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ABSTRACT - In this paper we introduce the notion of the
notion of meet hyperlattice in the Ordered hyperlattices.
Also, we discuss about the product of two ordered meet
hyperlattices. We investigate the properties of prime ideals
in the product of two ordered meet hyperlattices.
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INTRODUCTION:

Hyperlattices are the most advancing and
developing area in lattice theory. Ordered hyperlattices
has been introduced. The notion of meet hyperlattice is
introduced to the ordered hyperlattices in this paper. We
also define the prime ideals in the product of two ordered
meet hyperlattices and we investigate about their
properties.

I. Some basic definitions and Properties:
Definition 1.1:

Let H be a non-empty set. A Hyperoperation on H
is a map ° from HxH to P*(H), the family of non-empty
subsets of H. The Couple (H, °) is called a hypergroupoid.
For any two non-empty subsets A and B of H and x € H, we
define A°B=Ugecypepach;

Aox=A°{x} and x°B={x}°B

A Hypergroupoid (H, °) is called a Semihypergroup if for all
a, b, c of H we have (a °b) ° c=a° (b ° c). Moreover, if for
any element a € H equalities

A°H=H-a=H holds, then (H, °)
is called a Hypergroup.

Definition 1.2:

A Lattice [1] is a partially ordered set L such that
for any two elements xy of L, glb {x, y} and lub {x, y}
exists. If L is a lattice, then we define x Vy = glb {x, y} and

lub {x,y}.

Proposition 1.3:

The Definition of Lattice is equal to the following
propositions. Let L be a non-empty set with two binary
operations A and V. Let for all a, b, ¢ € L, the following
conditions holds

1) aAa=aandaVa=a
2) aAb=bAaandaVb=bVa
3) (@aAb)Ac=aA(bAc)and(aVb)Vc
=aV(bVq)
4) (aAb)Va=aand(aVb)Aa=a
Then (L, V, A) is a Lattice.

Definition 1.4:
Let L be a non-empty set, s LxL—op*(L)bea
hyperoperation and V: L x L =L be an operation. Then (L,

Vv, ) is a Meet Hyperlattice [3], if for all x, y, z € L. The
following conditions are satisfied:

1) XGX xandx=xVx
2) xV(yVz)=(xVy)Vzand

3) x (y z)=(x y) z
4) XVy=yVXandx y=y X

5) x€x (xVy)nxV(X y)

Definition 1.5:

Let L be both join and meet hyperlattice (which
means that V and A are both hyperoperations), then we
call L as Total Hyperlattice.[2]

Example 1.6:

Let (L, <) be a partial ordered set. We define the
operation V as,

aVb={x€L:x<a,x<b}
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and the hyperoperation as,
a b={x€L:a<x b<x}

Then, (L, V, ) is a Meet Hyperlattice.

Definition 1.7:

Let [ be a non-empty subset of L. Then I is called
an Ideal [4] of L if

1) foreveryx,y€L,xVyClI
2) x<limpliesx €]

Now, let (L, V, @) be a meet hyperlattice. We call (L, <) is an
ordered hyperlattice, if < is an equivalence relation and x <

y implies that x Z<y zandxVz<yVz

Note that for any A, B C L, A < B means that there exist x €
A,y €Bsuchthatx<y.

Definition 1.8:

Let L be a non-empty set, be a binary

operation and V be a hyperoperation on L. L is called a
Hyperlattice if for all a, b, ¢ € L, the following conditions
holds:

1) a€aVa and ana=a
2) aVb=bVa and aAb=bAa
3) a€laAn(aVb)]n[aV(aAb)]
4) aV(bVc)=(@Vb)Vc and aA(bAc)=(aAb)A
c
5) a€aVbimpliesaAb=b
Let A, B C L. Then define
AVB=uU{aVb|a€EADbEB}
AAB={aAb|a€ADbEB}
Note:

I L is a s-distributive hyperlattice, then L is an
Ordered Hyperlattice but the converse is not true.

Example 1.9:

Let (L, V, ) be a strong meet hyperlattice such
that

xyzxxny y and
ifxx=y y,thenx = y.

