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Abstract - In this paper, residue to binary conversion is
discussed for the three moduli set {4, 2n — 1. 2n} sharing a
common factor. A new and efficient converter for the moduli
set is proposed. Larger multipliers in (Premkumar, 1995) are
replaced by smaller multipliers and adders reducing the
hardware required by the proposed converter. The hardware
implementation and comparison with other state-of- the- art
schemes shows that the proposed scheme performed better.
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1. INTRODUCTION

Residue Number Systems (RNS) are considered suitable for
the implementation of high-speed digital signal processing
devices due to their inherent parallelism, modularity, fault
tolerance and localized carry propagation properties
(Garner, 1959). Some arithmetic operations, such as addition
and multiplication, can be carried out more efficiently in RNS
than in conventional two’s complement systems.

The traditional moduliset {2" + 1. 2%, 2" — 1} hasbeen one
of the most popular studied in RNS. However, these moduli
set does not offer some of the advantages that moduli sets
with common factors offer such as consecutiveness and
ability to allow for equal width adders and multipliers. The
moduli set {4. 2n — 1, 2n}which shares a common factor of 2
is therefore of study significance since it offers these
advantages. It however, will have a limitation in high
performance Digital Signal Processing (DSP) applications as
it has a smaller dynamic range.

2.FUNDAMENTALS OF RESIDUE NUMBER SYSTEM (RNS)

RNS is defined in terms of a set of relatively prime moduli set
{m}_, s such that the

greatest common divisoor(ged) {m,—.m_i-} =1for i#],
where gcd means the greatest common divisor (gcd) of m;.
and m;, while M= H,;-":L m;, is the dynamic range. The
residues of a decimal number X can be obtained as
X = |X|n;p thus X can be represented in RNS as
X =l(x;.x.x5,...x3), 0 £ x; = m;. This representation is
unique for any integer X € [0, M — 1]. Xl is the modulo
operation of X with respect to m; (Gbolagade, 2011).

2.1 Chinese Remainder Theorem (CRT)

The Chinese Remainder Theorem (CRT) can be used to
backward convert the residue digits (¥;. *s.....x,) of the

moduli set {m;, Ma, ... 11, } to its decimal number (X) as
follows;

For a moduli set {m;};_,y with the dynamic range
M=
converted into the decimal number X, according to the CRT
as follows;

i, m;, the residue number (%, %5 .%5....xy)canbe

X=

N
Z £ |'[‘-|'-r|'|r1;i
=1

M

Where,

(Gbolagade et al, 2009).
2.2 Mixed Radix Conversion (MRC)

The Mixed Radix Conversion (MRC) approach serves as an
alternative method to the CRT as it does not involve the use
of the large modulo-M computation. This method also used
to perform ‘residue to binary conversion of { x;.x..x; 1 based

on the moduli set {1m,, M., .13} as follows;

X=a, +a;m; + aymym; +a,mmymy .. My_y (2)

Where a; ;- ;. are the Mixed Radix Digits (MRDs) which can

be computed as;

y = Xy

i = |':-1': - ﬂljlmfj'ln;:h.ﬂ

3 = |':|:-r! - ﬂl]|mIL|n;3 — )lm'_'_Lli’llg |r1'.1
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1

ay = |{{':x;;_ a,)lmy* my ~ 02) m'_TLlrr.,: — e oy }lmi._'—l.lm,:|

M

(Gbolagade et al, 2008).
2.3 Revised CRT for Moduli Set with Common Factors

The revised CRT which is used for moduli set with factors is
stated as;

k

S

i=1

X, = (3)

My,

Where M; is the Least Common Multiple (LCM) of {M; }i_
the moduli set sharing a common factor.

X is the decimal equivalent of {x;}i- &

o; is any integer such that | o |5, = 0 and | o5 |, =1and

{#:}i= 1z i5 a set of integers such that
M, =TIE, u;and y; divides M;
Note however that, ; may not exist for some values of i.

