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ABS TRAC T:-  L.  V .  Shivr in  a nd B.  M.  Vernikov  der ived propert ies  of  s emi  group  va r iet ies  which forms  a  
latt ice .  We cr it ical ly  examine  t he  dif ferent  c la ssi f ica t ions  of  modular  va r iet ies .  I t  is  known that  the  
collect ion SEM  of  a l l  s emigroup  va r iet ies  forms a  latt ice  with  resp ect  to  c lass  theoret ical  in c lus ion.  A 
semigroup  var iet y  modular  is  cal led  lower -modular ,  d istr ibut ive  i f  it  is  a  modular  lower -modular ,  
d istr ibut ive  e lement  of  the  lat t ice  SEM.  D istr ibut ive  va r iet ies  ha ve  been determined L.N.  Shervin  we 
dis cuss  p rop ert ies  of  a  c la ss  of  lower -modula r  va r iet ies .  B.  V .  Vernikov der ived it s  prop ert ies ,  we 
exa mine a  comp let e cla ssi f ica t ion of  lower -modular  va r iet ies .  T he  ma in res ult  o f  th is  art icle  gives  a  
comp let e clas s ifica tion of  lower -modular va riet ies .  I f  B  is  a  s et  o f  ident it ies ,  t hen ∼ B  denotes  the ful ly 
invar ia nt  congruence  on the  free  s emigroup  corresp onding t o  B.  we  es tablish  t he  connect ions  bet ween  
the  quas i -orders  ≤ B  a nd ≤ .  
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INTRO DUCTIO N  
 
An el ement x  of  a  la tt ic e  L,   ,    is  cal l ed  modular  i f  
 
            (   )    (   )          . . . ( i)  
 
lower- modula r  i f  
 
              (   )     (   )   …( ii)  
 
dis tributive i f  
 
         (   )  (   )  (   )  …( ii i)  
 
Upper- modular  el ements  may be defined dual ly  to l ower - modula r  ones.  Henc e,  we f ind tha t  a  
dis tributive el ement  is  lower - modula r .  A  pa ir  of  ident it ies  wx =  xw = w is  k nown as  a n ident ity  w =  
0.  S inc e just ified because a  s emigroup with  s uch identi t ies  has  a  ze ro el ement  a nd al l  values  of  the 
word w in  this  s emigroup a re equal  to  zero.  Ident it ies  of  the form w = 0  moreover  as  va rieties  g iven 
by  such  ident it ies  a re cal led 0 - reduc ed.  By T,  SL ,  a nd SE M we denote the trivial  variety ,  the variety  
of  a l l  s emilattic es ,  a nd the va riety  of  a l l  s emigroups ,  res pect ivel y .  We prove here the fol lowing 
theorem.   L et  us  represent  by  F  the  free s emigroup a bove a  counta bly  infinite  al pha bet ,  i .e .  the  
semigroup of  words under  conca tenat ion.  I f  B  is  a  s et  of  regula r ident it ies  a nd v  a nd u a re words ,  
let  us  define v ≤ B  u i f  and onl y i f  var{ v ≈ 0 , B } |= u ≈ 0.  I f  the s et  B  conta ins onl y tr iv ial  ident it ies ,  
then ins tead of  ≤B L et  us  write ≤ .  The rela tion ‘≤ ’  on the free s emigroup is  known a nd may be 
def ined as  fol lows:  i f  u,  v  ∈  F ∞ ,  then v  ≤ u i f  a nd only  i f  u = aΘ(v)b  for  s ome possibly empty words a 
and b a nd s ome subs ti tution Θ  we f ind  that  the relat ion ‘≤’  B  is  refl exive and tra ns i t ive ,  i .e .  i t  is  a  
quas iorder on the free semigroup F ∞ .  I f  u ≤ B  v  ≤ B  u ,  then u⇔ B  v .  I f  u is  a  word,  then the c la ss  of  a ll  
words equival ent to  u modulo  ⇔ B  is  denoted by  [ u]⇔ B .  L et  F ∞ / ⇔ B  denote the s et  of  a l l  c lass es 
[u]⇔ B  ordered by  ≤ B .  the  el ements  of  the ordered s et  F ∞ / ⇔ B  i s  cal l ed word patt erns  modulo  B.  
 
Theorem 1 
 
I f  u  ≤ v ,  t hen |u |  −  |Cont(u) |  ≤  | v |  − |C ont (v) | .  
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Proof  
 
Ass ertion of  the l emma s is  verif ied  by  taking  the fol l owing two cas es .  
 
