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Abstract -The aim of this paper is to introduce a new class
of sets called Nano generalized delta semi closed sets and to
study some of their properties and relationships. Several
examples are provided to illustrate the behavior of new set
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1. INTRODUCTION

The concept of generalized closed sets as a generalization of
closed sets in Topological Spaces was introduced by
Levine[4] in 1970.This concept was found to be useful and
many results in general topology were improved. One of the
generalizations of closed set is generalized §_semiclosed sets
which was defined byS.S.Benchalli and Umadevil. Neeli [5],
investigated some of its applications andrelated topological
properties regarding generalized &_semiclosed sets.Lellis
Thivagar(2] introduced Nano topological space with respect
to a subset X of a universe which is defined in terms of lower
and upper approximations of X. The elements of
Nanotopological space are called Nano open sets .He has
also defined Nano closed sets, Nano-interior and Nano
closure of a set. Bhuvaneswari K et.al[1] introduced and
investigated Nano generalized_closed sets in
Nanotopologicalspaces. The purpose of this paper is to
introduce the concept of Nano generalized § semi_closed
sets(brieflyNgdés_closed) and study their basic properties
in Nano topological spaces.

2.1 PRELIMANARIES

Definition2.1[2] Let U be a non-empty set of objects
called the universe and R be an equivalence relation on U
named as the indiscernibility relation then U is divided
into disjoint equivalence classes. Elements belonging to
the same equivalence are said to be indiscernible with one
another. The pair (U, R) is said to be the approximation
space. LetX € U.

(i) The lower approximation of X with respect to R is the
set of all objects which can be for certain classified as X
with respect to R and it is denoted by

Lr(X) = U {R(x):R(x) € X} Where R(x) denotes the
xX€eU
equivalence class determined by x € U

(ii) The upper approximation of X with respect to R is the
set of all objects, which can be possibly classified as X with
respect to R and it is denoted by

Up(X) = U {R():R(x) N X # ¢}

x€U

(iii) The boundary region of X with respect to R is the set
of all objects, which can be classified neither as X nor as
not-X with respect to R and it is denoted by By (X). This is
Br(X) = Ur(X) — Lr(X).

Property 2.2[2] If (U, R) is an approximation space
and,Y € U, then

(i) Lr(X) € X € Up(X)

(ii) Lr() = Up(®) = @

(i) Lz (U) = Up(U) = U

(iv) Ur(X UY) = Up(X) U Ug(Y)

(V) Ur(X NY) € Up(X) N Up(Y)

(Vi)Lr(X UY) 2 Lr(X) U Lg(Y)

(i) Le(X NY) = Ly (X) N Lg(Y)

(viii) Ly (X) € Lr(Y)andUg(X) S Uz(Y) Whenever X € Y
((x)Up(X) = [Lp(X)] andLg (X) = [Ur(X)]°
(x) Ur(Ur(X)) = Lp(Ur(X)) = Up(X)

(xi) Ly (Lr (X)) = Up(Lr (X)) = Lp(X)

Definition2.3[2] LetU be a non-empty, finite universe of
objects and R be an equivalence relation onU. LetX € U.
Let 7p(X) = {U,0, Ly (X), Ur(X), Bg (X)}. Then 14(X) is a
topology on U,called as the Nano topology with respect to
X. Elements of the Nano topology are known as the Nano
open sets in U and (U,tz(X)) is called the Nano
topological space.Elements of [15(X)]¢ are called Nano
closed sets.

Let U be the universe, R be an equivalence relation on U
andtgz (X) = {U, 0, Ly (X), Ur(X), B (X)}whereX € U. Then
Tr (X) satisfies the following axioms:

(YUand @ € tx(X)

(ii) The union of the elements of any sub-collection of
TR (X) isin Tz (X)
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(iii) The intersection of the elements of any finite sub
collection oftgz (X) is in T4 (X)

(U,tx (X)) is a Nano topological space with respect to X
where X C U, R is an equivalence Relation on U and U/R
denotes the family of Equivalence class of U by R.

Definition 2.4[2] If (U, 7z (X)) is a Nano topological space
with respect to X whereX € U and if A € U then the Nano
interior of A is defined as the union of all Nano open
subsets of A and it is denoted by Nint(A4).That is Nint(A)is
the largest Nano open subset of A. The Nano closure of A is
defined as the intersection of all Nano closed sets
containing A and is denoted by NCI(A).That is NCL(A) is
the smallest Nano closed set containing A.

Definition2.5 Let (U, 7z(X)) be a Nano topological space
with respect to X whereX < U.Then P is said to be

(i) Nano semiopen [3]if P € NCI(Nint(P))
(ii) Nano regular open [3] if P = Nint(NCI(P))
(iii) Nano @ open [3] ifP € Nint(NCI(Nint(P)))

Definition2.6[3]The Nano delta interior of a subset A of U
is the union of all Nano regular open sets of U contained in
A and is denoted by Ndint(A) or a subset A is called
Nano 6_open if A = §int(A).