3. PROPOSED CONVERSION TECHNIQUES

Two conversion methods are discussed by the paper. These
are mz-Modulus Conversion Technique and computation

without modulo arithmetic.
3.1 nz-Modulus Conversion Technique

This technique seeks to reduce the cost of computing by
eliminating the computation of the dynamic Range (M) from
the Chinese Remainder Theorem (CRT). The Technique first
presents the modified CRT for general 3-moduli set
{m,.m,, m3} which does not use the dynamic range (M) in

computations.
Theorem 1:

For any moduli set {m;}-;; with common factors, the
decimal equivalent X of the residue number (x;, x- X3} can be
computed using;

X= (xy + %2) + mymalkyx; + koxs + mztlmyxg|my (3)
Where; m;L is the multiplication inverse of 1

(m,lm7tlm, — 1)
L= an

_ (mzlmztim, — 1)

MM

The theorem aims at reducing the magnitude of values
involved in the computation.

Proof:

The research uses lemmas presented by Wang, (1998) to
achieve the proof as follows:
Lemma 1: |ﬂ ml |i"|'.| Mz = mllﬂli’ﬂ:

Lemma 2: [my |M |y, = 14 kymym,

Lemma 3: |my| M3 * |y, = 14 kym;m, where k is

Expanding equation (1) for k = 3 gives;

X = |mJ.|MJ._L|m, X+ my |M:_L|rn:-r: +
m!lmﬂ_legxﬂ |rr.|rr.: My

(4)
Putting Lemmas 2 and 3 into equation (4) results in;
X =
1+ kmomadx, + (1 + komyma)x, +

m! Lﬂ-'r!_llmg ‘r! |i"|'..|i"|'.: My

(5)
Simplifying further yields;
¥ =0+ 2o + [kymymax, + kamymax, +
iy L’l*)‘._,fj'|mg.r:4 |rr.|rr.:rr.3
(6)
Thus applying Lemma 1, gives;
X =(x; +x) + mymg|kyxy + o xs +
m | Mz |, %3 1m, (7)
Here m3; = er.gﬂ = 1, the above equation reduces to the
form: -

X =lx +x )+ mymykyx, + kyx,
+ M7 |, %531, (2)

This equation uses only mod- m; for computation
instead of mod- M. The approach then further proceeds to
eliminate M;"* from the computations.
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Theorem 2:

For any moduli set {m;} for i = 1.3 sharinga common factor
which is being mapped to a relatively prime moduli set

{u dira. (¥L%2235) is computed as;

X s, = T B: 187 )

Where; Mi=LCM{m;}io; 5 = [T, wp B; = :_I 1Bt ly; isthe

multiplication inverse of f; with respect to u;.

Proof:

This is proved by relating equation (9) to equation (2)
where all the conditions are present except for ©; being an
integer such that | o |#, =0and | o |, = 1.

uy

Assume that; ;= f; = p.It implies that |§; * p|, =1, which
implies that p = I_L?.-'Llul.. Therefore it can be written that

—_ -1 P .
o= fB; #|B;” |y, as is in equation (9)

It can then be shown that | o; |#;=0.

up

| o My, = |B; = |_3|'_L|ul.|ﬂ , which implies that
uj uj
_ ML -1
o [y = [ =+ 87 b
iy L t

L

. My, _ . .

Sincef; = :-I t; |4y = 0, hence equation (9) is a more
L .

L

formal way of representing equation (2).

To perform reverse conversion using equation (3) however,
requires a method of computing the relatively prime

For moduli sets with common factors, not all residues are
valid numbers. For a 3-moduli set sharing a common factor
to represent a valid number, the following proposition must
hold;

Proposition 1: For any RNS moduli set {m;};_, ; sharing a
common factor, then (x;x-x7) will represent a valid number
ifand only if (x; + x3) is even.

The Prove to this proposition can be seen in (Ahmad et al,
1999). Substituting the proposed moduli set {4, 2n — 1L.2n}

into Theorem 1, gives;

Corollary 1: For the moduli set {#,2n — 1, 2n} sharing a

common factor 2, the decimal equivalent X of a residue
number (x,.%2.% 5} for even and odd as stated in proposition

1 are computed as shown:

1. If n is even, then;

X=(x, + x3) +ml..m:
kyx, + kox; +¥x3|m3 (10)
Where;

2 [fmymz) (22 41)-11
k, =————— and

1y M

21(M4™2) (my — 2) — 1

ky = ——=
m, m.

