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Abstract - 4 Non-homogeneous binary quadratic equation represents hyperbola given by 8x*> —3y?® = 20 is analyzed for its non-
zero distinct integer solutions. A few interesting relation between the solution of the given hyperbola, integer solutions for other
choices of hyperbola and parabola are obtained.
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1. INTRODUCTION

The binary quadratic Diophantine equations of the form ax? —by? = N,(a,b, N # 0) are rich in variety and have been analysed

by many mathematicians for their respective integer solutions for particular values of a, b and N. In this context, one may refer
[1-13].

This communication concerns with the problem of obtaining non-zero distinct integer solutions to the binary quadratic
equation given by 8x? —3y? = 20representing hyperbola. A few interesting relations among its solutions are presented.

Knowing an integral solution of the given hyperbola, integer solutions for other choices of hyperbolas and parabolas are
presented.

2. Method of Analysis

The Diophantine equations representing the binary quadratic equation to be solved for its non-zero distinct integer solution is
8x? —3y? =20 (1)
Consider the linear transformations
X=X +3T ,y=X +6T (2)
From(1) and(2), we have
X?=30T?+19 (3)

Whose smallest positive integer solution is

To obtain the other solutions of (3), consider the Pell equation
X% =30T%+1 (4)

Whose smallest positive integer solution is ()Zo ,'FO ): (15)
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The general solution of (4) is given by

~ 1 ~ 1
To=s7=0 X, =5 1

" 2430

n

where
f, = (5++/24)" +(5-24)""
g, =(5++24)" —(5-+24)" n=-1041,....,

Applying Brahmaguptha lemma between (XO, yo) and (in, )7”) the other integer solutions of (1) are given by,

X, =8f +ﬂg
n+1 n m n
64
Yo :13fn +——==40,
' V24

The recurrence relations satisfied by and y are given by

Xni3 _1oxn+2 +X1 = 0
Ynis _1Oyn+2 Yo = 0
Some numerical examples of x and y satisfying (1) are given in the Table :1 below

Table:1 Numerical example

n X, Yn

0 16 26

1 158 258
2 1564 2554
3 15482 25282
4 153256 250266

From the above table, we observe some interesting relations among the solutions which are presented below:
» Both X, and y, values are even.

2.1. Relations among the solutions are given below.

7
K 3yn+1 X2 T 5Xn+1 =0
7
* Xnis _10Xn+2 X1 = 0

R 3yn+2 _5Xn+2 + X = 0
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* 3yn+3 _49xn+2 + 5Xn+l =0
o 3Oyn+l - Xn+3 + 4'9Xn+1 =0
< 49y, —VY,.; +80x,, =0
** 49 yn+2 - 5yn+3 + 8Xn+1 = O
o 5Xn+3 — 49Xn+2 _3yn+1 =0
** 5yn+2 _8Xn+2 - yn+1 =0

*** VYiiz _16Xn+2 Yo = 0

* 49Y,., —8X,.53=5Y,,; =0
@ 49y, 5 —80%,,5— Y,y =0
. 8Xn+1 Yo+ 5yn+l =0

* Yo _1Oyn+2 Yo = 0

* 3yn+3 _5Xn+3 +X, 0 = 0

* Xn+3 - 5Xn+2 _Syn+2 =0

o yn+3 _8Xn+2 _5yn+2 =0
** 5yn+3 _8Xn+3 Yo = 0
** 6yn+3 —Xpz T X = 0

o 30yn+3 —49x X =0

n+3 n+1

2.2. Each of the following expression is a nasty number:

o:o %[60 -+ 384X2n+2 - 234y2n+2]

o % [180 + 2322X2n+2 - 234X2n+3]

;0 [1800 + 22986X,,., — 234%,,., |

7
E X4

P %[300 +3792x,,., — 234y, ]

1
245

7
E X4

[2940 + 37536x,,., 234y, .]

< % [600 + 384X2n+3 —2322 Yons2 ]

KD
0‘0

1
SuE [2940 + 384x,,,, , — 22986Y,,.,
% % [480+384y,,., —3792y,,.,]

(1)0 [4800 + 384y,,,, —37536Y,,., ]

o % [180 + 229865, — 2322%,,., ]
o %[60 +3792%,,.; — 2322y,
o3 %[300 + 37536X2n+3 - 2322X2n+4]

o % [300 +3792x,,,,, — 22986y,,., ]
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P %[eo +37536X,,,, — 22986Xy,, ]

% i[480 +3792y,.., —37536Y,,.5]
40
2.3. Each of the following expressions is a cubical integer.