3. NANO GENERALIZED 6SEMI CLOSED SET

Definition3.1 A subset P of (U,7z(X)) is called Nano
generalized §_semiclosed set (brieflyNgés_closed)
ifNsCL(P) € Q, whenever P € Q and Q is N6_open setin U.

Example3.2 U={ab,cd} with U/R={{a}{c},{b,d}} and
X={a,b}.tx(X) = {U,9,{a},{a, b,d},{b, d}},then
Ngés_closed={U, @ , {a}, {b}, {c}, {d}, {ac}, {bc} {bd}
{c,d}, {a,b,c}, {a,c,d}, {b,c,d}}

Remark3.3 Intersection of two Ngds_closed set is
again Ngés_closed. But the union of two Ngds_closed sets
need not beNgds_closed.

Example 3.4 U= {ab,c,d} with U/R={{a},{c},{b,d}} and
X={a,b}, 7z (X) = {U,0,{a},{a, b,d}, {b, d}}then

Ngds_closed={U, @, {a}, {b}, {c}, {d}, {a,c}, {b,c}, {b,d} {c,d},
{ab,c}, {acd}, {bcd}} . Here {a} and {b} are
Ngés_closedsets but{a,b} is notNgds_closed set.

Theorem3.5A subset P of (U,tz(X)) is Ngds_closed set if
NsCI(P) — P does not contain any non empty N&_closed
set.

Proof: Suppose P is Ngés_closedset and Q be a N6_closed
set in U such that Q € NsCI(P)— P.This implies
Q S NsCl(P)and Q € U — Pi.e P < U — Q.This implies U-Q
is N6_open set containing a Ngds_closed set
P.NsCI(P) €U —Q = Q < U — NsCI(P).Thus

Q S NsClL (P)n (U — NsCl (P)) = @. This shows Q = @.
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Remark 3.6 The converse of the above theorem need not
be true

Example:3.7 Let U={ab,c,d} with U/R={{a}, {c}, {b,d}},
X={a,b} thentz(X) ={U,®,{a},{a,b,d},{b,d}} Let
P={a,b,d} € U, NsCl(P) — P=U-{a,b,d} ={c} which does not
contain any non empty N&_closed set. Therefore P is not
Ngés_closed.

Theorem3.8 A Ngds_closed set P is Nano semiclosed if
and only if NsCI(P) — PisN§_closed.

Proof: Let P be a Ngds_closed set and also Nano
semiclosed in U then NsCl(P) = Pimplies NsCI(P) — P =
@,which is N§_closed set.

Conversely NsCI(P) —P isN6_closedset and P is
Ngds_closedset,NsCl(P) — P is N&_closed subset of itself
and by theorem 3.5NsCI(P) — P = @.i.eNsCl (P) = P this
gives P is Nanosemiclosed.

Theorem3.9 If P is a Ngés_closed set andP € Q S
NsCl (P), then Q is Ngds_closed set.

Proof: Let Q € 0 and O be N§_open in (U,1x(X)) since
PSS Q= PC O and P is Ngds_closed set which implies
NsCl (P) € 0. By hypothesisQ € NsCl (Q) € 0, which
implies NsCIl(Q) € NsCI(P) € O this implies
NsCl(Q) € O .Therefore Q is Ngés_closed set.

Definition 3.10 A set which is both Nano semiopen and
Nano semiclosed is Nano semi regular.

Theorem 3.11 If P is both N§_open and Ngéds_closed,
then P is Nano semiclosed and hence Nano semi regular
open.

Proof: Suppose P is both N§_open and Ngds_closedsince
P € P = NsCI (P) € P.ButP € NsCl (P) is always true.So
NsCI(P) = P this tells P is Nano semiclosed. Since P is
N6 _open and every N&_open is Nano semiopen. Therefore
P is both Nano semiopen and Nano semiclosed, hence P is
Nano semi regular.

Theorem 3.12 For a space U the following are equivalent
(i) Every Né_open set of U is Nano semiclosed.
(ii) Every subsetof Uis Ngds_closed.

Proof: (i)= (ii) Suppose (i) holds .Let P be any subset of U
and Q be a N§_open set such that PCQ this implies
NsCI(P) S NsCl (Q).By hypothesis Q is Nano semiclosed,
this gives NsCI(Q) = Q. Hence NsCl(P) < Q therefore P
is Ngé_closed set in U.

(ii)=(i) suppose (ii) holds and Q € U is N§_open set by
(i) Q is Ngs_closed.ThereforeNsCl(Q) S QBut
Q € NsCl(Q) is always true. ThereforeNsCl (Q) = Q.
This shows that, Q is Nano semiclosed.
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Theorem3.13 For anyx € U, the set U-{x} is Ngds_closed
set orN§_open.