2. Ifnis odd:
X= (IL+I:]+mLm:|kLIL+k:x:+%x:|$) (11)

{m;};_ 2 of the moduli set with common factor {m;};_; 1. == (my—3)-1] _ P me—2l-g
Where &, = r—— and k., = m—

According to Ahmad et. al (1999), the moduli set

{#.2n — 1, 2Zn}with a common factor of 2 can be mapped to Table -1: For evenn = 2
t of relatively pri duli set,{u;};=, 2 given by; TR -

a set of relatively prime moduli set,{t:};i=. given by n Multiplicative Inverses Equivalent Values
1. {ml.m:.mg}={%.m:.mg} 1 ||'JIL||'J- 2
={Z.2n —1,2n}, whennisevenandn = 2 2 e ITH 1
2. {ml-m:-m!}: {ml.m:.%} 3 |.UIL|.'I"|! %

={4.2n —1L.n}, whennisoddand n = 3 2 i) m;
RN A —
2
Note that, the conditions (i1 = 2) and (1 = 3) are very s (asa) -t g
important as it is based on them that (4;=1) and Te ot e +1
exists. 6 (e L.“z]_LL“: M, — 2
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Table -2: Forodd n = 2

n Multiplicative Equivalent
Inverses Values
3 [T 13 1
5 |zt [ 1
7 [ 173 T
4
9 [ =
4
1 |':."-’|E."-’|!_L:||."-’|J. ml—%
13 [T my — 2
Table -3: For even 1t = 2
1 Multiplicative Equivalent
Inverses Values
4 {4,7, 8} {2,7,8}
6 {4,11,12} {2,11,12}
8 {4,15, 16} {2,15, 16}
10 {4, 19, 20} {2,19, 20}
12 {4, 23, 24} {2, 23, 24}
14 {4, 27, 28} {2, 27,28}
Table 4: For odd 1 = 3
n Given Set Relatively | |{pe gz )t ps
Prime
New Set
3 {4,5, 6} {4,5, 3} 2
5 {8,9, 10} {4,9, 5} 1
7 {12, 13, 14} {4,13,7} 3
9 {16,17,18} {4,17, 9} 5
11 {20, 21, 22} | {4,21,11} 7
13 {24, 25,26} | {4,25,13} 9

3.2 Computation Without Modulo Operation

Given the Residue Number System (RNS) number{x,,x5,x5)
for the moduli set{4.2n — 1, 2n} which shares a common
factor of 2 between m; and ;. the proposed algorithm

calculates the decimal equivalent of an RNS number using a
simplified version of the CRT stated in equation (2) as
shown. Sets of relatively prime moduli sets are selected for
the moduli set for n = 2 being even and odd. As given by

(Ahmad et al, 1999) the moduli set {4.2n — 1, Zn} with a

common factor of 2 can be mapped to a set of relatively
prime moduli set,{#;}-; 3 given by;

1. {mp.ms, mﬂ:{%. my, Mg}
={2,2n —1,2n}, whenniseven,n =2
2. {my.mzmg}=(m,;,my, 2}

={4.2n —1.n}, whennisodd,n = 3

Note that, the conditions (n = 2) and (n = 3) are very
important as it is based on it that (u;=1) and %; exists.

Case 1: Forn = 2 even,

{4.2n — 1. 2n} will have a relatively prime moduli set
{%ymbmﬂ}'

Thus; & 2n — 1, 2n}= {2, 2n — 1, 2n}

Case 2: Forn = 3 odd,

{#.2n —1,2n } will have a relatively prime moduli set

.
{my,m,,—}.

