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Abstract:- The  binary  quadratic   equation   420 22  xy     

is considered   and   a  few  interesting  properties  among   the   
solutions   are  presented .Employing   the   integral solutions  
of   the  equation  under  considerations a   few patterns  of   
Pythagorean  triangles   are  observed. 
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1. INTRODUCTION  
 

The binary  quadratic  equation  of  the  form  122  Dxy   

where   D   is  non –square  positive  integer  has  been 
studied  by  various  mathematicians  for   its  non-trivial  
integral  solutions  when  D   takes  different  integral  values  
[1-5]. In this context one may also refer [4, 10]. These  
results  have  motivated  us  to  search  for  the  integral  
solutions  of  yet  another  binary  quadratic equation  

420 22  xy   representing  a  hyperbola .A  few  interesting  

properties  among  the  solution  are  presented. Employing  
the  integral  solutions  of  the  equation  consideration  a few   
patterns  of  Pythagorean  triangles  are  obtained. 
 

1.1 Notations 
 

nmt ,   :   Polygonal number of rank   n  with   size   m  

m
nP   :   Pyramidal number of   rank  n  with size   m  

nPr     :   Pronic   number   of   rank   n    

nS      :   Star   number of rank  n  

nmCt ,   :   Centered   Pyramidal   number of rank  n    with   

size  m  

),( skGFn   :  Generalized   Fibonacci sequence of rank   n  

),( skGLn   :   Generalized   Lucas   sequence of   rank  n  
 

2. METHOD OF ANALYSIS 
 
 Consider the binary quadratic Diophantine equation is    

                 420 22  xy
                                (1)

                    

Whose smallest positive integer solutions of ),( 00 yx  is,

 40 x , 180 y
                                   (2)

 

To obtain the other solutions of (1), Consider pellian  
equation is 
                 

                  
120 22  xy                                       (3) 

The initial solution of pellian equation is 

                 
2~

0 x , 9~
0 y  

Whose general solution  nn yx ~,~  of (2) is given by,      

                
nn gx

202

1~  , nn fy
2

1~ 

 

 

where,  

                
11 )2029()2029(   nn

nf  

                 
11 )2029()2029(   nn

ng  

Applying Brahmagupta lemma between  00, yx
 
and  nn yx ~,~  

the other integer solution of (1) are given by,  

 nnn gfx
20

9
21                                      (4) 

               nnn gfy
20

40
91                                       (5) 

Therefore (3) becomes

 

              
nnn gfx 920220 1                                (6) 

Replace n  by 1n  in (6), we get 

             
112 920220   nnn gfx  

            

)2029(9)2029(202 nnnn fggf 
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            nnn gfx 161203620 2                            (7) 

     

Replace n  by 1n  in (7), we get
 

             113 161203620   nnn gfx
 
                                                                                         

              

)2029(161)2029(2036 nnnn gggf 

                                                                                                          

             nnn gfx 28892064620 3                     (8) 

For simplicity and clear understanding the other choices of 

integer solutions are presented below:

 

             
nnn gfy 920920 1                                 (9) 

            nnn gfy 7202016120 2                         (10) 

            nnn gfy 1292020288920 3                  (11) 

These are representing the non-zero distinct integer 

solutions of (1)
 

Some few numerical examples are given in the following 
table 

Table 1: Numeric examples 

                             

          

                                

 

                                 
 
 
 
 
The recurrence relation satisfied by the values of 1nx and 

1ny are respectively
 
 

          
018 123   nnn xxx

,  
,......1,0,1n

  

      
018 123   nnn yyy

 ,
,.....1,0,1n      

A few interesting relations among the solutions are 
presented below: 

1. 018 123   nnn xxx  

2. 092 211   nnn xxy  

3. 092 212   nnn xxy  

4. 016192 213   nnn xxy  

5. 016136 311   nnn xxy
 

016136.6 313   nnn xxy  

0940.7 112   nnn yxy  

0161720.8 113   nnn yxy  

0161409.9 213   nnn yxy
 

10. 091612 321   nnn xxy  

11. 092 322   nnn xxy
 

12. 092 323   nnn xxy  

13. 097209 123   nnn yxy  

14. 0409 122   nnn yxy
 

040.15 123   nnn yxy  

0940161.16 132   nnn yxy  

04.17 231   nnn yxx  

0720161.18 133   nnn yxy  

0940.19 323   nnn yyx  

20. 04072040 321   nnn yyy  

2.1. Each of the following expression represents a 
cubical integer: 

 
 )9633321

4

1
133353   nnnn xxxx

 