We define the relation < asx < yimpliesx €y
y.Thus, (L,V, , <) is an ordered hyperlattice.
Definition 1.10:

Let (L, V4, /\1, <) and (L,, V,, /\2, <,) be two ordered
hyperlattiice.

1 )
Give (Lyx Ly, V', /\ ), be two hyperoperations V' and
on Ly X L, such that for any

(x1,v1), (x5,¥,) €Ly X Ly, we have

D) )
o) B Gy = (@) uen Ay xvey A,
yZ}t

(x1, ¥1) < (x3, y,) if and only if x; <; x,,

Y152 Y2

’
The Hyperoperation V is defined similar to
)
Definition 1.11:

Let R be an equivalence relation on a non-empty
set Land A, B CL, A R B means that

for all a € A, there exists some b € B such thata R
bl

for all b’ € B, there exists a’ € A such thata’ Rb’.

Also, R is calleda regular relation respect to ifxRy

implies that x A z R y Az orallxy z€L Ris called a
Regular relation if it is regular respect to V and A, at the
same time.

Theorem 1.12:

Let (L, V, ) be a hyperlattice and y be an

equivalence relation on L. Then, (L/y, V, A) is a hyperlattice
if and only if y is a regular relation.
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Proof:
Let us assume that (L/y, V, A) is a Hyperlattice.
For some x,y € L/y then,

XYy

since L/y is distributive, for some z € L/y,
(xyy)Azimplies (xAz) ¥ (YA zZ)

Similarly, (xyy)Vzimplies (xVz)y (yVz)

Therefore y is a regular relation.

Conversely, assume that y is a regular relation then for all
X,y € L/y there exists x y y.

LetA,BCL/y.

xyyimplies (xVz) y (yVz)thatis(xyy)Vzforallz€
L/y

Then, AVB=U{(xyy)Vz|xyy€A z€EB}
Similarly, the condition for the hyperoperation A holds.

Therefore (L/y, V, A) is a Hyperlattice.

[I. Properties of Prime Ideals in product of two
ordered meet hyperlattices

In this section, we consider strong meet
hyperlattices. First we define prime ideals in strong meet
hyperlattices. Then, we investigate sufficient conditions of
a subset of product of two ordered strong meet
hyperlattices is a prime ideal. Also, we define special
elements

in ordered strong meet hyperlattices and we investigate
the connection between this elements and ideals in
ordered strong meet hyperlattice.

Definition 2.1:

An Ideal P of a meet hyperlattice L is Prime [5], if
forallx,y€ELandxVy€E P, we havex € Pandy € P.

Proposition 2.2:

Let L be a meet hyperlattice. A subset P of a
hyperlattice L is prime if an only if L\P is a subhyperlattice
of L.

Proof:
Letx,y € L\P
Then, by the definition of prime ideal we have,
x Vy does not belong to P

Therefore x Vy € L\P

We prove that x L& y CL\P

Let x y CP and x does not belong to P, Y does not
belongs to P.

We have (x y)VXEP

and

(x y) V.y € P [since P is an ideal of
hyperlattice L]

Since L is a meet hyperlattice

we have x € (x y) Vx which implies thatx € P
and y€EP

which is a contradiction.

Thus, x L&l y is not the subset of P and x @ y C L\P

Similarly, we show that x V.y € L\P and L\P is a
subhyperlattice of L.

Let L\P is a subhyperlattice of L and
xVy€EP, xandy does not belongs to P.
Tusx,y €EL\P, wehavexVy€L\P

Therefore x V y doesnot belongs to P and this is a
contradiction.

Hencex € Pandy € P.

Theorem 2.3:

Let (L, V4, /\1, <;) and (L,, V5, /\2, <,) be two
ordered strong meet hyperlattices and L C LyxL,. L is a
prime ideal if and only if there exists a prime ideal I C L,
and ] C L, wih the properties that for any x € L,, x’ € L, and
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yely €l wehavex /\;yclLx /A,y CJandL=(IxLy)
N (Ly x]).

Proof:
Let us first prove the converse part.
We show that L is a prime ideal of L, x L.

Let (%, z), (y, w) € L
Ifx,y €1, we have x /\1 yCL

Since L, is a meet hyperlattice, we have z /\2 w C L.

