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Abstract: 

In this thesis we determined the effect of crack in 
homogeneous isotropic partially cracked cylindrical shell on 
natural frequency. Crack is taken along the axis of the shell. 
Relation between the tensile stress and bending stress at far 
side and at the crack location is applied by using line spring 
method. With taking the crack into account, we derived the 
governing equation of partially cracked cylindrical shell for 
axisymmetric vibration. The governing equation is solved by 
analytical methods for simply supported cylindrical shell 
and by varying various parameters first mode natural 
frequencies are calculated for simply supported boundary 
condition. We used line spring model to calculate crack 
compliance coefficient. Effects of the shell properties such as 
length, radius as well as the effects of the crack 
characteristics such as its length on the natural frequencies 
of the cracked shell are analyzed in this study. Also we used 
method of multiple scales to solve duffing equation and 
modal amplitude response is plotted with detuning 
parameter.   
 

1. Introduction : 

Thin shell is now extensively used in nuclear power plant, 
large length roofs , water tanks and in many engineering 
application. In mechanical engineering, shell forms are 
used in piping systems, cylindrical walls, silos, turbine 
disks, and pressure vessels technology, Aircrafts, missiles, 
rockets, ships, and submarines. Another application of 
shell engineering is in the field of biomechanics: shells are 
found in various biological forms, such as the eye and the 
skull, and plant and animal shapes.  
 
                          Rice and levy[1]  developed line-spring model 
Which is more accurate method than FEM . Line spring 

model can be applied to plate and shell. 
 
Delale and Erdogan[2]  used line-spring model developed by 
rice and levy to obtain approximate solution for a 
cylindrical shell containing Semi elliptical part through 
internal and external surface crack. They used reissner 
type theory to formulate shell problem. Reissner type 

theory was used to account for transverse shear 
deformation. R.B.King[3] Developed simplified line spring 
model by changing the crack front with constant depth and 
assuming ligament spring as “elastic perfectly plastic” and 
treating crack of constant depth. Raju and newman [4] 

founded stress intensity factors for semi elliptical cracks in 
pipes and rod. It is assumed that the configuration is 
subjected to either bending load or remote tension. 
D.M.Parks[5]  extended  line spring model developed by rice 
and levy to estimate J-integral and crack tip opening 
displacement for plates and shell with crack. Asif Irasar[6]

  
developed analytical model for the effect of crack in 
structural plate and panels . He generated reduced order 
analytical model for the behavior of cracked plate 
subjected to a force which cause it to vibrate 
K. Moazzez, H., Saeidi Googarchin,  S.M.H. Sharifi[7] 
Developed a new analytical method for determination of a 
long cylindrical shell with semi elliptical crack. Equation 

used are based on DMV theory. 
 

2. Analytical Modelling 
 

2.1 Problem Identification: 
 

Cylindrical shells are now extensively used in engineering 
application. Generally if the shell is cracked then its natural 
frequency is not same as the intact plate. Natural 
frequency of cracked shell is generally less than the intact 
shell. It can result the failure much before the expected 
time. 
In the thesis we will establish relation for natural 
frequency of cracked shell.    

 
2.2 Problem Formulation 
 
 2.2.1 Assumption

 Material is homogeneous and isotropic, crack brought the 
change only in the moment perpendicular to the crack. 
Except moment crack will not affect other parameters like 
force. Solution is determined for the simply supported 
shell only. Only axisymmetric vibration is considered. 
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2.2.2 Derivation 
 
From[15] the general equation for intact cylindrical shell for 
axisymmetric vibration is 
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Fig. 1 Force and moment in partially cracked 
cylindrical shell 

 
Equation of static equilibrium: 
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Eliminating Q from equation (2.2) and (2.3) 
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Now the stress resultant and stress couple relation takes the 

form  
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After  simplication we have  
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  is a geometric parameter of [length]-1  

Equations (2.6) represent the governing differential 

equation of asymmetrically loaded cylindrical shell. 

