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Abstract - In this paper we introduce the new class n-power
class(Q) operators acting on a Hilbert space H. An operator
T € L(H) is n-power class(Q) if (T**T* = (T*T™?). We
investigate some basic properties of such operator. In general
a n-power class(Q) operator need not be a normal operator.
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1. INTRODUCTION

Throughout this chapter H is a Hilbert space and L(H) is the
algebra of all bounded linear operators acting on H.
S.Panayappan [2] defined a new class n- power class(Q)
operator acting on a Hilbert space H. In this chapter, some
basic properties of such operator and a n-power class(Q)
operator need not be a normal operator are investigated.

2. DEFINITION

2.1 n -POWER CLASS(Q):
An operator T € B(H) s said to be n-power class(Q) if
(TscET in — [T scTn]Z]

3. RELATED THEOREMS AND EXAMPLES TO n-
POWER CLASS(Q) OPERATOR

Theorem 3.1

If T € n power class(Q) then so are

(i) KT for any real number k.

(ii) Any S € L(H) thatis unitary equivalent to T.

(iii) The restriction TfM of T to any closed subspace
M of HthatreducesT.

Proof
(i) let T is (n,m)-power class(Q) then
T**T2n = (T*T™)2
(k T)*“(kT) 2" = k2T *2)InTn

- EE jpinTsiTin

= (k k™2(T*T™)?
=(k k"T*T™)2
=(k T=k"T™)2
= ((kT)*(kT)™)?

(i) Let S € L{H) be unitarily equivalent to T then there is a
unitary operator U € L(H)such that S*" = U*T*"U
which implies that 5* = U*T*U.

Thus 54252 = U*T*UUT*US™
= U*T*UU*T*UU*T™U
— Us(Ts}z TIn[j
(5§27 = T2 )
=U*(T*T™)*U
Since T*°Tm = (T*T")?

gelgin — (5%:5'?2}2_
Thus § € n power class (Q).

(iii) By [ii] we have

T ) = (T*?M)(T”,fm)

_ (TsTn:]ZXM

_ [(Txm)*(f"xm)”r

T?'IM € n power class (Q)
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Example 3.2

Consider  the two operatorT = (g 2)and§f = (é 1)

acting on the two dimensional Hilbert space then

T €2 power class(Q).ButSe2 power class (Q)

Proof: Given T = (g 2)

And L alio given
X= (n 1)'
We know that, X~ 1= I?il adj(X)

1
o= |1—ﬂ|adj(é )

SOy
4

S=XTx™?

Next prove tht
0 06 D6 7)
(G40 0x06 1)

-G D6 1)

=G0 o+1)

-G 1)
~ 5= (g _11:] = XTX 2 (say)
Now again by direct decomposition
(S78%)* = (s7)*(s%)

o 57 -(2, )

(87) = (—21 2) —21 2)

- (—42+—01 g i 2)

- —43 2)

s=(6 )6 1)
A +0 -2-1
“\W+0 EI+1)

(o 7)
-G e 7

(1640 —12—3)
L0400 0+1

-t )
Now to find
5°=(5 ) 7

840 —5+{])
"4 +0 3+1

- {—84 _45)
(878%)’ :(—84 _45) (—84 _45)

[ 64+24 —4‘8—24)
\-32-16 24+16

@st=( 8 )
Next to find
(8)°(5%)" - (—43 2)(105 _35)
_ (6440 —60-0
- \—48+0 45+1)
o (77 e—— @

From (1) & (2) we have (S'S?)? #(S7)%(S%)?
Hence Sisnot2-normal

NexttoT is 2 normal

TT5) =0T
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2 {]) _(54+{] {]+ﬂ)
Given T=\0 1 “AND+0 0+1
« 2 0 64 0
Now T :(ﬂ 1) = (ﬂ 1) """""""""" (4‘)
* 2 02 0
(T")?2= ({] 1) 5 1) From (3) & (4) we have
*T2)2 = (T")2(T2)2
(#0040 (T2 =(T°)*(T%)
0+0 0+1 Hence T is 2- normal
4 0
“\o 1) but 5& 2 power class (Q)
TZ- 2 ﬂ) 2 ﬂ) Theorem 3.3
0 1730 1 IfT € L(H)is n-normalthen T € n power class(Q)
4 +0 []+IJ)
“W0+0 0+1 Proof
) (4 {]) Let Tis n-normal
W1
men T%‘T?’!:T?}T&
(T 2)2=(4' ﬂ) 4 ﬂ)
0 1\ 1 Pre multiply by T* and post multiply by T™ on both
_(16+0 {]+{]) sides
“LO0+0 0D+1 TP *RR — TeTRTeTn
—_ 16 0 #2min _ TRy 2
=(o 1) T*272 = (T*T™)
Hence T € npower class(Q) .
Now to find
5 0v4 O Example 3.4
*, 2 _
T77=(5 ) 1) 00 0 01 0
fTr=|11 0 0 JandT*=) 0 0 1 |showsthatan
_(8+t0 {]+{]) D1 0 D0 0
0+0 0+1 operator of 2 power class(Q) need notbe 2 -normal.
g 0 .
= ({] 1) Solution:
00 0 01 0
(T*TZ)Z:(S ”) 8 “) GvenT=|1 0 0] andT*=|0 0 1
0 170 1 01 0 00 0
64 +0 0+0 ) )
“lo+0 o0+ 1) To prove that T is 2 power class((Q)
s 64 0 ie.,) T*=(T*T?)?
(T’:—‘T‘}‘: 0 -l) """""" (3)
Next to find ({]+{]+ﬂ 0+0+0 {]+ﬂ+{])
sw2r2ye (4 Ohyvyle O =|0+04+0 0+04+0 04040
UDBUD 0 1)({] 1) 0+1+0 04+0+0 O0+0+0
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(ﬂ 0 ﬂ) Next to

