U)(4O'1 _30'2)

Hy %, —u|3 |X, —,u—HI.l3 %, —x2|3 2lx, _/1|5

Yi¥1
H
!
X, =a,, —b,, e+c,, € -2d,,0, +d,,0,

Let

j— !
=A,,-B,,€+C, € -D,,0, +E;0,

and
X, =a,, —b,, e +¢c,, € -2d,,0, +d,,0,

U
YY1 _ '
= =A,,—-B,,€+C,, € -D,,0, +E;0,

Hy
Where,
1—
Azlzl_ ( IU)a_ £ 3 = 3!
|a21—,u| |321_/U+1| |a21_a22|
_ 3(1_/1)b21 _ H i 3ub,, + 34, (b21 _ bzz)
21

B |azl_ﬂ|4 |a21_/u+1|3 |a21—,u+1|4 |""21_6‘22|4 ’
C,, =1+ 3(1_ /U)Czl n 3uC,, 4 344, (021 - C22)

4 4 4 ]
|a21 - /U| |a21 —H +1| |a21 - a22|
_ 6(1_ﬂ)d21 4 6.d,, 4 614, (d21 - d22) 4 6(1_,u)
21 4 2 4 5
|3-21_/U| |a21_ﬂ+1| |a21_a22| |a21_,u|
and
21_3(1_/1)d21+ 3, +3ﬂ2(d21_d22)+ 9(1_/U)

- 4 4 4 2 5
|a21 _/U| |a21 —/1+]1 |a21_a22| |a21_ﬂ|
Here we see thatU, . >0andU, , = 0. Therefore equation (20) reduces to

f(l)=2"+ /12{4 - ﬂiu we — Yy, J + izu Yy, =0 (20a)
1 1

Case I: Let ﬂlz and ﬂ,g be the roots of equation (20a).

Sub case (i): If 212 and 2,5 both are real and one of them is positive, let 212 is a positive quantity, then square root
of /112 must be real and of opposite sign. In this case characteristic roots will be a real number. So in this case
L, is unstable. We may get similar result in the case of /15 .
. 2 2 . 2. . . 2
Sub case (ii) If 21 and /12 both are real and negative, let 21 is a negative quantity, then two roots of /11 be purely

imaginary. Similarly two roots of ﬂ,; be purely imaginary. In this case L, should be stable. Again when /112 and ﬂg
both are negative quantity then
ﬂfﬂg = a positive quantity (20b)

From eguation ! 20a !, we have obtained that
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2 =1U,.U

1

= a negative quantity ( u, >0 U vy, < 0) (20¢)

Y1¥1 X1 X

Since (20b) and (20c) contradict each other. So L2 is unstable.

4 v WU =
Now let 4 — B -U,, = A,
1

Casell:If A,>0ie, 4> ilexl +U,,, then f (1) = A+ P+ i2U wiYyy, =0
A Hy

1
Sub case (i): Itis clear that U,, >OandletU, ~>0then—U, U, >0 so, f (1) = Ohas no change of signs and
U

1

1
as such it has no positive real roots. f (-1) = A* + A,,4° + — U, Uy, =0 alsohas no change of signs and as such it

H
has no positive real roots i.e,, f(ﬂ,) has no negative real roots. So in this case we can say that all roots of f(ﬂ) =0are
imaginary.
1
Sub case (ii): If U, . <O then similar to Yadav's case —U, U, <O0.
11 ﬂlZ XX YiYh

1
Let?U U yy, = —Bagi Byg > 0,50, f(4) = A' + A2 —B,; =0.Here f(A)=0 has only one change of sign and

1

as such it has one positive real root. f (~4) = A* + A,,4*> —B,; = 0 has only one change of sign and as such it has one

positive real rooti.e, f (A1) has one negative real root.

1
Caselll: If A; <0Oie, 4 <—U
1

+U .y, then let A, =-C,;,C,, >0 then

X1 Xy

1U u, =0

2 XX Vi1
Hy

f(A)=2"—C A +

> 0, then iU u, . >0.

2 XX T Vi

Sub case (i): LetU "
H

Y1

Then, f(A)=0 has two changes of signs and as such it has at most two positive real roots.

1

f(-A)=21" —Czslz +—U,, U,,, =0 also has two change of signs and as such it has at most two positive real
1

rootsi.e, f(A) hasatmosttwo negative real roots.

Sub case (ii): IfU <O,theniU u,, <0.