Case i :  v  = ux or v  = xu for  some new va ria bl e x .  
Case i i :  v = Θ(u)  where Θ is  a n  el ementa ry  substi tution.  
 
Also,  the general  ca s e fol lows  by  tra ns it ivi ty  of  rela tion ‘≤ ’  on word pattern.   
 
Theorem 2  
 
I f  B is  a  s et  of  regula r identi t ies ,  then the fol l owing s tatements  a re  equival ent :  
 
( i)  v  ≤ B  u ;  
( i i)  t here ex ists  a  word u   s uch t hat  u ∼B  u   a nd v  ≤ u  .   
 
We f irst  prove implica t ion ( i)  ⟹  ( i i) .  
 
Proof  
 
(i)  →  ( i i) ,  I f  v  ≤B  u ,  then there exists  a  s equenc e of  words  u 1 ,  .  .  .  ,  u n  s uch  that  u ≈ 0  from {v  ≈ 0 ,B} 
which i t  fol l ows that  u = u 1  ≈ u 2  ≈ ·  ·  ·  ≈  u n  ≈ 0.  Sinc e m(B)  >  0 but m(u ≈ 0)  = 0 ,  u ≈ 0 is  not  
deriva bl e  from B  without  us ing  v  ≈ 0.  By  us ing  the identi ty  v  ≈ 0  the deriva tion of  u ≈ 0  is  possible.  
So,  u ∼B  u n  and v  ≤ u n .  
( i i)→ (i) .  fol l ows  as  a n immediate  c ons equenc e of  c ondit ion ( i) .  I f  v  ≤ B  u but  u ∼  B v ,  then we write 
v <B  u .  
 
Theorem  3 
 
I f  B is  a  s et  o f  ba la nced ident it ies ,  t hen  t he  fol lowing condit ions  a re  sa t is f ied.   
 
( i)   u⇔ B  v  i f  and only  i f  u ∼ B  p (v)  for  some rena ming p of  va riables ;  
( i i)   i f  u⇔ B  v ,  then |u |  =  |v | ;  
( i i i)   i f  v  ≤ B  u a nd |v |  < |u | ,  t hen v  < B  u ;  
( iv)   v < B  u i f  a nd only  i f  t here exists  a  word u   s uch  tha t  u  ∼B  u   a nd v <u    
 
Proof  
 
We prove each  s tatement  s epa ratel y .  
( i)  I f  v ∼B  p(u) ,  then u ≈ p(v)  ≈ 0  is  a  deriva t ion of  u ≈ 0  from { v  ≈ 0 ,B} .  The ident ity  v  ≈ 0  can be 
derived from { u ≈ 0 ,  B } in a  s imilar  way .  So,  u⇔ B  v .  I f  v ⇔B  u ,  then us ing  ass ert ion,  l et  us  obtain  
words u   and v   such  that  u ∼ B  u  ,  v ≤ u   and v ∼ B  v  ,  u ≤ v  .  Sinc e the identi t ies  u ≈ u   and v ≈ v   are 
bala nc ed,  a l l  the words  u ,  u  ,  v  a nd v   ha ve the same l ength.  Therefore,  u   =  p(v)  for  some 
subst itut ion p  tha t  ma ps  va ria bl es  to  va ria bl es .  L et  us  suppos e tha t  for  s ome dis tinc t  va riabl es  x  
and y with  oc cv(x)  >  0 and occ v(y)  >  0 we have tha t  p (x)  = p(y)  = z .  But  then | u |  −  |C ont (u) |  = |u |  −  
|Cont(u ) |  >  |v |  −  |C ont (v) |  =  | v  |  −  |C ont (v  ) | .  B y a n a ppropriate  a ppl icat ion of  L emma  ( 4.3.5) ,  this  
contradic ts  the fa ct  tha t  u ≤ v  .  Therefore ,  the subst itut ion p  is  a  rena ming of  va ria bl es .  
( i i)  I f  u⇔ B  v ,  then by using  pa rt  ( i)  the identi ty  u ≈ p(v)  i s  bala nc ed.  Therefore,  | u |  =  |p(v) |  =  |v| .  
( i i i)  I f  u⇔ B  v ,  then by  part  ( i i)  we obtain  that  | u |  =  | v | .  Therefore v <B  u .  
( iv)  Sinc e v  < B u ,  By  suita bl e  appl icat ion of  l emma  ( 4.3.5)  we may f ind a  word u   s uch  that  u ∼B  u   
and v  ≤ u  .  So,  u   =  aΘ (v)b for  s ome possibly  empty  word ab a nd a  s ubs ti tution Θ .  I f  the word a b is  
empty a nd Θ  i s  a  rena ming of  va ria bl es ,  then,  by using pa rt  ( i) ,  we f ind tha t  u⇔ B  v .  Sinc e the words 
v a nd u a re not equival ent  modul o ⇔B ,  it  impl ies  v  <u  .   
Let  us  s uppos e tha t  there is  a  word u   s uch  that  u ∼B  u   a nd v  <  u  .  Then by  a n a pplication of  Lemma 
(4.3.5) ,  we get  v  ≤ B  u .  I f  |v |  <  |u |  then by  suita bl e a ppl ica tion of  pa rt  ( i i i) ,  we f ind tha t  v <B  u .  Let  us 
assume tha t  |u |  =  |v |  a nd cons equently  | u|  =  |v |  =  | u  |  .  S ince v  <u   and | v |  =  |u  |  we have that  u   =  
Θ(v)  for  some subs ti tution Θ  that  maps variabl es  to  va ria bl es  suc h that  Θ  i s  not  a  rena ming of  
varia bl es .  So ,  u ∼ B  Θ (v) .  L et  us  further  assume that  u⇔ B  v  then by  part  ( i)  tha t  u ∼ B  p (v)  for  some 
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renaming of  va ria bl es  p .  Thus  the identi ty  Θ(v)  ≈ p(v)  also  bal anc ed which  is  not  the cas e .  
Therefore,  v <B  u .  Henc e,  the l emma  is  es ta bl is hed.   
 
