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ABSTRACT: This paper deals with a new class Tkn‘]ﬂ (0[, A B) which is a subclass of uniformly starlikefunctions involving a
multiplier linear operator S:"ﬂ. Coefficients inequality, Distortion theorem, Extreme points, Radius of starlikeness and radius of
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1. INTRODUCTION

Let S denote the class of functions of the form
L1 f(z2)=z+> a,z",
n=2

which are analytic and univalent in the unit open disk A={z: |z|<1}.
Silverman[9] had introduced and studied a subclass T of S consisting of functions of the form

12) f(z)=2-Ya,2" (a, 20,¥n>2)

Let fand g be analytic in A.Then g is said to be subordinate to f, written as

g < f org(z) <f(2), if there exists a Schwartz function w, which is analytic in A with »(0)=0 and |60(Z)| <1(z € A) such
that g(z) = f (w(2)) (z € A). In particular, if the function f is univalent in A, we have the following equivalence([3],[7])
9(z) < f(z) (ze A) < 9(0) =f(0)and g(A) = f(A).

Sharma and Raina ([4],[5],[6]) have introduced a multiplier linear operator SL“W for

meZ,u>-1Lk>0bhy

Skm,,u f (Z) = f(Z), m= O,
wz
(1.3) 3?,;,f(2)=”T+12 k ft CS)dt,meZ ={-1-2,.......}
0
k 2t g #iy
32“,,,f(2)=mz ik ST jmeZt ={L2,.......... ]

The series representation of SE# f (Z) for f(z) of the form (1.1) is given by

= k(n-1))"
1.4) 30 f(z2)=z+ 1+——2| az",
(L4) 37, 1@) z( ﬂ+1J n

Also
() 37 =Dy',\m20 [1]

(ii)3" =D",m>0 [8]
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(iii) STl =D",m>0 [10]
(V3] =1;,m=>0 [2]
Involving the operator ‘Sk,u' we define a class Tkr’nﬂ (a, A B)as follows:

Definition 1.1: For fixed A, B.—1<B<A<10<A<1l0<a<lzeA, a function f €T is said to be in class
Tkr’nu (a, A B)if

(dk,,f(Z)) _1+[Bra{d-a)+(A-B)k
. T (2) 1+ Bz

From the definition, it follows that f & T (a A B) if there exists a function w(z) analytic in A and satisfies w(0)=0 and

1.6) eA.

|W(Z)| <1for z € A,such that

(30 £(2) _Le[Bra{l-a)+ (A-BME) |

eA.
3¢, f(2) 1+ Bw(z)
or equivalently
(37, 1(2)
Sf@
@7 s <lzeA
5 («sk @)
+o{(l-a)+(A-B)-B————*
o F(2)

The main object of this paper is to obtain necessary and sufficient conditions for the functions f (2) ET (a A B).

Furthermore we obtain extreme points, distortion bounds, Closure properties, radius of starlikeness and convexity

for f(z) T," W (a, A B).
2. COEFFICIENTS INEQUALITY

Theorem2.1: A necessary and sufficient condition for f(z) of the form (1.1) to be in the class le]# (a, A B) is that
210 DIh-DA-B)+a{l-a)+(A-B)]I, (Na, <all-a)+(A-B)}
n=2

k(”‘l)J for(-1<B<A<10<A<10<a <I).

where 8" (n)=|1+
k,/.z( ) ( ,L[+l

Proof: Assume that the inequality (2.1) holds true and |z|=1.Then we have

2(3p f (z)) ~3" F(@)|-|30, f(2)[B+ail-a)+ (A-B)]]-Bz(3r, f (z))"

(z—in@kﬁ‘y(n)anz“j ( ie (n)azj

n=2

(z—i@&(n)anz“ [B+a{l-a)+(A-B)}]- (Z—Zn (n)anz”j
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-3 (=067, (Ma,z"| -

[e{t-a) + (A-B)jl~[B+a{l-a) + (A-B)J> 67, (Ma, 2" + B gy, (n)a, 2"
<3 (=167, (Na, —afl—a) + (A-B)}+ S [-B(1-1) + a{(L- ) + (A- B)JOT", (n)a,

i[(n 1H(1-B)+ a{(l a)+(A- B)}] L(Na, - {(1— a)+ (A- B)} < 0. : Conversely, suppose that the function

f(z) defined by(1.1) be in the class T (06 A B).

Then from (2.1), we have

‘Sk,y f(2)
B+a{l-a)+(A-B)-B M
30,1 (2)

(30, 1(2) -0, £(2) |
[B+a{(l+a)+(A-B)}3", f(2)-Bz(3", f(z))‘

-3 (187, (n)a, 2"

<1.

[B+a{(l+a)+(A- B)}](z —i&,{?ﬂ(n)anz”j— B(z —inek"jﬂ(n)anz"]

Since Re(z) < |Z| for all, we have

i(n -0o.,(n)a,z"
(2.2)Re n=2 <1

ao{d+a)+(A-B)}z- i[—B(n -D+a{(l-a)+(A-B)}6., (nNa,z"

(37,1 ()

S, ()

We choose the value of z on the real axis so that is real. Upon clearingthe denominator of (2. 2) and letting

z—> 1", we can write (2.2) as i[(n ~)(1-B)+a{l-a)+(A-B)]I6], (Na, < a{l-a)+(A-B)}.
n=2
Thus (2.1) proves the theorem.