Thus {4, 2n — 1, 7)= {4.2n — 1,0}
Theorem 3:
Given the moduli set {4 2n — 1, 2n} for n = 2 being even,

Thus {4 2n —1,2n}, implying
my; =4, m. = 2n — L, my = 2n. There exists a compact

{ml,m:,mg}:

form of multiplicative inverses for any even integer n > 2 as
follows:

my -1 1
— M =n-—-= 12
(Gome) ], =n- a2
1
|{m:mg]'L|1:|_ =2n ~on (13)
"y - . :
|(?mg) =2m-1 (14)
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Proof:

=1, then

Mz

If we can show that

(=« (Zm)”

1 L .
{n — -} is the multiplicative inverse of (% m-) with respect

to my.
. .
=3 (Fme) |_=1
1
-3+ m-2)| =1

& n
l4n* —2n —2n + 1l,, =1
0+0+1=1

1=1

Thus equation (12) holds true.

- . 1 - .
Similarly, if we can show that |{2?1 - (mymy) L|%L =1,

1
then (2n — :] is the multiplicative inverse of (m;mz) with

respect to —.

1
(2n —o—) = (mymg)=*

n my

1
{2?1—5]*{4-11'—211] . =1
0-0+1=
1=1

Thus equation (13) holds true.

-1
= 1'

n—1)= {%mg)

then (n— 1} is the multiplicative inverse of (@ mg) with

Again, If it can be shown that
Mz
respect to M.

-1

=1

|{2n — 1) {%mg)

jen—1+( @m)| =1

in—-1

0+1=1

1=1
Thus equation (14) holds true.

Theorem 4:

Given the moduli set {4. 2n — 1, 2n} for n = 2 being odd,

Thus; {my,m.,mg}={42n —1,2n}, it implies
m; =4, m, =2n — 1, my = 2Zn. There exists a compact
form of multiplicative inverses for any even integer n > 2 as
follows:

IGmym, )~ my =n — r (15)
Mgy ~L 1 _
(me5) | =7 s
Mgy ~* . :
|(ml?jl =1 (17)
Proof:

If we can show that |(n — 1} (m,m,)"*|ma =1, then

{n— 1} is the multiplicative inverse of (1, m.) with respect

to =,
1 . |
{H_E]*{mlm:] E:azl
—E =| Gn—4 =1
n-y ]

8n° —4n —2n + 1|, =1
0-0+1=1
1=1

Thus equation (15) holds true.

-1

= 1’

Similarly, if we can show that |{=1-n — i] # (m: ?)
! 2 -

then (4n — i] is the multiplicative inverse of (w1, %) with

respect to m;.

(m—%]*{ En—'ljl*{n]dzl

=1
4

(4-11 —i] = (2n° — )
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8n® —4n*—2n + 1|, =1
0-0+1=1

1=1

Thus equation (16) holds true.

=']_’

-1
Again, Ifit can be shown that |{2n —2) = (mL E)

- m
Mz

j with

then (2n — 2} is the multiplicative inverse of (m]_

respect to ma.

|(2n -2y ( 4-*{n])|:ﬂ_1-=1

l(2n —2) = (4n}l,,_, =1
1+0=1;

1=1

Thus equation (17) holds true.

Proposed Converter

Using the Chinese Remainder Theorem (CRT) on the selected
moduliset {F,. Py, P} ={4.2n — 1, 2n} X is defined as follows;

X=
[((Gn — 13020 [(n — Vx, ], + @) 8)x.].,_, +
{4'{2”- - J-J [{n]‘r!]:i’!}lillzi’!—].ll:i’!l {18]

The CRT cannot directly be used since the selected moduli
set shares a common factor. We therefore adopt the
following relations from (Premkumar, 1995) using the
weight concept.