@ %[64X3n+3 -39 Yani3 +192Xn+1 -117 yn+1]

% %[387x3n+3 —39x,,,, +1161x,, —117x,,, ]

;o [3831x,,,; —39X,,,s +11493x,,, —117x, ]

7
0.0

. 1
K E [632X3n+3 -39 Yansa 1896Xn+1 -117 Yn+2]

1
245

7
S

[6256X3n+3 -39 Yanss + 18768Xn+1 -117 Ynes ]

% %[64x3n+4 —387y,,,, +192x, ., —1161y,,]

@ i|:64X3n+5 - 383ly3n+3 +192Xn+3 _11493yn+1]
245

L1

K 4_0[643/3n+4 —632y;,,5 +192y,,, —1896 yn+l]

R i [64y3n+5 —6256 Yaniz t 192 Yne3 _18768yn+l]
400

% %[3831x3n+4 —387X,,,5 +11493x,,, —1161x,

R %[632X3n+4 -387 Yania +1896Xn+2 _116lyn+2]

% %[6256x3n+4 —387y,,,s +18768x,,, —1161y, , |

% %[eszxsms\ —3831y,,,, +1896x,,, —11493y, , |

% %[6256x3n+5 —3831y,,,; +18768x,,, —11493y, ,]

<> %[632y3n+5 —6256Y,,,, +1896VY,,, —18768yn+2]
2.4. Each of the following expressions is a biquadratic integer.

Ry %[64X4n+4 -39 Yania t 256X2n+2 -156 Yonio t 30]
% %[387x2n+2 —39X,,,5 +1548X,,,, —156X,, 5 +90]
% %[3831&”” —39x,,, +15324x,, , —156X,,,, +900]

‘:. %[632X4n+4 -39 y4n+5 + 2528X2n+2 _156y2n+3 +150]

1
245

7
0‘0

[6256X,,,, —39Y,,.¢ + 25024X,,., —156Y,,., +1470]
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% % [64x,,,5 —387Y,,,4 + 256X, , —1548Y,, ., +150]

& TiS [64X,,.6 —3831y,,,q +256X,,.,, —15324y,, ., +1470]
23 4% [64Y,40.5 —632Y,,,4 + 256Y,,,5 — 2528Y,, ., + 240]

3 & [64Y,.6 —6256Y,,.4 +256Y,,,, — 25024y, , + 2400]
% %[3831x4n+5 —387x,,,, +15324x,,,5 —1548x,,,, +90]

% %[632x4n+5 —387Y,,.5 +2528X,,., —1548y,, 5 +30]

% % [6256X,,,; —387Y,,,¢ + 25024X,,,, —1548y,, ., +150]
% % [632x,,,; —3831y,,,; + 25624X,,,, —15324y,. ., +30]

% %[6256x4n+6 —3831y,,,, + 25624x,,,, —15324y,. , +30]

% 4—10[632 Yanes — 6256Y,,.5 + 2528Y,.., — 25024y, . +240]
2.5.Each of the following expression is a quintic integer.
* %[64X5n+5 —39Y5,5 +320X5,,5 —195y;, 5 +640x,,, —390 yn+1]
R % [387xq,,5 —39Xs,,q +1935X,,,; 195X, , +3870x,,, —390X, ,, |

@ %[3831&n+5 —39X,,,,, +19155X,,, —195x,,  +38310X,,, — 390X, |

1
+* 2_5 [632X5n+5 -39 Ysnie T 3160X3n+3 -195 Yania T 6320)(n+1 -390 Yni2 ]
X2 ﬁ [6256%,,,, —39Ys,.; +31280%,,,; ~195Ys, o — 62560, 5 —390X, 5]
@ % [64X5n+6 —387 Ysnses T 320X3n+4 _1935y3n+3 + 64'0Xn+2 —3870 yn+1]

1
ot E [64X5n+7 - 632 y5n+5 + 320y3n+4 - 3160 y3n+3 + 640 yn+2 - 6320 yn+3]