Y1 2 T XX T i)
1
1
Let?U xw Uy, = Doy Dz > 0. Here f (1) = 2* —=C,2* — D,; =0 has only one change of sign and as such it has
1

one positive real root. f(—A4) = At - C23ﬂ,2 - D23 =0 has only one change of sign and as such it has one positive real

rootie., f (ﬂ) has one negative real root.

In both the cases we see that f (ﬂ) =0 has one positive and one negative real root. So the libration point L, is
unstable.

The characteristic equation corresponding to the point (X2 ,0, 0) be
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4, 2 1 1 2
f (l) =A+A4-—U XaX2 -U Y22 + _Z(U >(2X2U Y2Y2 -U X2Y2 ): 0 (21)
M H;
U XX _ 2( _/U) 2qu 244 6(1_/‘)(20-1 —0 )
=| B+ s+ st 3+ 5
H (Xz _,U) (Xz _/“'1) (Xl —X3 ) (Xz _,U)
U YaYa _ |:ﬂ— (1_IU) _ qu H 3(1_/1)(40-1 —30, ):|
H; (Xz _/u)s (Xz _/U"'l)s (Xl =X, )3 2(X2 _/U)s
X2¥2 _ 0
H,
Uy _ [ po20om) 2w 2w 60 )20, - az)}
Ho R S %, —
X2¥2 _ 0
H,
U
%Y. _|qioey. A=p) Qe 31— p)4o, —30,)
=|@+e) 3 3 3 5
M, X, — 1" o=+ ) =X 2%, — 1

U
Let —22=A,-B,,e+C,, e -D,0, +E,0, X, =a,, —b,, e+¢,, € -2d,,0, +d,,0,

H
and
X, =8,, —b,, e+¢,, € -2d,,0, +dy,0,
Where,
1_
A22:1— ( ﬂ)s_ £ 3 = 3!
|a22 _/J| |a22 —,u+1| |a22 _a21|
_ 3(1_ /U)bzz _ H 4 3ub,, 4 3/”1(b22 - b21)

” |a22 _/u|4 |a22 _/u+1|3 |azz _,u+1|4 |3-22 _a21|4 ’

C,, =1+ 3(1_ ,u)sz + 34y, 4 3.“1(022 _021)

4 4 4 )
|a22 _/U| |azz —H +1| |a22 - a21|
_ 6(1_ /U)d 22 6.d,, 6/‘1(d22 - d21) 6(1_ y)
22 4 + 4 + 4 + 5
|a22 - /u| |a22 —H "']-I |a22 - a21| |a22 - ,U|

and

_ 3(1_ﬂ)d22 3ud,, 3/“1(d22 _dzl) 9(1—‘u)

- 4 + 4 + 4 + 5
|azz - /1| |azz —H +1| |a22 - a21| 2|a22 - /U|

22

Here weseethatU,, >0 andU, =0
Therefore, Equation (21) reduces to
1 1
4 2
f(A)=4"+4 (4 -—U,, -U,, J +—U,, U, =0 (21a)
My H;

Casel: Let /112 and ﬂg be the roots of equation (21a).
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Sub case (i): If /112 and /Ig both are real and one of them is positive, let /112 is a positive quantity, then square root of ﬂlz
must be real and of opposite sign. In this case characteristic roots will be a real number. So in this case L2 is unstable. We

may get similar result in the case of /lg .

Sub case (ii): If 212 and lg both are real and negative, let ﬂf is a negative quantity, then two roots of 212 be purely

imaginary. Similarly two roots of lg be purely imaginary. In this case L2 should be stable. Again when /112 and /12 both
are negative quantity then

ﬂ,fﬂg = a positive quantity (21b)
From equation (21a), we have obtained that

22ty U - i ity (U, >0 0)
M =— x,x,Yy,y, =anegative quantity (U, , >0, U < (21¢)

2

Since (21b) and (21c) contradict each other. So L, is unstable.

Now let 4—iUX2X2 -U,, =A,
)7

2

Casell: If A, >0ie, 4> iU +U

XpXp A7
2

1 1
Sub case (i): Let U, ~>O0then — U, U, >0 so f(1)= A+ AN +—U,,U,, =0has no change of
H; 2
1
signs and as such it has no positive real roots. f(—=1) = A" + A24/12 +—U XzXzU Ya¥s = 0 also has no change of signs

2
and as such it has no positive real roots i.e, f (A1) has no negative real roots. So in this case we can say that all roots of

f (1) =0 are imaginary.