Theorem 4  
 
I f  B is  a  s et  o f  ba la nced ident it ies  wit h ℓ( B)  >  0,  t hen :  
 
( i)   the  words  x 2 y 1  ·  ·  ·  y k  a nd y 1  ·  ·  ·  y k x 2  are  not  equiva lent  modulo ⇔ B  for  a ny k  > 0;  
( i i)   the  words  x k y  a nd yx k  a re not  equivalent  modulo ⇔ B  for  a ny  k >0;  
( i i i)  t he  words  y 1  ·  ·  ·  y j  x k + 2 t 1  ·  ·  ·  t p  a nd y 1  ·  ·  ·  y j + 1 x k + 1 t 1  ·  ·  ·  t p  are  not equivalent  modulo ⇔ B  for  any 
k ≥ 0 .  
 
Proof  
 
( i)  I f  x 2 y 1  ·  ·  ·  y k  ⇔ B  y 1  ·  ·  ·  y k x 2 ,  then L emma (4.3.5)  impl ies  x 2 y 1  ·  ·  ·  y k  ∼ B  p (y 1  ·  ·  ·  y k x 2 )  for  s ome 
renaming of  va ria bl es  p .  Sinc e x is  the only  non-l inea r varia bl e in both  words,  this  ca n onl y ha ppen 
if  B  ⊢  x 2 y 1  ·  ·  ·  y k  ≈ y 1  ·  ·  ·  y k x 2  which  is  impos s ibl e  in  v iew of  L emma ( 4.3 .5) .  
( i i)  Simila r  to  the proof  of  ( i) .  
( i i i)  I f  y 1  ·  ·  ·  y j  x k + 2 t 1  ·  ·  ·  t p  ⇔ B  y 1  ·  ·  ·  y j + 1 x k + 1 t 1  ·  ·  ·  t p  then by  L emma (4 .3.5)  we ha ve tha t y1  ·  ·  ·  y j  
x k + 2 t 1  ·  ·  ·  t p  ∼ B  q(y 1  ·  ·  ·  y j + 1 x k + 1 t 1  ·  ·  ·  t p )  for  some rena ming of  va riabl es  q .  Sinc e x  is  the onl y non-
l inea r  va ria ble  in both words  a nd occurs  di fferent  number of  t imes  in  each  of  the word,  this  is  
impossibl e  in  v iew of  L emma  ( 4.3.6) .  
 
Theorem  5  
 
I f  L  is  a  la tt ic e and a    L  then [a)  s ta nds  for the principal  c oideal  generated by  a ,  that  is ,  the s et  {x 
  L  |  x    a } .  I f  x  is  a  l ower - modula r  el ement  of  a  la tt ic e  L  a nd a    L  then the el ement  x    a  is  a  
lower- modula r  el ement  of  the la tt ic e [a) .  
 
Proof  
 
Let  y ,  z    [a)  a nd x    a    y .  Then,  we have  
 
(   )  (   )    (  (   )) 

   (  (   )) 

   (   ) 

   (  (   )) 

   ((   )   ) 
 
Thus ( x    a)    ( y    z)  =  y    (( x    a)    z) ,  Henc e,  the theorem is  proved .  
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