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Abstract- Linear stability of thermomagnetic-gravitational convection in a layer of ferrofluid between two vertical
differentially heated non-magnetic plates in a uniform oblique external magnetic field has been investigated. For each set of
physical governing parameters, the equivalent problem is solved for a range of wave numbers. The arising thermomagnetic
convection is occurred by the spatial variation of magnetization happening due to its dependence on the temperature. In
particular, the variation of fluid magnetisation due to thermal disturbances is found to have a destabilizing effect. In this article,
both gravitational and magnetic effects acting simultaneously are accounted for. The characteristics of all instability modes are
investigated, and three main types of instability patterns corresponding to thermo-gravitational, magnetic and magneto-
gravitational convection are observed to exist in a normal magnetic field. However, the oblique external magnetic field leads to the
preferential shift of instability structures toward the hot wall, which introduces a further asymmetry and a qualitative change in
the stability characteristics compared to the normal field case. It is noticed that for each field inclination angle there exists a
preferred field orientation angle that promotes the onset of magneto-gravitational instability the most.
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1. INTRODUCTION

This is the property of cobalt, nickel, iron, their alloys and some minerals that have these metals as compounds. Magnetic
properties of such materials weaken as their temperature increases, and they are lost completely above a certain temperature
called Curie point. Curie point is below the melting temperature of ferromagnetics so that the melts of ferromagnetic materials
are non-magnetic. In contrast to melts, magnetic fluids are multi-phase media containing solid magnetic particles that can be
magnetized. Such suspensions can be used to transfer heat, and heat and mass transport in such liquid magnetic can be
controlled by using an external magnetic field. Synthetic magnetic fluids, also known as ferrofluids, are electrically non-
conducting stable colloidal suspensions consisting of the carrier liquid (kerosene, water or mineral oil) and magnetic (iron,

cobalt, nickel etc.) nanoparticles with the characteristic size d o~ 10 nm covered by surfactants (oleic acid) to prevent them

Figure 1: Formation of surfacted ferrofluid.

from forming aggregates. The most widely studied ferrofluids contain colloidal magnetite (Fe;O,). A typical ferromagnetic

fluid can have up to 10% of magnetic solids and up to 10% of surfactant by volume [1]. Due to the demagnetization and the
chemical adsorption impact at the boundary of the magnetic core, there is a layer of demagnetized magnetite of thickness ~1
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nm near the particle boundary. As seen from Figure 1 each particle is coated with an appropriate surfactant and the resulting
fluid is known as surfacted ferrofluid. Consistent with the previous studies [2, 3] a planar geometry is considered as a fluid
layer is confined by long and wide non-magnetic plates. The choice of such a classical geometry is dictated by a number of
factors. Firstly, it is a common prototype configuration for realistic heat exchangers. Secondly, it allows one to make a
significant analytical and computational progress without being overwhelmed by geometrical details. Thirdly, this geometry is
relatively easy to realize in experiments. The results for thermo-gravitational and mixed magneto-gravitational convectionin a
layer of ferrofluid in a uniform normal and oblique external magnetic field have been investigated rather than our previous
study of pure thermomagnetic convection in the gravity-free environment [4]. The comprehensive discussion about the
problem for different values of representative parameters is reported in Rahman and Suslov [5]. In this paper, the selected
representative numerical results and values of the determined critical parameters and the physical nature of instabilities
characterized by them are presented.

2. PROBLEM FORMULATION

Consider a layer of a ferromagnetic fluid that fills a gap between two infinitely long and wide parallel non-magnetic plates
shown in figure 2. The plates are separated by the distance 2d and are maintained at constant different temperatures T, £ ® .

An external uniform magnetic field, H = (H¢, H y+H?) suchthat ‘H ¢

=H®where H{ = H°cosd,H; = H®sin 5 cos ¥
and Hf =H°®sindsin ¥ ,is applied at an arbitrary inclination to the layer. This field causes an internal magnetic field H
such that ‘H‘ = H within the layer. The external field induces fluid magnetization M such that ‘M ‘ = M , whichisassumed

to be co-directed with the internal magnetic field: M = ;(*l:i*, where . is the integral magnetic susceptibility of the fluid.