* i [64y5n+7 —6256Ys,,5 +320Y;,,5 +31280y;,,, 5 — 640y, ; —62560 yn+1]

400
& %[3831&“6 —387X,,,, +19155x,,,, —1932y,, ., +38310Xx,,, —3870X, ;]

1
& g[sszxsm —387y,,., +3160x,,., —1932y,, ., +6320x,,, — 3870y, ,, ]|
& 2—15[6256x5n+6 —387y,,,, +31280x,,,, 1935y, + 62560Xx,,, —3870Y,]

X3 %[eszxsw — 3831y, +3160x,,,, —19155y,, ., +6320X,,, — 38310y, , ]|
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X3 %[6256X5n+7 — 3831y, ,, +31280x,,,, 19155y, . +62560X,., —38310y, 5]

{632y, 6256y, + 3160y, . ~31280y,,,, +6320y, , ~62650y,.,]

@ 2%4-5[64x5n+7 _3831y5n+5 +320X3n+5 _19155y3n+3 + 640Xn+3 _38310yn+1]

REMARKABLE OBSERVATIONS

L Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of
hyperbolas which are presented in Table:2 below:

Table:2 Hyperbolas

S.NO Hyperbola (X,Y)

1 Y2 _24X2% =100 (8y,,, —13x,,,,64x,,, —39Y,.,)

2 Y2 _24X2 =900 (8x,,, — 79x,.,,387X,,, —39X,,,)

3 Y2 —24X2 = 90000 (8x,.,5 — 782x,,.,,3831x,,, — 39X, ,5)

4 Y2 _24X2 = 2500 (8y,,, —129x,.,,632x,,, —39Y,.,)

5 | y2_24X2=240100 (8y,,5 —1277x,,,,6256x,,, —39Y,.5)

6 Y2 _24X2 = 2500 (79y,.,, —13x,,,.,64x,,, —387Y,.5)

7 | v2_24X?%=240100 (782y,,, —13x, 5,64y, , 3831y, ,)

8 | YZ_24X%=6400 (129y,, —13y,,.64Y,., —632y,,)

9 | Y?2-24x2=640000 | (L277Y,,~13Y,.5,64Y,.5—6256Y,.,)
10 Y2 —24X2 =900 (79x,,., — 782x,,,,3831x,,, —387x,.5 )
11 Y2_24X2 =100 (79y,., —129x, ,,632x,,,, —387Y,.,)
12 Y2 _24X2 = 2500 (79y,,., —1277x,,,,6256X,,, —387Y,.5)
13 Y2 —24X2 = 2500 (782y,., —129x,,,,632x,., —3831y, ,)
14 Y2 _24X2 =100 (782y,,., —1277x,5,6256X,,, —3831y,.5)
15 | v2_24x2-p6400 | (L277y,,,-129y, ;,632y, ;—6256Y,,,)

11 Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of

parabolas which are presented in Table: 3 below:
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3.

Table: 3 Parabolas

S.NO Parabola (X,Y)

1 5Y —24X2 =100 (8Yy.1 —13%,.1,64%y,,, —39Y,,., +10)

2 15Y — 24X % =900 (8X,., — 79%,,1,387Xy,,, —39%, 5 +30)

3 150Y — 24X 2 =90000 (8%,.5 — 782X,,1,3831X,,,, —39%,,,,, +300)

4 25Y — 24X 2 = 2500 (8Yy., —129%,.1,632X,,,., —39Y,,5 +50)

5 245Y — 24X ? = 240100 (8Yn1s —1277,,1,6256%,,,, —39Y,,,, +490)

6 25Y — 24X ? = 2500 (79Y,,1 —13%,.,64%,,,5 —387Y,,,, +50)

7 | 245Y —24X? = 240100 (782Y .1 —13%,,5,64%, 4 —3831y,,,, +490)

8 40Y — 24X 2 = 6400 (129y,,., —13Y,,,,,64Y,,.5 —632Y,,,, +80)