 
 213343 274831619

2

1
  nnnn xxxx

 

 113333 12027409   nnnn xyxy  

 123343 240380   nnnn xyxy  

 
















1

33353

38760

2712920(

161

1

n

nnn

x

yxy
 

 
















2

34353

8667

4832889161

2

1

n

nnn

x

xxx
 

  214333 12048340161
9

1
  nnnn xyxy  

 224343 2160783720161   nnnn xyxy  

n  
1nx  1ny  

-1 4 18 

0 72 322 

1 1292 5778 

2 23184 103682 

3 416020 1860498 

4 7465176 33385282 
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 
















2

34353

38760

78312920161

9

1

n

nnn

x

yxy
 

 
















3

15333

40

402889

161

1

n

nnn

x

yxy
 

 
















3

25343

2160

86677202889

9

1

n

nnn

x

yxy
 

 
















3

15333

3

949323

18

1

n

nnn

y

yyy
 

 
















3

35353

38760

8667129202889

n

nnn

x

yxy
 

 214333 35418   nnnn yyyy  

 
















3

25343

54

96918323

n

nnn

y

yyy
 

2.2. Each of the following expression represents bi-
quadratic integer: 

  2441284321
4

1
42224464   nnnn xxxx

 

  12366441619
2

1
32224454   nnnn xxxx

 
 616036409 22224444   nnnn xyxy  

 6320480 22324454   nnnn xyxy  

 
















32251680

36129209

161

1

22

424464

n

nnn

x

yxy
 

 
















1211556

6442889161

2

1

32

425464

n

nnn

x

xyx
 

 
















54160

64440161

9

1

32

225444

n

nnn

x

yxy
 

 
















62880

644720161

32

325454

n

nnn

x

yxy
 

 










 

54

5168064412920161

9

1 32425464 nnnn xyxy

 

 
















322160

11556402889

161

1

42

226444

n

nnn

x

yxy
 

 



























54

2880

115567202889

9

1
42

326454

n

nnn

x

yxy

 

 
















651680

11556129202889

42

426464

n

nnn

x

yxy
 

 647218 32225444   nnnn yyyy  

  3641292323
18

1
42226444   nnnn yyyy

 
 672129218232 42326454   nnnn yyyy

 
2.3. Each of the following expression represents quintic 
integer: 

 
















13

33535575

321010

15055321

4

1

nn

nnnn

xx

xxxx
 

 
















21

43335565

901610

458051619

2

1

nn

nnnn

xx

xxxx
 

 
















11

33335555

90400

20045409

nn

nnnn

yx

xyxy
 

 
















21

33435565

10800

400580

nn

nnnn

yx

xyxy
 

 
















3153

335575

9012920045

64600129209

161

1

nnn

nnn

yxy

xxy
 

 
















1243

336575

161040014445

8052889161

2

1

nnn

nnn

yxx

yxx
 

 
















22

43436565

107200

8053600720161

nn

nnnn

yx

yxxy

 

 
















3253

436575

1610129200805

6460012920161

9

1

nnn

nnn

yxy

xxy
 

 
















1233

436555

1610400805

20040161

9

1

nnn

nnn

yxy

xxy
 

 
















1333

537555

2889040014445

200402889

161

1

nnn

nnn

yxy

xxy
 

 
















2343

537565

28890720014445

36007202889

9

1

nnn

nnn

yxy

xxy
 

 
















3353

537575

2889012920014445

64600129202889

nnn

nnn

yxy

xxy
 

 
















12

43337555

18010

59018

nn

nnnn

yy

yyyy
 

 
















1353

337555

3230105

1615323

18

1

nnn

nnn

yyy

yyy
 

 
















2353

437565

323018090

161518323

nnn

nnn

yyy

yyy
 

2.4. Each of the following expression represents Nasty 
number: 

   2242 32148
4

1
  nn xx  

 2222 2405412   nn xy  
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 2232 480612   nn xy  