Here y = oM / OH is the differential magnetic susceptibility defined at reference location. The gravity vector § has constant

components (0,—(,0) acting in the opposite direction of y axis is vertical and parallel to the plates.
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Figure 2: Experimental model of the problem. The external applied magnetic field, H © makes arbitrary angles O and y with
the coordinate axes.
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The governing equations of the problem are

Vi =0, @

p*a+p*\7.V\7 =-VP+n.V + pg§ + 14,M VH, (2)

N gVt = VT, €)

ot

VxH =0,V.B=0, (4)
where

B = 41, (Vi + H), M ZWH. 5)

In the above equations V is the velocity vector with the respective components (U,V, W) in the X, Y and Z directions, t s
time, T is the temperature, P is the pressure, B is the magnetic induction, p.is the fluid density, 77.. is the dynamic viscosity,
K. is the thermal diffusivity of the fluid, and £, = 47 x10"H /m is the magnetic constant. The subscript * denotes the values

of the fluid properties evaluated at the reference temperature T.and reference internal magnetic field H.

3. NON-DIMENSIONAL GOVERNING EQUATIONS

Non-dimensional governing equations are

Vi =0, (6)
%+\7.V\7 =—-VP+V¥ -Grge, -Gr 6VH, (7)
9 Luve =iv29, (8)
ot Pr
VxH =0, )
@+ 2)V.H + (- z.)VH.E. — (1 + £.)VO.E. =0, (10)
M =[(z — z)(H = N) - L+ 2)]& + AH, (K
where €, =(0,~1,0) and €, = I:L/H* with the boundary conditions™

[H® —{(¥ — x)(H = N) £ (1+ z.)}& - (1+ x.)H].7 =0, 12)

V=0,0=Flat x==1. @3

The dimensionless parameters appearing in the problem are

2 3 2242
GI‘= p*ﬂ*®gd GI’ =p*/uOK @ d

2 ! m 2
* * 1
1 Hnl( +7) (14)
Pr = - , N :M_
Pk K®

where the thermal and magnetic Grashof numbers Gr and G characterize the importance of buoyancy and magnetic forces,

respectively; Prandtl number Pr characterizes the ratio of viscous and thermal diffusion transports, and parameter N
describes the strength of the magnetic field at the reference location in the system.

4. LINEARIZED PERTURBATION EQUATIONS

After Squire’s transformation linearised perturbation equations (normal mode form~ eomay) become
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DU +iav =0, @5)
ol +(a® +iav, — D*)U + DP+elOGr DHX00 +Gr eoeloD ¢
: DH . _ DH,, (16)
+Gr G,[iae,, + (1— &2 5 1D —iaGr, 6,848, o 0§ =,
0 0
&V + DV, + (@ + i, — D?)V +iaP —Gré an
+ GG, 0, (i&,Dg — @&,) = 0,
= = a’-D* .__ =
o0 +Dg,u + (5—+ lav,)@ =0, 28)
r
- oA~
(D? )¢ - )]2_; 08y [08yy. + 18,8 g —=2C ]¢
Y—7 ~ DH
+ )1( " 2 [ic (€48, + €,0650) + € (1€ X0 ]D¢5 (19)
?E_{_ £ é-10:10 ¢ - Z-[ [i§€20* "'610*[)]‘9 =0,
with the boundary conditions
(1+ 7.)Dg £|a|p + &0 (7 — 2-)(i08y +E,D)p =0 (20)
G=V=60=0at X =1 (22)

where D =d/dX,and V, = Gr(X® — X)/6and 6, = —X are the basic flow velocity and temperature profiles. These above

mentioned equations represent an equivalent two-dimensional problem form that enables one to reduce the computational
cost of stability calculations. However, the external applied magnetic field still remains three-dimensional in the above Squire-

transformed linearised equations and thus the two coordinate angles 0 and y still act as independent control parameters of

the problem. The ¢ angle parameterizes the deviation of the field from the normal direction while y measures the azimuthal
angle from the direction of gravity.

