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Abstract - The Non-homogeneous Diophantine equation in 
five unknowns x, y, z, w and R is given by       
 (   )   is analyzed for its patterns of non- zero integral 
solutions and a few interesting relations between the 
solutions and special polygonal numbers are presented. 
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1. INTRODUCTION 

        The Diophantine equations offer an unlimited field of 
research because of their variety [1- 4]. The solutions of 
Diophantine equations of higher degree are of greater 
importance in its applications in network securities for 
computer science and engineering. In particular one may 
refer [5-19] for finding integral solutions. In this paper i 
have made an attempt to discuss the integral solutions of a 
Diophantine equation of degree six in five unknowns in 
different patterns and some properties involving special 
numbers.     

1.1 Notations Used: 

1.      Polygonal number of rank ‘n’ with sides’ m 

2.     = Mersenne number 

3.    = Pronic number of rank ‘n’ 

4.    =Gnomonic number 

5.       =Carol number 

2. METHOD OF ANALYSIS 

Consider the non-homogeneous Diophantine equation in 
five unknowns solved for non-zero distinct integer 
solutions as given below 

       (   )     (1) 

Use the linear transformation       

                              (2)  

Thus (1) becomes (      )             (3) 

Assume that                               (4) 

Where a and b are non-zero integers 

SOLUTION PATTERN-1  

Write 7= (   √ )(   √ )      (5) 

Using (4) and (5) in (3) and applying the method of 
factorization, 

(   √   )  (   √ )(   √   )
 

 

Equating the real and imaginary parts, 

   (   )                             

       

        (   )                         
                          (6) 

Substituting u and v from (6) in (2) and from (4), the 
integral solution is as given below 

   (   )                             

        

   (   )                              

       

   (   )                             

        

     (   )                      and 
    (   )          

PROPERTIES: 

1.  (   )   (   )   (   )   (   )   (      ) 

2.  (   )                      

3.  (   )   (   )   (   )   (   )   (     ) 
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4.  (   )                    

5.  (     )   (     )   (     )  
 (     )    (       )       

6.  (     )         ( 
 )    

SOLUTION PATTERN-2 

Write (3) as (      )        (7)                   

Now write   (
(   √ )

 
(   √ )

 

  
) (8) 

Using (4), (8) in (7) and by the method of factorization, we 
get 

(   √   )  
(   √ )

 

 
(   √   )

 
 

Equating the real and imaginary parts, 

   (   )  
 

 
(                       

               ) 

     (   )  
 

 
(                           

              )          (9) 

Substituting u and v from (9) in (2) and from (4), we get 

   (   )  

 
 

 
(                                

      ) 

   (   )  

 
 

 
(                                

       ) 

   (   )  

 
 

 
(                                 

       ) 

   (   )  

 
 

 
(                                

       )   

   (   )             

For the integral solution replace a by 7A and b by 7B,  

   (   )  

   (                                

      ) 

   (   )  

   (                                

       ) 

   (   )  

   (                                 

       ) 

    (   ) 

   (                                
       )    

    (   )    (      ) 

PROPERTIES: 

1.  (   )   (   )   (   )   (   )   (     ) 

2. (   )           

3. (     ) is a perfect square. 

4.  (   )     (   )    

5.  (     )    (     )     (     )    (       
 )       

6.  (     )             

SOLUTION PATTERN-3  

Write (3) as (      )  ( )(  )( )   -- (10) 

Write   (
(   √ )((   √ ))

 
)         (11) 

Using (4), (5), (11) in (10) and by the method of 
factorization 

(   √   ) 

 
 

 
(   √ )(   √ )(   √   )

 
 

Equating the real and imaginary parts, 
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   (   )  

 
 

 
(                                  ) 

    (   )      

 
 

 
(                                   )             

(12) 

Substituting u and v from (12) in (2) and from (4), we get 

   (   )  
 

 
(                       

             ) 

   (   )  
 

 
(                      

               ) 

   (   )  
 

 
(                       

               ) 

    (   )  
 

 
(                       

              )   

                       (   )         

For the integral solution replace a by 2A and b by 2B,  

   (   )  

   (                              

      ) 

 y  (   )    (                       
              ) 

 z  (   ) 

        (                                
      )   

   (   )    (                      

               ) 

    (   )               , where A, B are arbitrary 
constants 

PROPERTIES: 

1.  (   )   (   )   (   )    

2.  (   )    

3.  (   )   (   )   (   )   (    ) 

4.  (   )   (   )   (    ) 

5.  (   )    (   )    

6.  (   )   (   )   (   )   (    ) 

7.  (   )    (   )    

8.  (     )            
     

9. y(     )            
     

SOLUTION PATTERN-4  

Now write   
(   √ )(   √ )

 
      

  
(   √ )(   √ )

 
  (13) 

Using (4), (13) in (10) and by the method of factorization 

(   √   ) 

 
 

 
(   √ )(   √ )(   √   )

 
 

Equating the real and imaginary parts, 

   (   )  
 

 
(                          

       ) 

   (   )  
 

 
(                       

            )             (14) 

Substituting u and v from (14) in (2) and from (4), we get 

   (   )  
 

 
(                       

               ) 

   (   )  
 

 
(                      

             ) 

   (   )  
 

 
(                       

               ) 

     (   )  
 

 
(                       

              )   

     (   )         
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For the integral solution replace a by 2A and b by 2B,  

    (   )    (                        
              ) 

   (   )    (                      

             ) 

   (   )    (                       

               ) 

     (   )    (                       
              )   

                       (   )               , where A, B are 
arbitrary constants 

PROPERTIES: 

1.  (   )   (   )   (   )    

2.  (   )   (   )      (   ) 

3.   (   )   (   )   (   )      ( ) 

4.  (   )   (   )      ( ) 

5.  (   )                      

6.  (     )                        

3. CONCLUSION 

In this paper I have presented infinitely many integral 
solutions of a Sextic Diophantine equation of degree in five 
unknowns. To conclude one may search for some other 
pattern of solutions and their corresponding properties. 
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