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I. Introduction:

There have been a number of generalizations of metric
space. One such generalization is Menger space initiated
by K. Menger [10] in 1942. The idea of Menger was to use
distribution functions instead of nonnegative real
numbers as values of the metric. Schweizer and Sklar [16]
studied this concept and gave some fundamental results
on this space.

The important development of fixed point theory in
Menger spaces were due to Sehgal and Bharucha-Reid
[13]. Sessa [14] introduced weakly commuting maps in
metric spaces. Jungck [7] enlarged this concept to
compatible maps. The notion of compatible maps in
Menger spaces has been introduced by Mishra [11].
Recently, Singh and Jain [15] generalized the results of
Mishra [11] using the concept of weak compatibility and
compatibility of pair of self maps. In this paper, using the
idea of weak compatibility due to Singh and Jain [15] and
the idea of compatibility due to Mishra [11]. In this paper
we prove a common fixed point theorem in Menger spaces
by using five compatible mappings.

II. PRELIMINARIES

In [16], introduced the concept of probabilistic metric
space by using the notion of triangular norm which is
followings

Definition 2.1:- A triangular norm # (shortly t- norm) is a
binary operation on the unit interval [0, 1] such that for all
a,b,c,d €][0,1] the following conditions are satisfied:

(@)a *1 = q
(b)a *b =b * a;
(c)a * b < c x dwhenevera < candb < d;

(da* (b *c)=(a*b)*c.

Example 2.2:- Two typical examples of continuous t-norm
are

(a)
(b)

a*b=max{fa+b—1,0} and
a*b = min{a,b

Definition 2.3:- A distribution function is a function
F: (—00,00) = [0,1] which is left continuous on R, non-
decreasing and F(—o) = 0,F (o) = 1.

We will denote by A the family of all distribution functions
on [—oo, 00]. H is a special element of A defined by

0ift<0o,
H(®) = {1 if t>0.
If Xisanonemptyset, F: X X X — Aiscalleda
probabilistic distance on X and F (x, ¥) is usually denoted
by Fyy.

Definition 2.4 [16]:- The ordered pair (X, F) is called a
probabilistic metric space (shortly PM-space) if X is a
nonempty set and F is a probabilistic distance satisfying
the following conditions: forall x,y,z € Xand t,s > 0,

(FM—-0)FE, (t)=1=x=y;

(FM — 1) E,,, (0) = 0, if t=0;

(FM = 2) E, ), =F, »;

(FM=3)E,, ()=1,F, (s)=1=FE, (t+s)=1.

The ordered triple (X, F, #) is called Menger space if (X, F)
is a PM-space, #is a t-norm and the following condition is
also satisfies: forallx, y, z €Xand t, s > 0,

(FM-4) Fy, (t+5) 2 F, (8) * F,y ().

Proposition 2.5 [13]:- Let (X, d) be a metric space. Then
the metric d induces a distribution function F defined by

Fey (0 =H(t-d(xy))

for all x,y € X and t> 0. If t-norm # is defined
a * b = min{a,b} for all a,b € [0,1] then (X,F,*) is a
Menger space. Further, (X,F,*) is a complete Menger
space if (X, d) is complete.

Definition 2.6 [11]:- Let (X, F,*) be a Menger space and *
be a continuous t-norm.

(a) A sequence {x,} in X is said to be converge to a point x
in X (written x,—-x) iff for every £>0andA €
(0,1),there exists an integer ny = ny(g,A) such that
F. x(¢) >1—Aforalln = n,.

(b) A sequence {x,} in X is said to be Cauchy if for every ¢
> 0 and A € (0,1), there exists an integer ng =
ny(g,A) such thatFy Xner(5) >1—2Afor all n = ny and

p > 0.
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(c) A Menger space in which every Cauchy sequence is
convergent is said to be complete.

Remark 2.7:- If * is a continuous t-norm, it follows from
(FM — 4) that the limit of sequence in Menger space is
uniquely determined.

Definition 2.8[15]:- Self maps A and B of a Menger space
(X,F,x) are said to be weakly compatible (or
coincidentally commuting) if they commute at their
coincidence points, i.e. if Ax = Bx for some x € X then
ABx = BAx.