Given that; x; + x5 is even, then

_ W+ Dz, — Cn) (@)x. +

x= (2) (2n + D, (19)

(4)(Zn-1)(m)
For x; + x3 notbeing even, then

X=12)2n + Uin) + (n}2n + Lz, — Cn)(4)x, +
{4‘]{2?‘1 + .J':]'r! ||4||:i’!—L||i’!|
(20)

Proposition 1

(5) +hb= {“::b) where a and b are integers

Proof

Proposition 2

An  RNS number X for the moduli set
(R.P,.P,) ={¢.2n — 1,2n} represented by (x,.x.%;).the
integer X will represent a valid number if and only if
x; + x3is even and can be computed by the following
formula;

X=x,+(2n - 1]{':-1': _-rs] + ':-1'1._ 2x, +xg]{n]}4.ﬂ. (21)

Proof

The prove is done by showing that if (x,.%2 %3] represents a
valid number, then x;+ x; is even. There exist some
K, and k. such thatr, = X + k; =4,
x; =X + k, = (2n). Therefore

x,+x3 = 2X + &, +4 + k-, = (2n), which must be even.

If x, + x;is not even, then (x;.x:x3) does not represent a
valid RNS number and should not be decoded.

Consider

X =10)0Cn + x, — Cn) @), + (D (2n +
Dxalgyzn-nym

being even. It is easy to see that Xmod(2n + 1} = x,,
Xmod(2n) = x, — (x, — x,) = x4

Since (2n)ymod4 = 2, therefore

(3 —2X3 +X3 %2

Xmod4 = x, + (. — x ) + 2 =x,

Therefore;

K={x.+ (x: —xg](En -1+ {xl_ 2x, -I-x;]{n](?n = 1}y on—1ym

Which implies that, there exists a number m such that
0=X=(4)(2n —-1)}n)and

Y=x+ (=220 = 1) 4 (r, - 20, + 1)) (20 = 1) +m + (4) (2n - D(m)

X=x4+(x.—x)(2n — D+ (x, — 25, + 2 n) + m= (4)(n)

Where
(o= xa)(2n — 1)+ (x; — 2%, + x5)(n) + m + (4)(n) must
be in the interval [0, 4(2n — 1}].
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Therefore;
X={x+ {.r: - x;]{?n -1+ ':.rj_ —2x, + -rs]':n]}.tm.

which is same as formula (21) .
4. HARDWARE IMPLEMENTATION

In this section, the paper implements the proposed
hardware design for the converter by mainly using carry
save adders, multipliers and a modular adder.

The formula;
X={x+ ':-1': —J:;]{En -1} + ':-1'1._ ix, +xg]{n]}4m,

can be represented by;

11—

(x, —x )+ EZDnI
5 :

1z =

(o, —2x. 4+ 2.0+ EEDnI
5 .

Yoy = (32— x3) Yoo = (%) — 2x2 + x4)
Letey =¢2 =4,6;; = (2n - 1)e;; = nand
M. = (4)(n)

X can then written as shown;

K=x,+¢;(Vyy + cipVin )y fori = 1or 2

X X3 X4 % X3 %3
L 1
Ad2 Ad1
Y2 Y1
C,2
Ad 3/M;
o —(

Output

Fig -1: Architecture for the proposed Scheme

From the diagram, the two circles represent multipliers of
ranges 2n and 4n” respectively whiles Ad 1 and Ad Zare

adder/subtractor units to generate the values of ¥;1 and ¥;2.
The Ad 3unit is a modulo M adder and Ad 4is a normal
adder unit.

Table -1: Comparison with some Proposed Converter

Proposed Converter Converter
Converter | (Premkumar | (Gbolagade.
,1995) 2009)
No. of 3+2n+M 2n + M No
Adder
units (4 adders) (2 adders) architecture
No. of 2+ 4n’ 3=dn” No
Multiplie
I units (2 multipliers) | (3 multipliers) architecture

The hardware sum of the Adders 4d 1 and Ad 2 and the
multiplier of range 21 is less than 2 multipliers of range Zn.
That is if 21 takes 7 bits, then 4n? will take 27 bits.

Therefore, in terms of hardware size, the new converter is
much smaller than the one proposed in (Premkumar, 1995)
because of the fewer multipliers used since adders are much
smaller that multipliers.

5. CONCLUSION

This paper proposes a new converter for the special moduli

set {#.2n —1,2n} sharing a common factor of 2. The
proposed converter is more efficient and smaller in
hardware size than the converter presented in (Premkumar,
1995). The converter reduces cost of implementation and
improves on the speed gain of earlier converters.
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