5. REPRESENTATIVE STABILITY CHARACTERISTICS OF FLOWS IN NORMAL MAGNETIC FIELD

Three main types of convection patterns: thermo-gravitational, magnetic and mixed magneto-gravitational convection are
found to exist. The corresponding typical eigen-value curves are shown in figures 3, 4 and 5, respectively. In the first case

(G r, —> 0) one maximum of the disturbance amplification rate SR exists with complex conjugate eigen-values (see figure 3)

that indicate the existence of two counter-propagating waves. In the second case (Gr — 0) one maximum of the disturbance
amplification rate &R is also found but now eigen-values are real (see figure 4). This situation corresponds to a stationary

magneto-convection pattern. In the third case (Gr # 0, Gr, # 0) there are three maxima of the disturbance amplification rate

oR (see figure 5) of which the left-and right-most maxima correspond to thermo-gravitational convection while the middle
one corresponds to a stationary magneto-convection pattern. Numerical values of the critical parameters for these three types

of convection in a perpendicular field for various values of Prandtl number Pr are obtained by solving equations (15)-(21)
and are given in Table 1. As follows from Table 1 the increase in Prandtl number leads to the increase of a wave number. As a
result the distance between two instability rolls decreases. Note that the disturbance wave speed becomes larger than the
maximum basic flow velocity in a large Prandtl-number fluid meaning that the physical nature of instabilities has nothing to do
with the basic flow velocity field.
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Figure 3: Leading disturbance temporal amplification rates ot (left) and frequencies o' (right) as functions of the combined

wave number & for (érm,ér) = (0,65.33) (onset of thermo-gravitational convection) at 5 = =0%and y = y. =5.
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Figure 5: Same as Figure 3 but for (Gr,,, Gr) = (43.92,12) .In the left plot the left and right maxima correspond to small- and

large-wave number thermomagnetic waves, respectively, and the middle maximum corresponds to stationary thermomagnetic
rolls.
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Table 1: The critical values of G r, Gr, a, disturbance wave speed C=—a' /& and the maximum speed of the basic flow
Vo formixed convection in a normal (5 =0°) magnetic field H® =100 at 7 = ¥. =5 and various values of Prandtl
number Pr.

Pr C?i‘,,Tr C?l( 6(' Fr ['(I mazx
20 0 150.864 0.821 +9.291 9.673
S5 0 65.335 1.127 +4.203 4.189
70 0 56.780 1.164 +3.678 3.641
130 0 40.974 1.238 +2.692 2.627
20 9.087 0 1.937 0 0
55 3.305 0 1.937 0 0
70 2.596 0 1.937 0 0
130 1.398 0 1.937 0 0
20 12 148.721 0.829 +9.147 9.536
55 12 59.273 1.196 +3.785 3.800
70 12 49.547 1.260 +3.179 3:177
130 12 29.222 1.452 +1.881 1.874
55 30 45.380 1.365 +2.835 2.910

Itis also observed that the basic flow becomes less stable when Prandtl number increases. Prandtl number is the ratio of fluids
viscosity and thermal diffusivity. The large Prandtl number corresponds to small thermal diffusion and the thermal
disturbances dissipate slowly in large Prandtl-number fluids (see Table 1). Therefore, we conclude that the physical natures of
instabilities are thermal and because of that the waves are called thermal waves. Thermal waves propagate upward near the

hot wall and downward near the cold wall. The representative critical values of Gr, & and disturbance wave speed C fortwo
waves of mixed thermo-gravitational or magnetic convection in a normal magnetic fieldat Gr,, =12 and Pr =55 aregiven

in Table 2 for various values of magnetic susceptibilities y and }?* In the case of linear magnetization law i.e.,, when ;-E = ;-E*
the two waves propagate with equal speeds in the opposite directions.

Table 2: The critical values of Gr @ and disturbance wave speed C_= —a / & forleading two waves of mixed convectionin
a perpendicular external magnetic field at Gr,. =12, H® =100, Pr =55and various values of 7 and ..
6=0°
Upward wave | Downward wave
{ s c Gr. A & Gre A
5 5 1.196 59.28 3.785 1.196 59.28 -3.785
3 5 1.204 59.52 3.795 1.199 60.27 -3.845
3 3 1.198 58.86 3758 1.198 58.86 -3.758
) 2.5 1.207 38.18 3.708 1.202 38.84 -3752
1 2 1.207 5832 3716 1.200 5938 -3.786
0.5 1.5 1.202 59.50 3.7190 1.193 61.53 -3.923

However, when the values of ¥ and . differi.e, in the case of non-linear magnetization law closer to magnetic saturation,

the symmetry of waves propagation is broken, and the upward wave near the hot wall becomes more dangerous compared to
the downward wave near the cold wall (see Table 2).