The result is sharp. The extremal function being
2.3) f(2)=2- a{l-a)+(A-B)] 2" n>2.
[("-1@-B)+all-a) + (A-B)IOL, ()
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Corollary 2.2: Let the function f(z) defined by(1.1) be in the class Tkr’ny (a, A, B) .Then

24) a, < ofd-a)+(A-B)} n>2.
" (n-1)A-B)+a{l-a)+(A-B)Io., ()

3. DISTORTION THEOREMS

Theorem3.1: If f (z) € Tkr’n# (o, A/B),thenforz e A
af{(l-a)+(A-B)}

G [f@)|-|7< ;
[A-B)+a{l-a)+(A- B)}](1+ k}
u+1

|Z|2,neN

and

(3.2) |57, 1) -|7] < o{(l-a)+(A-B)}

|z|2,n e N.
[L-B)+a{l-a)+(A-B)

Proof: In view of inequality (2.1), it follows that

i[(n ~1)(1-B)+a{l-a)+(A-B)I6.,(Na, <al{l-a)+(A-B)}

ofl-a)+(A-B)}

n>2.

(3.3 orian < )
i [(n-D@A- B)+a{(1—a)+(A— B)}](1+ kj
u+1

Therefore

f@Izd-2ald" 2 -[7 X a,
n=2 n=2

or

(34)  [f@)|=[- a{l-a)+(A-B)}

[L-B)+a{l-a)+(A- |3)}](1Jr kj
u+1

and

t@I<ld+ a7 2+ X,
n=2 n=2

or

of(l-a)+(A-B)}

9 [k m
[A-B)+ai{l—a)+(A- B)}](1+ kJ
u+1

From (3.4) and (3.5) inequality (3.1) follows.
Further for f (z) € Tkr’n# (a, A, B), the inequality (2.1) gives

[A-B)+a{l-a)+(A- B)}]i@k”jﬂ (na, <a{l-a)+(A-B)}
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. o{(l- ) +(A-B)}
(3.6) ornz:;‘é’k,,,(n)an < [1-B)+a{l-a)+(A-B)]’

Thus,
‘Sﬂ‘w f (z)‘ >|¢| —gﬁﬁﬂ(n)anw >[z] —|z|2§2:9k"jﬂ(n)an

or

(3.7) Smﬂf(z)‘2|z|_[ of(l-a)+(A-B)} 2f

1-B)+a{l-a)+(A-B)]]

And ‘SE# f (z)‘ <|g+> 6", (Ma,lz" 7+ |2 > 6, (n)a,
n=2 n=2

or

(3.8)

a{(l— a) + (A— B)} |Z|2
[1-B)+a{l-a)+(A-B)]]
On using (3.7) and (3.8) inequality (3.2) follows.

Smﬂf(z)‘£|z|+

4. EXTREME POINTS

Theorem 4.1: Let
af(l-a)+(A-B)} 0
[(n-D(-B)+a{l-a)+(A-B)}4., (n)

for n>2,then f (z) € Tkrl (a, A B), if and only if it can be expressed in the form

(41) f(z)=zand f (2)=2-

(42) 1(2) = 3d, £, (2), whered, > 0and 3d, =1.
n=1

n-1
In particular the extreme points okar’nﬂ (a, A, B) are the functions given by (4.1).
Proof: Let f(z) be expressed in the form (4.1),then
f(@=Yd,f@=2-3 AL (A-B)} -
=0 -D0-B) +a{l-a)+(A-B)fl4, (n)

=7 —idnbnz“
n=2

Whereb, =

a{(l-a)+(A-B)}
[(n-D@-B)+a{l-a)+(A-B){lor, (n)

Kk, u

Now, since

> [(n-DA-B) + af-a) + (A~ BJOL, (d,b, = a{(l-a) + (A- B,
= o{(l-a)+(A-B)}1-d,) < {1 - ) + (A—B)}.

Therefore, f (z)€ Tkr?ﬂ (a, A/B).

Conversely, let f (z) € Tkr?ﬂ (a, A B), then (2.1) yields

g o{(l-a)+(A-B)}

a, < 2" forn>2.
[(n-D(-B)+a{l-a)+(A-B)I6, (n)
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[(n-D(-B)+a{l-a)+(A-B)l6., (n) .

Setting d, = forn > 2
ad{(l-a)+(A-B)}
And d, =1-3d, .
3 a{(l-a) + (A-B)} n
then £(8) =22 1 0 B) + al-a) + (A- B

8

=z- d{z-1,(2)}

n=

N

= Z(l_ z ,dn)+ Z ,dn fn(z) = z ,dn fn(z)'
n=2 n=2 n=1
This completes the proof.

5. RADIUS OF STARLIKENESS
THEOREM 5.1: Let f (z) & T;", (¢t 4. B), then f(z) is starlike in |z| < r(a, A, B), where

[(1-DA-B)+all-a) + (A-B)IO7, (MW |,
ne{(l-a)+(A-B)} o

GOr= inf{

Proof: It suffices to show that

2t'(z) <1
f(2)

(5.2) or io:nan|z|”’l <1.
n=2

It is easily to see that (5.1) holds if

™ < [[(n ~D(-B) +ail-a)+(A- B)}]Hk”?y(n)}

nae{(l-«a)+(A-B)}
This completes the proof.

6. RADIUS OF CONVEXITY

THEOREM 6.1: Let f (z) & T}, (¢t 4, B)  then f(z) is convex in |2| < r(a, A, B), where

(-~ B) + x{l-a) + (A~ B)IAL, (n)]n—l .

(6.1) r:inf{ 5
n‘a{(l-a)+(A-B)}

Proof: Upon noting the fact that f(z) is convex if and only if zf '(Z) is starlike, the Theorem(6.1) follows.
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