9 | 400Y —24X? =640000 (12771 ~13,,5,64Y,,., —6256Y,,,, +800)
10 15Y — 24X 2% =90 (79x,,,5 — 782X,,,,3831Xy,,5 — 387Xy, +30)
11 5Y — 24X 2 =100 (79y,,, —129X,,,,632X,,.5 — 387Y,,5 +10)
12 25Y — 24X ? = 2500 (79y,,, —1277x,, ,6256X,,,, —387Y,,,,50)
13 25Y _ 24X % = 2500 (782y,,, —129x, ,5,632X,,,, —3831y,, ; +50)
14 5Y —24X2 =100 (782 Yoz —1277X,,5,6256X%,,,,, —3831Y,,., +10)
15 40Y — 24X 2 — 6400 (1277y,., —129y, 5,632y, , — 6256Y,,., +1610)

CONCLUSION

In this paper, we have presented infinitely many integer solutions for the Diophantine equation, represented by hyperbola is

given by 8x* —3y® =20 . As the binary quadratic Diophantine equations are rich in variety, one may search for the other

choices of equations and determine their integer solutions along with suitable properties.

REFERENCES

(1
(2]
(3]
[4]

R.D. Carmihael, Theory of Numbers and Diophantine Analysis, Dover Publications, New York (1950).

L.E. Disckson, History of theory of Numbers, Vol.Il, Chelsea Publishing co., New York (1952).

L.J. Mordell, Diophantine Equations, Academic Press, London(1969).

M.A. Gopalan and R. Anbuselvi, Integral Solutions of 4ay® —(a—1)x* = 3a+1 Acta Ciencia Indica, XXXIV(1)(2008) 291-295.

©

2019, IRJET |

Impact Factor value: 7.211 |

IS0 9001:2008 Certified Journal

| Page 2381



‘,/ International Research Journal of Engineering and Technology (IRJET) e-ISSN: 2395-0056
JET Volume: 06 Issue: 03 | Mar 2019 www.irjet.net p-ISSN: 2395-0072

[5] M.A. Gopalan, Integeral points on the hyperbola (a+2)x*—ay® =4a(k —1)+2k?,a,k >0, Indian Journal of Science,
1(2)(2012) 125-126.

[6] M.A. Gopalan, S.Devibala and R. Vidhyalakshmi, Integeral Points on the hyperbola 2x* —3y® =5, American Journal of
Applied Mathematics and Mathematical Sciences, 1(2012) 1-4.

[7] S.Vidhayalakshmi,et al., Observations on the hyperbola ax* —(a+1)y? =3a—1, Discovery, 4(10)(2013) 22-24.

8] K. Meena, M.A. Gopalan and S. Nandhini, On the binary quadratic Diophantine equation y? =68x? +13, International
Journal of Advanced Education and Research, 2(2017) 59-63.

[9] K.Meena, S.Vidhyalakshmi and R. Sobana Devi, On the binary quadratic equation y2 =7x% +32, International Journal of
Advanced Science and Research, 2(2017) 18-22.

[10] K. Meena, M.A. Gopalan, S. Hemalatha, On the hyperbola y2 =8x? +16 ,National Journal of Multidisciplinary Research and
Development,2(2017) 1-5.

[11] M.A. Gopalan, K.X. Viswanathan and G.Ramya, On the positive pell equation y® =12x? +13, International Journal of
Advanced Education and Research, 2(2017) 4-8.

[12] K. Meena, M.A.Gopalan and V.Sivaranjani, On the Positive Pell equation y® =102x” + 33, International Journal of Advanced
Education and Research,2(1)(2017) 91-96.

[13] K. Meena, S.Vidhyalakshmi and N. Bhuvaneswari, On the binary quadratic Diophantine equation y2 =10x% + 24,
International Journal of Multidisciplinary Education and Research, 2(2017) 34-39.

[14] Gopalan, et al,, Integral points on the hyperbola (a+2)x* —ay® =4a(k —1) +2k?,a,k >0, Indian journal of scince, 1(2)
(2012) 125-126.

[15] M.A.Gopalan and V.Geetha, Observations on some special Pellian equations, cayley ].Math., 2(2) (2013) 109-118.

[16] M.A.GopalanS.Vidhyalakshmi and A.Kavitha, On the integer solutions of binary quadratic equation,
x* =4(k* +1)y? +4' k,t >0 BOMSR, 2(2014)42-46.

[17] T.R.Usha Rani and K.Ambika, Observation on the Non-homogeneous binary quadratic Diophatine Equation 5x*> —6y? =5,
10(2017)67-74.

© 2019,IRJET | ImpactFactorvalue:7.211 | 1S09001:2008 Certified Journal | Page 2382