6. REPRESENTATIVE STABILITY CHARACTERISTICS OF FLOWS IN OBLIQUE MAGNETIC FIELDS

The critical parameter values as functions of the magnetic field inclination angles are shown in figure 6. The flow is stable in the
regions below the respective curves meaning that flow becomes more stable atlarger field inclination angles. With the increase
of field inclination angle _the wavelength increases (see figure 6(b)) and as a result the distance between the rolls decreases. It
follows from figure 6(c) that as the field inclination angle increases the wave speed also increases. The comparison of the
critical parameter values for two waves at a fixed magnetic Grashof number fGrmc = 12 is shown in figure 7. The upward wave
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is always characterized by a larger wave number compared to that of the downward wave as seen from figure 7(b) and,
consequently, the corresponding instability rolls remain closer to each other compared to the downward wave.
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Figure 6: Comparison among the critical values: (a) Grashof number GI’C, (b) wave number 07c and (c) wave speeds Ec as

functions of the field inclination angle & for (§rmc =12,H°® =100, Pr= 55,y =15 and . =25.

1.22

4-—0———'—""'_'6

=
1.21

1.10

- .
W 48 1§ o
-1
117
-2
1.18
[y -3
e —
| -] 1=39':Gr=a&.1¢1| 115 4f T T T T e
D 30 60 00 120 150 180 0 30 60 0O 120 150 180 0 30 60 0D 120 150 180
Q ., o o
Ves Ves Yes

Figure 7: Comparison of the critical values for the first (solid line) and second (dashed line) wave modes: The flow is stable

under the respective curve. (a) Grashof number G I., (b) wave number &C and (c) wave speeds Ec as functions of the azimuthal

angle y for Gr,_ =12,H® =100,Pr =557 =15 and 7. = 2.5.

The critical values similar to those given in Table 2 for the two counter-propagating waves in a mixed convection regime in
various oblique magnetic fields are presented in Tables 3 and 4. In contrast to the normal field, the oblique magnetic field leads
to the asymmetry in wave propagation regardless of whether the fluid magnetization is linear or non-linear in the flow domain.

Table 3: The critical values of Gr a and disturbance wave speed C=—a' / o forthe upward wave of mixed convection in
an oblique external magnetic field at Gr,, =12, y =0°, Pr=55, H® =100 (odd-numbered lines) H® =10 (even-
numbered lines) and various values of y and %.

d =5° | §=10° | 0 =15°
{ {* a c (-:311‘ Fc a(‘ (:31(‘ F(' a(‘ C‘;}c c, c
5 S 1.196 60.69  3.893 156 6554 4.225 127 68774 4442

1.205 60.08  3.853
1.196 62.15  3.992 147 6793 4.386
1.206 61.62  3.957 151 6770 4.370

1
1.163  65.01  4.190
1
1
3 3 1.207 5891 3770 | 1.183 62.04  3.987
1
1
1
1

131 6845 4.422
118 7078 4.579
119 70774 4576
JA55  65.27  4.207
160 6491  4.183
159 6528 4209
162 65.06  4.194
169 6434 4.145
172 64.16 4.133
180 6396  4.120
183 6390 4116

(95
i

1.212 5859  3.749 190 6159  3.957
1.217 5822 3.723 189  61.85 3974
1.220 5797  3.706 194 61.51 3.952
1.220 5793 3.702 198 61.01 3.917
1.222 5776 3.690 | 1.202 60.74  3.899
05 15 1220 5837 3729 | 1.206 60.80  3.903