1
< 0 then similar to Yadav’s case —U , , U <0.
2 2 XoXo T Y2Y2

2

Sub case (ii): If U Yoy,

2 XX T Y2Y2

LetiU U, =-B,,B,, >0, s0f(1)= A+ A2412 —B,, =0.Here f (1) =0has only one change of sign and
H

as such it has one positive real root. f (—=A4) = A+ :5\24/12 - 824 =0 has only one change of sign and as such it has one

positive real rooti.e, f (A1) has one negative real root.

Case II: IfA,, <0 ie. 4< iU xx, TYU 0 then let A,=-—C,,,C,, >0then
2
f()= 4 ~Coft 4-U,, U, =0
M

1 . .
v, > 0, then—ZUXZXZU vys 0. Then, f(A)=0 has two changes of signs and as such it has at

Sub case (i): Leth2
H>

1

most two positive real roots. f(~1)= A" —C,, A’ +—U,, U, , =0 also has two change of signs and as such it has at
H,
most two positive real roots i.e.,, f (ﬂ) has at most two negative real roots.

1
,<0,then—U, U, <0.

Ho
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—1 U
2 X2Xz
2

U

voy, = —Dasr Dy > 0.Here f()=1" —C24ﬂ2 —D,, =0 has only one change of sign and as such it

Let

has one positive real root. f(—1)= 1" — CZM,Z —D,, =0 has only one change of sign and as such it has one positive

real rootie, f(A) has one negative real root. In both cases we see that f (1) =0 has one positive and one negative real

root.
3. CONCLUSION

Hence, we get that the libration point L2 is unstable.

Table 1: For Stability of Collinear Equilibrium Solutions f_-.:

iy =ty =107°

= i E"_'.-.r.
Ay

%

A, —B,,e+C, e — Do, +E,,0, I

m A B, £, D Ex
Q00001 | -7.601E00325775700 | -DOSTMIBISNGE | 1253470855208530000 | 420.5183313549540000 | 711.5258514158130000
Q00002 | -7.65EE03B183T200 | DOEFHOTTISITE | 99AA0ISIITINON0 | M0.38B077A530580000 | 17LEA3125554730000
00000 | -77zsmMaee0 | oosmpenasEsy | sassmmanmon | 3012s3msizzoznno | 152.2999500130830000
00000 | -7 MESE0193541200 | DOTISI31BHDEH | 77.549M193125515000 | 76.5057714425010000 | 138343504438 7700000
000005 | -7.7750915305424000 | DOTMDITEBEIS | TLSS9GAIGATMEIOND | 2535TWEN0989750000 | 131.1431587384000000
0.00006| -7.7995290083285800 | uTETEsssrmer | erAdsoasazsareconn | msanrmsrmoomo | 1m4s%miTasoom
Q00007 | -7.8212365147050800 | -D0B1SMISSC00ISA% | GR.EOSFOATTIZSLION | 2345533182898820000 | 119.0591087345410000
Q00008 | -7.80ETEATTS0R00 | 00BeSINERSYN | 07IESNTHI0 | 25 TMESST0M00 | 114,5311050801530000
Q00008 | -78E88mAsT00 | 00sTTslaEesd | SE2455530030860000 | 218.2681201000530000 | 110.5883932094880000
0,000 5 D0SMSEITTIADE | S5.0475M13508%5000 | M1EWISTEF30350000 | 1075652 39855%410000
0,000 DI1ITTFESIH06I10 | 43.318180892542000 | 174.5958817756500000 | 22137913 T4135000
0000 | -sosssrrramason | -0u3moessesmmm | Imosssssonamson | 1ssssizmIznssomo | so07smois91000
0000 | -81514058079372000 | -0.4S29002632%190 | 3313BUSS06B000 | 1453453545580560000 | 7AE13U TSR0
0000 | -8227253103400 | 0153304557430 | 0I0SLSMTEIO0 | 1373977255000 | 7065117 26051535000
0,000 | -aZ7sMamsssmsa00 | 0uTesTEm3sT0 | maa0kareson | 1313081261335170000 | 57.657553050757 7000
00007 | -23250148310807300 | 0UENM1BM830 | XAMISBTMBE000 | 1264957411785580000 | 452523837562 71000
0000 | -a3ssmmanmeo | olsrmossisen | Mesmmoawpon | pisssxamsinn | s3ms13mMIsIsnm
0000 | -aaimsonason | osorssssnon | mrussscosmon | wsamisorwnsiomo | siTiisssisiisenno
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