Proof: Suppose for any x€U, U-{x} is not N6_open .Then U
is the only N§_openset containing U-{x}. Therefore,
NsCl (U — {x}) € U.Hence U-{x} isNgds_ closedset.

Definition 3.14A set A of U is called Nano generalized
6_semiopen (brieflyNgds_open) set if its complement U-A
orA¢is Ngés_closed in U.

Theorem3.15 A set P is Ngds_open if and only if
Q S Nsint(P), whenever Qis Né_closed and Q < P.

Proof: Let P be a Ngds_open set in U. SupposeQ € P,
where Q is Né_closed then U-P is Ngds_closedset
contained in a N&_open set U-Q.This impliesNsCIl(U —
P)cU-P. Therefore,U — Nsint(P) € U — P,which
implies Q € Nsint(P).

Conversely, suppose Q € Nsint(P),whenever Q € P and Q
is Né&_closed. Then U — Nsint(P) €U —Q whenever
U—-—PCU-Q and U—-Q is N&_open.This implies
NsCl(U—-P)cU—-Q whenever U—PCSU—-Q and
U — Q is Nd_open .This shows that U-P is Ngés_closed in
U, hence P is Ngés_open set in U.

Theorem3.16 If P is Ngés_open set of space U, then Q=U
whenever Q is N6_openand Nsint(P)U(U — P) < Q.

Proof: Let P be aNgds_open setand Q bea N§_open setin
U such thatNsint(P)U(U—-P)<S Q .Then U—-Q S U -
(Nsint(P)U(U — P)) < (U — Nsint(P))NP.Thatis

U—-Q < NsCl(U — P) — (U — P).Since U-P is
Ngds_closed set and by theorem 3.5,NsCl(U — P) — (U —
P) does not contain any non empty N§_closed set which
implies U — Q = @.Hence U=Q.

Theorem3.17 If Nsint(P) Q<P and P is

Ngés_openset, then Q is Ngds_openset.

ProofiLet P be a Ngds_open set and Nsint(P) € Q
P,impliesU — P € U — Q € U — Nsint(P)That is
U—-PcU-QCS NsCl(U—-P).Now U — Pis Ngés_closed
set and by theorem 3.9, U — Qis Ngds_closed set in U.
This shows that Q is Ngds_open set.

Definition 3.18 A Space (U,1z(X)) is called Ngc?sT1/2

space if every Ngds_closedset initis Nano semiclosed.

Theorem3.19 For a Nano topological space (U,7z(X))
the following are equivalent.

(i) Uis Ng($sT1/2 Sspace
(ii) Every singleton set of U is either N&_closed or
Nano semiopen.

Proof: (i)=(ii)

If {x} is not N&_closed then U-{x} is not N§_open
then the onlyNé§_open set containing U-{x} is U. Therefore
U-{x} is Ngds_closed set in U.By (i)U-{x} is Nano
semiclosed ,which implies {x} is Nano semiopen.

(i)=(0)

Let PC U be Ngés_closed set and x € NsCI(P) then
consider the following cases

Case (i) Let {x} be N&_open since x € NsCl (P) then
{x} N NsCl (P) # @ thisimpliesx € P

Case (ii) Let {x} beNd_closed. Assume that x & P
thenx € NsCl (P) — P, which implies {x} € NsCI (P)—P
this is not possible according to theorem 3.5 this shows
thatx € P.

So in both cases NsCI(P) < P .Since the reverse inclusion
is trivial, impliesNsCI(P) =P therefore P is Nano
semiclosed.

Theorem3.20 (i) Every Né_closedis Ngés_closed.
(ii) Every Nano closed is Ngés_closed
(iii) Every Nano semiclosed is Ngés_closed
(iv) Every Naclosed is Ngés_closed

Remark 3.21 From following example it is clear that
converse of the above theorem need not be true

Example 3.22 Let U={ab,c,d} with U/R={{a}, {c}}, {b,d}},
X={a,b} 7x(X)={U,0,{a}.{a,b,d}{b,d}}

Nano 6_closed ={U, @, {b,c,d},{c},{a,c}}

Nano closed sets ={ U,®, {b,c,d},{c}, {a,c}}

Nano semiclosed={U,®, {a},{c}, {a,c}, {b,d},{b,c,d}}
Nano « closed = {U,8,{a,c},{b,c,d},{c}}

Ngéds_closed ={U, @ , {a}, {b}, {c}, {d}, {a,c}, {b,c}, {b,d}
{cd}, {a,b,c}, {a,c, d},{b,c d}}

Clearly {b} is Ngés_closed, but it is not N§_closed, Nano
closed, Nano semiclosed and Naclosed
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