  2242 77520541932
161

1
  nn xy  

  3242 288916112
2

1
  nn xx  

  3222 240966108
9

1
  nn xy  

 3232 432096612   nn xy  

  3242 77520966108
9

1
  nn xy  

  4222 240173341932
161

1
  nn xy  

  4232 432017334108
9

1
  nn xy  

 4242 775201733412   nn xy  

 3222 610812   nn yy  

  4222 61938216
18

1
  nn yy  

2.5. REMARKABLE OBSERVATIONS 

    I.     Employing linear combinations among the solutions of 
(1), one may generate integer solutions for other choices of 
hyperbolas which are presented in table 2 below: 

Table 2: Hyperbola 

S.NO Hyperbola                              (Xn,Yn) 

1 440
22
 nn YX  




















21

12

18

,1619

nn

nn

xx

xx
 

2 51848081
22
 nn YX

 


















31

31

323

,321

nn

nn

xx

xx
 

3 420
22
 nn YX  




















11

11

29

,409

nn

nn

yx

xy
 

4 3242081
22
 nn YX

 


















21

12

2161

,80

nn

nn

yx

xy
 

5 

103684

20
22



 nn YX  



















31

13

22889

,129209

nn

nn

yx

xy
 

6 1680
22
 nn YX  




















32

23

18323

,2889161

nn

nn

xx

xx
 

7 324162
22
 nn YX  




















12

21

4

,40161

nn

nn

yx

xy
 

8 420
22
 nn YX  




















22

22

36161

,720161

nn

nn

yx

xy
 

9 32420
22
 nn YX  




















32

23

362889

,12920161

nn

nn

yx

xy
 

10 

103684

20
22



 nn YX  



















13

31

6469

,402889

nn

nn

yx

xy
 

11 32420
22
 nn YX  




















23

32

646161

,7202889

nn

nn

yx

xy
 

12 420
22
 nn YX  




















33

33

6462889

,129202889

nn

nn

yx

xy

 

13 32080
22
 nn YX  




















12

21

1619

,18

nn

nn

yy

yy
 

14 

103680

8180
22



 nn YX  



















13

31

321

,323

nn

nn

yy

yy
 

15 32080
22
 nn YX  




















23

32

2889161

,18323

nn

nn

yy

yy
 

 
II   Employing linear combination among the solutions of (1), 
one may generate integer solutions for other choices of 
parabolas which are presented in table 3 below: 

Table 3: Parabola 

S.NO  Parabola                (Xn,Yn)         
 

1 840
2
 nn YX  




















3222

2232

18

,16198

nn

nn

xx

xx
 

2 144409
2
 nn YX

 


















4222

2242

323

,3218

nn

nn

xx

xx
 

3 420
2
 nn YX  




















2222

2222

29

,4092

nn

nn

yx

xy
 

4 4209
2
 nn YX  




















3222

2232

2161

,808

nn

nn

yx

xy
 

5 

101164

20161
2



 nn YX
 




















4222

2242

22889

,129209322

nn

nn

yx

xy
 

6 840
2
 nn YX  




















4232

3242

18323

,28891614

nn

nn

xx

xx
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7 36180
2
 nn YX  




















2232

3222

4

,4016118

nn

nn

yx

xy
 

8 420
2
 nn YX  




















3232

3232

36161

,7201612

nn

nn

yx

xy
 

9 324209
2
 nn YX

 


















4232

3242

362889

,1292016118

nn

nn

yx

xy
 

10 

103684

20161
2



 nn YX  



















2242

4222

6469

,402889322

nn

nn

yx

xy
 

11 3620
2
 nn YX

 



















3242

4232

646161

,720288918

nn

nn

yx

xy
 

12 420
2
 nn YX  




















4242

4242

6462889

,1292028892

nn

nn

yx

xy
 

13 

320

20
2



 nn YX  



















3222

3222

9161

,182

nn

nn

yy

yy
 

14 

11520

20160
2



 nn YX  



















4222

4222

321

,32336

nn

nn

yy

yy
 

15 

320

80
2



 nn YX
 




















4232

4232

1612889

,183232

nn

nn

yy

yy
 

 
III   Employing linear combinations among the solutions of 
(1), one may generate integer solutions for other choices of 
straight line which are presented in the table below: 