1.222 5829 3723 | 1.210 60.67 3.893
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Tables 3 and 4 also confirm that the upward wave in various oblique magnetic fields is always characterized by a larger wave
number than that of downward wave and this is consistent with numerical results presented in figures 6 and 7. Note from
equation (14) that the magnitude of the non-dimensional magnetic field is proportional to parameter N, which is inversely
proportional to the pyromagnetic coefficient that characterizes fluid magnetization, and thus the large value of non-
dimensional magnetic field corresponds to weaker fluid magnetization and vice versa. Perturbation patterns in a stronger
magnetized fluid in oblique magnetic field are characterized by larger wave numbers and ba- sic flow is less stable there than in
a weaker magnetized fluid. The upward propagating wave remains the most dangerous as follows from corresponding data
presented in Tables 3 and 4 (compare data for He = 100 in even-numbered and He = 10 in odd-numbered lines).

Table 4: Characteristics of the downward wave for the same vales as Table 3

o=2>5° | 0 =10° =15

¥ X G Cr. c &, Cr, B e Cr.
5 5 1194 6086 -3.904| 1.154 6567 -4233| 1.126 6881 -4.446
1181 6180 -3.966 | 1.145 6630 -4.275| 1.122 69.11 -4.466

3 5 1194 6197 -3985| 1.147 67.35 -4355| 1.118 7022 -4.548
1.182 6265 -4.032| 1.142 67.56 -4369| 1117 7025 -4.551

3 3 1206 5899 -3775| 1.182 62.15 -3.994| 1.154 6535 -4213
1200 5944 -3.805| 1.174 6272 -4.032| 1.148 6575 -4.240

15 25 1212 5862 -3751| 1 1.156 6529 -4213
1208 5895 -3.773| 1 1.152 6553 -4.229

1 2 1214 5854 -3744| 1.193 6121 -3.935| 1.166 6430 -4.148
1211 5873 3758 | 1.188 61.50 -3.955| 1.162 6449 -4.160

05 1.5 1213 5951 -3808| 1.200 61.07 -3.928| 1.177 63.64 -4.110
1211 5953 -3810| 1.196 61.15 -3.935| 1174 63.66 -4.112

186 62.00 -3.988
A79 6240 -4.014

7. COMPLETE STABILITY DIAGRAMS FOR AN EQUIVALENT TWO-DIMENSIONAL PROBLEM

To identify parametric regions where different physical mechanisms lead to the onset of instability in the considered geometry,
the complete stability diagrams for an equivalent two dimensional problem are computed. The stability diagram for normal
magnetic field and Prandtl number Pr = 55 is shown in figure 8.

(3} i (b] \\(ﬂ

FA Sl e

Grne
Figure 8: (a) Stability diagram for an equivalent two-dimensional problem; (b) critical wave number &c and (c) the
corresponding wave speed EC along the stability boundaries shown in the plot (a) for Pr =55,06 =y = 0° and X = f* =5.

It consists of three lines each representing different type of instability characterized by its own wave number as follows from
figure 8(b). The solid line in figure 8(a) starts from GI‘mc =0, which corresponds to the threshold of classical thermo-

gravitational convection instability. As discussed earlier this type of convection is characterized by two counter-propagating
thermal waves investigated in [8, 9, 10, 2]. However, along the solid line the role of magnetic effects increases at the expense of
thermal effects so that thermo-gravitational instability is gradually replaced with the thermomagnetic one. The basic flow is

stable in the region below the solid line. The dashed line in figure 8(a) starts from GI‘C = 0 and therefore corresponds to the

threshold of magneto-convection. In this case, the disturbance amplification rate o Risreal (see figure 4). As follows from an
earlier discussion this type of instability is characterized by a stationary pattern and this is consistent with the previous
investigations [7, 11]. The basic flow is stable above the dashed line. The dash-dotted line corresponds to the thermo-
gravitational /thermomagnetic convection instability. The basic flow is stable below it. As seen from figure 8(b), thermo-
gravitational convection patterns have smaller wave-numbers (the solid line) than those of stationary magneto-convection (the
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dashed line). The stationary magneto-convection patterns also have smaller wave-numbers than those of mixed magneto-
gravitational convection (the dash-dotted line). The wave speed of the disturbance thermal waves corresponding to the
thermo-gravitational convection instability is larger than that of the mixed magneto-gravitational convection instability
(compare the solid & dashdotted lines in figure 8(c)). The dlsturbance thermal wave speed also decreases When magnetic