=0 0 0 0 0 0N/0 O O

10 0 (T*T9}9=(1 0 ﬂ)(i 0 0
00 0/% 0 0

|
=<

(T2}2=(

(ﬂ+ﬂ+ﬂ 0+0+0 0+0+0
e d Ll B
00 o ie.) T+*T2 % T2T
=(ﬂﬂ ﬂ) Now
00 0 01 0V\/0 0
, (T*T* =10 0 1]lo 0
Now to find 00 0 10
re(r2y 0 0 1y/0 0 O 0+0+0 04+0+0 0+0+0
- g g g g g g =|0+0+1 0O+0+0 0+0+0
0+0+0 0+0+0 O0+0+0
D+0+0 0+0+0 0+0+0
=(0+0+0 0+0+0 0+0+0 00 0
04040 0+0+0 04+0+0 :(10 D) _______________
00 00 0
B R () 00 0\/0 1
v e (Tﬁ“}=(n 0 ﬂ)(ﬂ 0
Now 1 0 0 0 0
&3y _ 010 000 0+0+0 04+0+0 04+0+0
(T*T¥) =0 0 1]l0 0 O
0o o/\1 0 o ={0+0+0 0+0+0 0+0+0
0+0+0 0+0+0 O0+0+0
0+04+0 04+0+0 0+0+0 (000
=|0+0+1 0+0+0 0+0+0 =10 0 0 [
0+0+0 04+04+0 04040 0 0 0

0N/0 1 0

1)(0 0 1)

0 Do 0 0+0+0 04+0+0 040+0
=(ﬂ+ﬂ+ﬂ 0+0+0 ﬂ+ﬂ+ﬂ)

+ﬂ+ﬂﬂ+ﬂ+ﬂﬂ+1+? 0+0+0 0+0+0 O0+0+0

+0+0 0+0+40 0+0+0

+0+0 0+0+0 0+0+0

001 000

00 o) =(ﬂ 0 o) ------

000 000
From (5) & (6) we have

00 0 00 0 i .

0 0 ﬂ)(ﬂ 0 ﬂ) T*T* = (T*T2%)?

10 0 1 0 0O

)

Hence T € 2 power class(Q)

0+0+0 0+0+0 O0+0+0

0+0+0 0+0+0 ﬂ+ﬂ+ﬂl>xttoprove T is not 2 normal.

From (7) & (8) we have
000
100
000

T*T2 2 T2T*

339

find

find
0
0

0
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T is not 2 normal.

Hence T is 2 power class (Q) but it is not 2 normal

2) then

Example : 3.5 Consider the operator T = (;]
0

T== (5 _1.) show that T is 2 power class(Q) but not 3

power class(Q).

Solution:

GivenT = (5 _21) and TF= (; _ﬂl)

To prove that T is 2 power class(Q).

ie,) T*2T*=(T*T?)?

vow 72= (5 D) (G 2

:(ﬁ+ﬂ ﬂ+ﬂ)
2i—2i 04
-(6 )

and = 26 )
_G2+ﬂ m—zg
S \0+0 0+

-0 4

r=(o DG 3
=630 o0+1)

-G )

First to find

rert = (G 6 1)
=(;;f gt?)
S -

Next to find

rre =3 90 3

Since

(TsTZ}E — (__é

=(F+ﬂ 0 )
2i—2i 0+t

-1 0
0 _-l) """""""" (10)
From (9) & (10) we have
T#IT4 = (Tscjr'!}!
T is 2 power class(Q)
To prove that T is not 3 power class(Q)
ie.,) T*2T& = (T*T2)?
2 _ (1 Oy ri 0
now r "(2 —1){2 —1)
:(ﬁ+ﬂ ﬂ+ﬂ)
20 -2 0+i°
I ! 0
- ( 0 —1)
2 _ 1 2y i 2
And T _'(ﬂ —1)(0 —1)
:GE+G m—zg
0+0 0+

-(6 )

r=(o DG DG D

(10 0+ 1)
- D0 2

=(_1fﬂ 031)
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_ (—‘]_ ﬂ) T=2TenTZ — (T:-cjr'n]! TZ
0 -1
T+Irintl — (T*T”}{T*‘T”}TT
First to {0 L o find
T<ré = ( 0 _1)( 0 _1) Since T is quasi n normal we have
140 0+ 0 T+I2(ntl) — (T*T”}T(T*T”}T — {T$Tn+1}2
S \M+0 0+ 1:]
Hence T €n + 1 power class(Q).
1 [1)
=\ - 11
({] 1 (11) CONCLUSION
Next to find In this paper, basic definitions, related theorems and
i 0y =1 0 examples of N — power class (Q) operators are
T = (2 —i) ( 0 —'l) investigated.
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If T is n power class (Q) and T is quasi n normal then
T is n+1 power class (Q).

Proof.

If T is n power class(Q)
Then T*2T %" = (T*T™)?

Post multiply by T2 on both sides
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