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Abstract - In this paper, we will study systematic methods for eliminating variable from system of polynomial equation. The main
strategy of this elimination theory will be given in example. If we solve a polynomial in one variable and more than one variable,
then the solution of these equations very easy way to solve, one can use a numerical approach to estimate the solutions.
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1. INTRODUCTION

Many problems in linear algebra and other branches of science to solving a system oflinear equations in a number of variables.
This in turn means finding common solution to some polynomial equation of degree one. We are faced with non-linear system
of polynomial equation in more than one variable. Elimination theory is most important for both algorithmic and complexity
aspect of polynomial system solving. It also impacts several other areas of mathematics like numerical analysis, complexity,
linear algebra etc. It is general about eliminating a number of unknows from a system of polynomial equations in one (or) more
variables to get an equivalent system. The importance of elimination theory, let us start by considering the following example.

2. Theorem: Let us consider a system of two quadratic equations in one variable x
flx) = a;x?+b;x+¢;
g(x) = azx?*+hyx+c;
To find a necessary and sufficient condition for the existence of a common solution for the system
fx)=0
9(x)=0
Proof: If f{x) and g(x) have a common solution, then they have a common linear factor say L.
Letq:(x) =f(x) /L, q2(x) =9(x) / L
Then both q; (x) & q-(x) must be linear.
We writeitas q;(x)=A4; x+ B;
q2(x)=-A2x-B;
Here the signs choosen in g (x) will make more sense in moment for some constants A1, By, A2 and B>
Now,
) /a:(x) =9(x)/q2(x) =L
) @) = 9(x) 42(x)
Usually,
(aix? +b;x?+c;) (-Azx -By) = (aix*+bzx+cz) (A1 X + B1)

Now expanding the terms and collecting in the above equation given
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(a1Az+a2A;) x° + (b2A;+b1A;+a1By+a By ) x* + (c1Az+C2A;#b2B1#b1B;) X + (1B + ¢2B1) = 0

In this above equation is only possible if the coefficients of x, x %, x* and the constant term are all equal to ‘0’. Now we write the
following homogeneous system with variables (A;, B,, A1, B1) are arranged in this order.

aiAz+azA;=0
bzA;+biA,+a;B;+a B;=0
c1Az+Cc2A;+b2B;+b1B,=0
ciB; + c2B1=0

In this above system to have a non-trivial solution, its coefficient matrix must be non - invertible. It's determinant must be
Zero.

a 0 a O
boa b ol
Cl bl CZ b2
0 ¢ 0 ¢
a b ¢ 0
0 o
Which is similar to & b =0
a b, c, 0
0 a, b, ¢

Here the determinant of the matrix is equal to the determine of its transpose. This determinant is called as the resultant of f(x)
and g(x). In this case the determinant of a 4X 4 consisting of the coefficient of the two polynomials together with 0 s arranged
in a way.

Definition 2.1: Let f(x)=a x"+a, X" +...+&aXx+3a,, g(x)=b,x"+b, X" +... +bx+b, be two

polynomials of degree m and n respectively such that a,, & 0 or b, # 0. If m = n, we define the resultant of f{x) and g(x) to be

following determinant

a, a,, a 0 0
O am am—l ai aO O
0 a, a,, .. a a
Res (f(x), g(x)) =
n bn -1 bl b0 O 0
n bn—l bO O
0 0 b, b, .. b b

We Notice that Res (f{x), g(x)) is the determinate of a square matrix of size m + n. For example, If f(x) = -2x#+4x3-x2+5x-1 and
g(x) = x?-6x+9 then
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1 6 9 0 0 O
0O 1 -6 9 0 O
Res(((0.600) = |0 o - o
0O 0 0 1 -6 9
-2 4 -1 5 -1 0
0 -2 4 -1 5 -1

As a generalization of the above definition.

Example: Without solving the polynomial equation, show that the following system x3-3x2+5x-3=0; 2x2-7x+5=0 has solutions.

SOLUTION:

We compute the resultant of two polynomials f(x) = x3-3x2+5x-3, g(x) = 2x2-7x+5

2 -7 5 0 O
o 2 -7 5 0
Res (f(x),g(x))=|0 O 2 -7 5
1 -3 5 -3 0
o 1 -3 5 -3

Therefore the polynomials f(x), g(x) have a common root by the above theorem.

REFERENCES

1. Ax,].[1968] The elementary theory of finite fields, Annals of Mathematics, ser. 2, vol. 88, pp. 239-271.

2. Artin, E.[1927] Uber die Zerlegung definiter Funktionen in Quadrate, Abhandlungen aus dem Mathematischen
Seminar der Hansischen Unhersitat, vol. 5, pp. 100-115.

3. Artin, E. and Schreier, 0. [1926] Algebraische Konstruktion reeller Kérper, Abhandlungen aus dent Mathematischen
Seminar der Hansischen Unhersitdt, vol. 5, pp. 83-99

4. Ax,].and Kochen, S. [1965a] Diophantine problems over local fields. I, American Journal of Mathematics, vol. 87,
pp. 605-630.

5. ErSov, Yu. L. [1965] On the elementary theory of maximal normed fields, Algebra i Logika, vol. 4, no. 3, pp. 31-70.
(Russian)

6. Shang-Ching, Chou [1984] Proving elementary geometry theorems using Wu's algorithm, Automated theorem proving:
After 25 years, Contemporary Mathematics, vol. 29, American Mathematical Society, Providence, Rhode Island,
pp. 243-286.

7. Macintyre, A, McKenna, K. and van den Dries, L. [1983] Elimination of quantifiers in algebraic structures, Advances in
Mathematics, vol. 47, pp. 74-87.

8. Prestel, A. and Roquette, P. [1984] Formally p-adic fields, Lecture Notes in Mathematics, vol. 1050, Springer-
Verlag, Berlin

9. Lam,T.Y.[1984] An introduction to real algebra, Rocky Mountain Journal of Mathematics, vol. 14, pp. 767-814.

© 2019,IRJET | ImpactFactorvalue:7.211 | 1S09001:2008 Certified Journal | Page1135