Definition 2.9[11]:- Self maps A and B of a Menger space
(X, F,x) are said to be compatible if Fyp,, pax, (t) = 1 for
all ¢ > 0, whenever {x,} is a sequence in X such that
Ax,— x,Bx, - xfor some x in X asn — oo.

Remark 2.10:- If self maps A and B of a Menger space
(X, F,*) are compatible then they are weakly compatible.

The following is an example of pair of self maps in
a Menger space which are weakly compatible but not
compatible.

Example 2.11:- Let (X,d) be a metric space where
X = [0,2] and (X, F,*) be the induced Menger space with
Fey () =H(t-d(x,y)),Vx,y € XandVt > 0. Define self
maps A and B as follows:

2—x,if0<x<1,

Ax={2 ifl<x<2

and

_(x, if0<x<1,
Bx‘{z,ﬁ15xg1

Take x, = 1-1/n. Then F,y, , (t) = H (t- (1/n)) and
limn — co™n+1,® = H (t) = 1. Hence Ax,, - o as n — oo,
Similarly, Bx, — 0 asn — .Also Fygy, pax, (t) = H (t -
(1 - 1/n)) and lim n — oo F4BmBaAR O =1 = Hep — 1) =
1, vt > 0. Hence the pair (A, B) is not compatible. Set of
coincidence points of A and B is [1,2]. Now for any
x € [1,2], Ax = Bx = 2, and AB(x) = A(2) =2 =
S(2) = SA(x).Thus A and B are weakly compatible but
not compatible.

Lemma 2.12:- Let {x,,} be a sequence in a Menger space
(X, F,x) with continuous t-norm * and t * t > t. If there
exists a constant k € (0,1) such that F ., (kt)>

Fepix,(t) foralt > 0andn = 1,2.., then {x,} is a
Cauchy sequence in X.

Lemma 2.13[15]:- Let (X, F,*) be a Menger space. If there
exists k € (0,1) such that F,,(kt) = F, (t) for all
x,yEXandt > 0,thenx =y.

I1I. MAIN RESULTS

Theorem 3.1 Let A4,B,S,T and P be self maps on a
complete Menger space (X,F,*) with t * t > t for all
t € [0,1], satisfying:

(@) PX) € AB(X),P(X) € ST(X);
(b) there exists a constant k € (0, 1) such that

MPx,Py. (kt) = MABx,Px, (t) * MPX.STy.(t) * MABX'STV'(t) *
Mpx,ABx,(£)*Mpx,sTy,(t) " MABx,Py.(3 —a)t

MsTy,ABx,(t)
forallx,y € X,a € (0,3)andt >0,
(c) PB =BP,PT = TP,AB = BAand ST =TS,
(d) A and B are continuous,

(e) the pair (P, AB) is compatible (if compatible then it is
weak compatible)

Then A, B, S, T and P have a common fixed point in X.
Proof:- Since P(X) c AB(X), for
xo€ X, we can choose a point xq,€ X such that Px, =
ABx,.Since P(X) c ST(X), for this pointx;, we can

choose a point x,€ X such that

Px; = STx,. Thus by induction, we can define a
sequence y,eX as follows:

Yan = PXyn = ABXyp4q

and

Yan+1 = PXani1 = STXon4q

forn =1,2,... By (b),

Forallt > 0 and a = 2 — q with qe(0, 2), we have

MY2n+1vYZn+2, (kt) = MPx2n+1,Px2n+2, (kt)

= M)’zn+1-3’2n+1,(t) * Myzn,}’2n+1,(t) * M}’zn,J’an,(t) *

M (t)*M. ®
Y2n+1Y2n, Y2n+1.Y2n+1, ]
MJ’zn.yzn+2,( q)t’

Myont1.72n, (O
My 1 y2man, (KO 2 My, gy (€ % My, (14 Q)T
2 My, yomen, (8 * My iy (0 % My o, (G1)
2 My, ynin, O * My, y5n4n, (8

as q — 1.Sincexis continuous and M,, (%) is continuous,
letting ¢ — 1 in above eq.,we get

M)’zn+10’zn+2,(kt) = MYZn’YZn+1,(t) * M)’zn+10’zn+2,(t) """

M
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Similarly, we have

MJ’zn+zJ’2n+3,(kt) = MY2n+1rYZn+2,(t) * MY2n+2r3’2n+z,(t) """

(2)