 

 Now by adding inertia forces to given external loads
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                                                        From equation  

(2.14)  we have, values of 1M  in terms of 1M for different 

values of crack length. If  
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Where deflection w  is a function of x  coordinate and 

time t w = ( , )w x t  

The solution of simply supported shell of length L  

assuming simple harmonic equation in time is sought in 

following forms
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After putting the values and simplifying we get the 

following relation

                            4
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  Crack term formulation:  
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Fig 2 Tensile stress and bending Stress at far side 

of the shell 

 

From [5] we have the following relation between tensile 

and bending stresses at crack at far side  
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Similarly same relation holds good for Force and moments 

at far side and at crack side 
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Value of , , ,tt bb bt tb     for shell can be determined from 

the following equation taken from [2]   
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From equation (2.10) we have  
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Comparing above eq. with the governing eq. of free 

vibration we have Equivalent mass   
h
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By method of multiple scale we have  

Frequency amplitude response equation  
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3. Result and discussion: 

We made the calculation for material constant 6E Gpa

, 2660 
3/kg m , 0.3  0.08  . All the values of 

results are for simply supported beam. 

Chart -1: variation of ( n ) with  half crack length ( a ) for 

different values of L 

The fig. shows natural frequency for length 1m , 1.5m , 2m . 

We can see that as we increase the length the frequency 

decreases. The result is conforming with equation (3.10) 

where the natural frequency of is inversely proportional to 

forth order of length of shell. Hence we can conclude that 

to increase natural frequency we should keep the length as 

minimum as possible. 

 

Chart 2 : variation of ( n ) with  Length of shell ( L ) for 

different values of half crack length ( a ) 

Crack length 0a   shows intact shell. From the result we 

can say that the highest value of natural frequency occurs 

for intact shell and as the crack length increases the 

natural frequency decreases. So we should avoid crack as 

far as possible to keep the value of natural frequency on 

higher side. 

 

Chart 3: Effect of crack length on maximum amplitude 

we can see that as maximum amplitude of vibration is 

directly proportional to the crack length. As we increase 

the crack length the value of amplitude of vibration 

increases which is not good for any machine. Hence to 

keep the value of amplitude of vibration low we should try 

to avoid cracking of shell. For small value of crack length 

amplitude increases rapidly but after a=0.005 m it 

increases steadily 
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Chart 4: Graph between Detuning parameter and modal 

amplitude response for intact shell 

For 6E Gpa , 0 0.5x m , 1L m  , 10R cm , 

32660 /kg m  , 0.01h m , 0.08  , 0.3     

Shows detuning parameter for different values of b and 

other fixed value mentioned above. We found the graph 

symmetric and conforming to [6] 

 

Chart 5: Graph between Detuning parameter and modal 

amplitude response for intact shell 

We did the same work as intact shell  and used the same 

data  except value of half crack length i.e. taken 0.01m. For 

cracked shell we obtained value of Detuning parameter for 

different modal amplitude response.  

Now for  5  , 0.05 6,dC mm h m E Gpa  , 

0 0.5x m , 1L m ,
32660 /kg m  , 0.01h m , 

0.08  , 0.3   we have the following table for values 

of natural frequency    

 

Table 1 : Natural frequencies of isotropic shell  

 

From table 1 we can conclude that the values of natural 

frequency of intact shell for any radius are more than the 

corresponding values of cracked shell.  Also as we increase 

the radius the value of natural frequency decreases. 

 

4. Conclusion  

After observing the results we arrived at the following 

conclusion : 

1. Presence of crack affects the natural frequency. 

2. First mode natural frequency ( n ) of the 

homogeneous, isotropic shell decreases with 

increase in length. 

3. Increase in crack length results a increase in 

natural frequency ( n ). 

4. The natural frequency ( n ) increases 

 with shell thickness. 

5. With increase in radius of the shell the value of 

natural frequency decreases . 

6. Peak amplitude of the shell increases with 

increase in crack length which is not desirable. 

7. The curve between detuning parameter and 

modal amplitude response is linear and 

symmetric.  
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Natural frequency of isotropic shell  

S. No.  Radius 
(cm) 

First mode natural frequency 
(rad/sec) 

Intact shell  Cracked shell 
(a=0.01 m) 

1. 10cm 15020.447 15019.978 

2. 15cm  10015.026 10014.323 

3. 20cm 7512.7347 7511.7969 
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Nomenclature: 
 
: Surface load in three mutual perpendicular 

axis 

1N and 2N :Internal forces in x and y 

direction at far side of the shell 

: Shear force
 

 : Geometric parameter  

 and m : Tensile and bending stress at crack 

 and m : Tensile and bending stress at far 

side 

tt , bb , tb bt 
 
:Compliance coefficient 

 :  Modal Function   

pq
  

:Time dependent modal coordinate 

: Peak amplitude  

pq
: Modal amplitude response 

E : young’s modulus of elasticity 

L : Length of the shell 

w : Displacement perpendicular to shell axis 

h : Thickness of shell 

R : Radius of shell 
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