)
Thus, (x, z) (y,w)=x/\1yxz/\2 wCIx L, CL.

Ifz€],wE€ L,, we have,

)
(x,2) (y,w)=x/\1yxz/\2w
CIxJCIxL,CL.

Let, (x,y) € LyxL,, (z, w) € L.

Ifz€Tand w € L,, we have

(X,Z)V, (zzw)€IxL,CL

and if z € L; and w € ], we have

(x,y)V’ (z,w)€E Ly x]JCL.

Now, we show that L is prime.

)
Let (x,y) V (z,w) EL.
Then we havex V; zxy V, w € L.

Therefore,

1) xViz€LyV,w €L, and
2) xV,z€L,yV,wE].

since I is prime, in the first case, we havex €l and z € L.
Thus, (x,y) EI1x L, and (z, w) €1 x L,.

In the second case the proof is similar.

Therefore L is a prime ideal.
Let L be a prime ideal and (x, y) € L.
We show that {x} x L, C L and

L, x{z} CL.

If these two relations are not true, there existy € L, and w
€ L, such that (%, y) does not belongs to L and (w, z) does
not belongs to L. Since L is prime, we have (x V; w) x (y V,
z) € L which is a contradiction.

Now, we define
A={x€Ly;{x}xL,CL}and
B={z€L,; L, x{z} CL}

and

I={y€L;;y<;a forsomea€ A}and
J={y€L,;y<,bforsomeb € B}

By the definitions of A, B, I and ], we can easily show that L
=(Ix L) N (Lyx])

Now, we show that I is a prime ideal and it has the
property which is stated in the assumption of theorem.

Letx,y€L; andxV; yEL
Then there exists a € A such that

XVlysla.

Also, (%, a) V’(y, a)=(xVyy,aV,a)€lxL; CL.
Since L is a prime ideal, we have

(x,a) €L and (y, a) € L.
Therefore, sincea € L;, we havex€landy € I.

Letx € L;,y €], there exists some a € A such thaty <, a.
Thus x /\1 y<;a /\1 y.
Since a /\1 y Cland Iis an Ideal,

We have x /\1 yEL

Hence the proof.
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Definition 2.4:

Let (L, V, A, <) be an ordered meet hyperlattice which is
not bounded and x € L.

If(xVL]=Uye, xVy={y€L y<aforsomea€xVL}=L,
then we call x is right simple element. Now, let L is
bounded with greatest element 1, x € L is right simple
element,

if (x VL] = L\{1}.
Theorem 2.5:

Let L be a distributive ordered strong meet hyperlattice
and R be the set of all right simple elements of L. Then, we
have R is a subhyperlattice of L. Also, if for any arbitrary

subset A,BCL,y € Lwehavey € A B implies thaty € A

and y € B and L\R is non-empty, then L\R is a maximal
ideal of L.

Proof:
Leta, b ER.
Then we have (aV L] =L,
(bVL]=Land
L=(@VL]=(aV(bVL]]C(aVbVL].
Therefore,aVb €R.

Since, (A] (B]C (A B] and L is distributive. We
have,

L=(aVL] (bVL]C((a b) VL].
So,a b ER.
Letx, y EL\R.

Ifx yCR,wehaveL=((x y) VL].

Let z € L, then there exists z' € (x y) V L such that z <

I

Z.

Therefore, there exists w € L such that z' = (x y)Vw
which implies that

zZ’€ExVw) yVw).

By our assumption, we conclude that
z'€xVwandz €EyVw.
Therefore,z < z' €xV wand

z<sz EyAw.

Then,z € (x VL] and z € (y V L] and

L=(xVL]andL=(y VL]

Sox y is not the subset of R and x y CL\R.

Letx€L\Randy € L.

We show thatx Vy € R, we have

L=(x VL] C(xVyVL]=Lwhich is a contradiction.
Therefore, x Vy € L\R.

L\R is a maximal ideal of L.

III. Conclusion:

Hence we introduced the ordered meet hyperlattice and
we depicted them in product. We also investigated the
properties of prime ideals in the product of two ordered
meet hyperlattices.
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