Thus from (1) and (2), it follows that
MJ/n+1‘J/n+2, (kt) = M)’n.J/n+1, (t) * MJ/n+1.J/n+2,(t)
forn =1,2,...

and then for positive integers n and p,

t
MJ’n+1rJ’n+2, (kt) = M)’n»)’n+1, (t) * MJ’n+1-J’n+2, (k_p)

Thus, since

t
MJ/n+1‘J/n+1, (k_p) - lasp—-o
we have

MJ’n+1-J’n+2, (kt) = MJ’n-Yn+1, (t)
{y.} is Cauchy sequence inXand since x is
complete, y,, converges to a pointze X. Since Px,,
ABx,,41 and STx,, ., are subsequences ofy,, they also
converge to the pointz. Since 4, B are continuous and
pair {P, AB} is compatible and also weak compatible, we
have

limn_)oo PABx2n+1 = ABZ
and llmn_,oo (AB)Z x2n+1 = ABZ

By (b) with a = 2, we get

MPABX2n+1, Px2n+z,,(kt) =
M(AB)2x2n+1,(t) * MPABXZHH, STx2n+2,'(t) *
M(AB)2x2n+1_ STx2n+2_,(t) *

M p pBxyne1 (AB)2 xgmes (O*MPABXsn 1) STxon g, (O

1V[5TX2n+2,(1‘1B)2 X2n41, ®

M(AB)Z

X2n+1, PXan+2, (t)
which implies that

MABZ,Z(kt) = limn_>00 MPABx2n+2, (kt) > 1 * MABZ,Z, (t) *

1M 4Bz,z (£)
MABZ,Z, (t) * ﬁiz(t) * MABZ,Z,Z (t)

we have ABz = z,since M, 1, (t) = M, 45,(t) = 1 for
all t > 0, we get STz = z. Again by (b) with a = 2, we
have

MPABX2n+1, pz(kt) = M(AB)2x2n+1, PABx2n+1_,(t) *
MPABx2n+1, STz, (t) * M(AB)2x2n+1_ STz, (t) *

Mp ABxyn41,4B)? x2n+1_(t)*MPAszn+1, STz, ,,(t)

* M(AB)Z (t)

x
M1z (aB)? X2n+1, ® antl, Pz,

which implies that

Mupz,pzpz(kt) = liMy oo Mpapxy,,q pz (KE) 2 1% 1% 1%
1= MABZ,PZ,(t) = MABZ,PZ,(t)'

we have ABz = Pz.Now, we show that Bz = z. Infact,
by (b) with @ = 2, and (c) we get,Mp,, (kt) =
MBPZ,PZ,(kt) = MPBZ,PZ,(kt)

Mpp,ps (kt) =
Mpg,sr2,(t) * Mapp, 1, (L) *
MPBZ,Z (t)

=1x MBZ,Z, (t) * MBZ,z, (t) * 1 MBZ,Z, (t) = MBZ,Z, (t)

MpBz 4BBz,(t)*MpBz 7,7 (t)
Mz,PBz, (t)

which implies that Bz = z.Since ABz = z, we have Az =
z.Next, we show that Tz = z. Indeed by (b) with a =
2,and (c) we get

My, (kt) = Mrpyp, (kt) = Mp, p,, (kt)
2 1 * MZ,TZ, (t) * Mz,Tz, (t) * 1 * MZ,TZ, (t)
2 MTz,z, (t) )

which implies that Tz = z.Since STz = z, we have Sz =
STz = z.Therefore, by combining the above results we
obtain,

Az = Bz = Sz = Tz = Pz, thatis z is the common fixed
point of 4, B, S, T and P.

Finally, the uniqueness of the fixed point of 4, B, S, T and P.

COROLLARY:- Let (X,F,*) be a complete Menger Space
with t*t >t for allt €[0,1], and let A4,S and P be
mappings from X into itself such that

(@) P(X) € A(X) and P(X) < S(X)
(b) there exists a constant k € (0, 1) such that

MPx,Py, (kt) = MAx,Px,(t) * MPx,Sy,(t) * MAx,Sy,(t) *

Mpy ax,(D)*Mpy. sy, (1) "
Msy,ax,(t) * MAx,Py,(3 a)t

forallx,y € X,a € (0,3) and t > 0,
(c¢) Aor P are continuous,
(d) the pair {P, A} is compatible,

Then 4, S and P have a common fixed point in X.
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