Table: 4 Straight lines 

S.NO Straight line                             (X,Y) 

1 XY 2  




















13

12

321

,1619

nn

nn

xx

xx
 

2 XY 4  




















13

11

321

,409

nn

nn

xx

xy
 

3 XY   




















11

12

409

,80

nn

nn

xy

xy
 

4 XY 161  




















13

12

129209

,80

nn

nn

xy

xy
 

5 XY 18  




















31

32

323

,18323

nn

nn

yy

yy
 

6 XY 9  




















32

32

7202889

,18323

nn

nn

xy

yy
 

7 XY 2  




















31

32

323

,7202889

nn

nn

yy

xy
 

8 XY 2  




















12

11

1619

,409

nn

nn

xx

xy
 

9 XY 4  




















13

12

321

,80

nn

nn

xx

xy
 

10 XY 161  




















13

22

129209

,720161

nn

nn

xy

xy
 

11 XY   




















21

22

40161

,12920161

nn

nn

xy

xy
 

12 XY 2  




















31

32

323

,7202889

nn

nn

yy

xy
 

13 XY 9  




















21

12

40161

,80

nn

nn

xy

xy
 

14 XY 9  




















21

11

40161

,40

nn

nn

xy

xy
 

15 XY 161  




















31

22

402889

,720161

nn

nn

xy

xy
 

 
IV Consider 11   nn yxp , 1 nxq  

  Note that 0 qp ,treat qp,  as the generators of 

the Pythagorean triangle ),,( ZYXT  

Where 0,,,2 2222  qpqpZqpYpqX  

    It is observed that ),,( ZYXT  is satisfied by the following 

relations: 

i. 4910  ZYX  

ii. 11

2
 nn yx

P

A
 

iii. ZY
P

A
X 

4
 

iv. )(3 YZ   is a Nasty number 
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 is written as the sum of two squares 

V Employing the solutions in terms of special integers 
sequence namely, generalized Fibonacci sequence, GFn(k,s) 
and the generalized Lucas sequence GLn(k,s) are exhibited 
below: 

 

VI Employing the solutions of  (1),each of the following 
among the special polygonal, pyramidal, star numbers, 
pronic numbers, centered pyramidal number is a  congruent  
to under modulo 4. 

 

2

1

2
3

2

1

5

1

36
20

1

12
































 



 x

x

y

y

s

p

s

p

 

 

2

,4

5
2

12,3

1
4

1

4
20

6




































x

x

y

y

ct

p

t

p

    

  

2

,6

5
2

,4

5

1

6
20

1

4
































 x

x

y

y

ct

p

ct

p

 

 

2

,4

5
2

2,3

2
3

1

4
20

3




































x

x

y

y

ct

p

t

p

 

 

2

1,3

3
2

1,4

1
5 3

20
2


































x

x

y

y

t

p

t

p

 

 

2

1

5
2

,3

5

1

12
20
































x

x

y

y

s

p

t

p

 

 

2

1

3
2

2,3

2
3 6

20
3


































x

x

y

y

pr

p

t

p

 

 

2

3
3

3

2

12,3

1
4 4

20
6






































x

x

y

y

p

pt

t

p

 

 

2

,3

5
2

2,3

2
3

20
3


































x

x

y

y

t

p

t

p

 

 

2

1,4

1
3

1
4

2

12,3

1
4 )(3

20
6













 
























x

xx

y

y

t

pp

t

p

 

 
 
 
 

CONCLUSION 
 
In this dissertation , we have  presented  infinitely  many  
integer solutions  of  the  binary  quadratic  Diophantine  
equation  are rich in variety, one may  search  for  the  other  
choices  of  binary quadratic Diophantine equation  and  
determine  their  integral  solutions  along  with  suitable  
properties. 
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4
X 

A

P
v. Y

GFGLy  nnn  111                    )1,18(160)1,18(9

GFGLx   nnn  111                    )1,18(36)1,18(2

Where PA,  represents the area and perimeter of ),,( ZYXT  