effects become stronger (compare wave speeds for two sets of data (Gr =12, Gr =59.273), (Gr =30, Grmc =45.38)

presented in Table 1). The mixed magneto-gravitational convection is characterlzed by two counter-propagating
thermomagnetic waves with smaller wave speed (right ends of the solid and dash-dotted lines in figure 8(c)). The pure

magneto-convection is characterized by a stationary pattern as the corresponding values Ec =5'=0 (the dashed line in
figure 8(c)).

70
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Figure 9: Same as Figure 8 but for § =5°and y =0°

The stability diagram for oblique magnetic field & =5°, Y= 0° shown in figure 9 is computed using the same parameter values

asin figure 8. Itis remarkable that the qualitative change in stability diagram occurs even for such small field inclination angles.
The solid and dashed stability boundary lines distinguished in figure 8(a) merge in figure 9(a). The dash-dotted line in the
lower right corner in figure 9(a) almost completely disappears. As follows from figure 9(a) even though the solid line originates
from fGrc = 0 it corresponds to non-stationary magnetoconvection as the corresponding eigen-values shown in figure 10 have
non-zero imaginary parts.
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Figure 10: Same as Figure 3 but for (é"m : él’) =(6.04,0) and 6 =5°,y =0°.

The flow stability region becomes larger in an oblique magnetic field (compare the stability regions in figures 8(a) and 9(a))
and this is consistent with the numerical results given in Tables 2, 3 and 4. As follows from figure 9(b), the thermomagnetic
convection instability is characterized by a smaller wave number (the solid line) compared to that of the mixed magneto-
gravitational convection (the dash-dotted line). As discussed earlier, regardless of whether the magnetization law is linear or
not the symmetry of the disturbance thermal waves propagation is broken in oblique field and the upward wave becomes more

dangerous. Therefore, in figure 9(c) only the critical wave speed for this wave is shown. It increases monotonically with G Ir..

© 2019,IRJET | ImpactFactorvalue:7.211 | 1SO09001:2008 Certified Journal | Page2706



’,/ International Research Journal of Engineering and Technology (IRJET) e-ISSN: 2395-0056
JET Volume: 06 Issue: 3 | Mar 2019 www.irjet.net p-ISSN: 2395-0072

8. CONCLUSIONS

The linear stability of thermomagnetic-gravitational convection has been investigated in the same geometry as pure
thermomagnetic convection. In this case, it is noticed that two distinct mechanisms, thermo-gravitational and thermomagnetic
acting simultaneously, are responsible for the appearance of various instability modes. Thermomagnetic convection is happen
by the spatial variation of the fluid magnetization and magnetic field across the non-uniformly heated layer. The characteristics
of all instability modes are investigated as functions of the inclination and orientation angles and the magnitude of the applied
magnetic field for various values of magnetic parameters and for linear and non-linear magnetization laws when both the
thermomagnetic and buoyancy mechanisms are active. Three main types of instability patterns corresponding to thermo-
gravitational, magnetic and magneto-gravitational convection are found to exist. In a normal magnetic field the stability
characteristics of the flow are independent of the magnitude of the applied normal magnetic field. The inclination of the
external magnetic field leads to the preferential shift of instability structures toward the hot wall, which is more pronounced in
magnetically more sensitive fluid characterized by a smaller non-dimensional magnetic field magnitude. It is demonstrated that
in magneto-gravitational instability regime two waves propagate inside the layer: up near the hot wall and down near the cold
one. The upward propagating wave becomes more dangerous in all regimes regardless of whether the fluid magnetization law
is linear or not. The comparison of the up- and downward propagating waves shows that the upward propagating wave is
characterized by a lager critical wave number compared to that of the downward one. The basic flow becomes more stable and
the disturbance waves propagate quicker while the field inclination angle increases. The stability characteristics of the basic
flow regarding the wave-like disturbances have been compared for thermo-magnetically less and more sensitive fluids, and it
has been observed that the upward propagating wave remains the most dangerous in both types of fluids.
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