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Abstract - The Quadratic equation with four unknowns
of the form X2 + Y2 = 272 - 62W? has been studied for its

non-trivial distinct integral solutions. A few interesting

relations among the solutions and special polygonal

numbers are presented.
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NOTATIONS:
T,, = n(n2+ ) = Triangular number of rank n.
T, = m = Heptagonal number of rank n.

T,o, = N(4n —3) = Decagonal number of rank n.
T, =Nn(5n —4) = Dodecagonal number of rank n.

Tian = w = Tridecagonal number of rank n.

~ n(15n-13)

Tin = = Heptadecagonal number of rank n.

T, =N(8n —7) = Octadecagonal number of rank n.
Gno, = (2n —1) = Gnomonic number of rank n.

INTRODUCTION:

In [ 1 to 12] some special types of quadratic
equations with four unknowns have been analyzed for
their non-trivial integral solutions. This communication
concerns with another interesting quadratic equation
with four variables represented by X2+ Y2= 272- 62W2.
To start with, we observe that the following non-zero
quadruples ( 2rs-1, 2rs-1, r2+s2, r2-s2 ), (r2-s2 -1, r2-s2-

1,2rs, r2+s2), (y+2,y,y+2,+1), (-1,y,-1, 1), (-1, y, #1, -

1), (-y, y, %1, -y) satisfy the equation under
consideration. In the above quadruples, any two values
of the unknowns are the same. In [13], the Quadratic
equation with four unknowns of the form XY +X+ Y+1=

Z2 -W2 has been studied for its non-trivial distinct

integral solutions. Thus, towards this end we search for
non-zero distinct integral solutions of the equation
under consideration. A few interesting relations among

the solutions are presented.
METHOD OF ANALYSIS:

The Quadratic Diophantine equation with four

unknowns under consideration is
X2+ Y2=272- 62W2 (D
The substitution of the linear transformations
X=u+v,Y=v-uandW=u (2)
in (1) leads to
Z 2= 32 uz+v? (3)

Four different choices of solutions to (3) are presented
below. Once the values of u and v are known, using (2),

the corresponding values of X and Y are obtained.

PATTERN 1:
In (3), V> +32u° = Z?

The solutions of the above equation is of the form
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Z=32K +B’  (V32a-ib) (\32-i2)
U=2AB 4) (v32u-iv) = 6
v=232A-B°

Equating the real and imaginary parts in (7), we have
Substituting the values of u and v in (2) , we get

1
u==>(32a*-4ab-b’
X =X (A B)=32A’ + 2AB - B? 6( )

Y =Y (A B)=2AB - 32A% + B’
Z =Z(AB)=32A° + B

W =W (A B)=2AB Since our interest is on finding integer solutions we have
choose

1
5) V= g(64a2 —64ab— 2b2)

Thus (5) gives the distinct integral solution of (1)
OBSERVATIONS:

aand Db suitably so that u and v are integers.

_29p2 _ _R?
LW (1 +18)-Y (n1)-34=2T, 46T, +19(Gro) U7 O2A AABE )

V=64A° + 64AB — 2B>
2. X(A2A-1)+Y (A 2A-1)= 2T, , +Gno, +1

Thus, using the values of U and V and performing
PATTERN 2:

a few calculations the values of X,Y and Z are obtained

(3) can be written as as follows:
Z2.1=32u+v? X = X (A,B) =96A” + 60AB — 3B?
_ _ Y =Y (A B) =32A” + 68AB — B?
Assuming Z = 32p2+q? and write 9
W =W (A,B) =32A” —~4AB - B®
1_[(@“2)(«/@42)] © Z =Z(AB)=192A" + 6B’
36

Thus (9) represents the non-trivial solution integral

Substituting (6) in (3), using the method of solution of (1)

factorization we get OBSERVATIONS:

(VB2a-+ib] (V32 -ib) (V32 +i2) (VB2 -i2)

1.X (A1)-Y (A1) =8T, ,+24(Gno,) - 22

= («/ﬁu + iv)(«/@u - iv)

36
2.Z(Ln)-W(L2n-1)-T,,, - 2T, —1ln =157
Now define, PATTERN 3:
(3) can be written as
(«/ 2a + Ib) (x/ + |2)

(V32U +iv) =

5 7) 72-32u2=v? (10)

Assuming Z = a2- 32b? and

© 2017,IRJET | ImpactFactorvalue:5.181 | IS0 9001:2008 Certified Journal | Page 1027



’,/ International Research Journal of Engineering and Technology (IRJET) e-ISSN: 2395 -0056

JET Volume: 04 Issue: 03 | Mar -2017 www.irjet.net p-ISSN: 2395-0072
- [ (6+/32)(6- /—32)j an OBSERVATIONS:
4

LW (2A+11)+Y (2A+11)+95=16T,,

Substituting (11) in (10) , using the method of 2.When B=1, X+Y+Z+192 is a Nasty number.

factorization
) ) PATTERN 4:
(a+\/§b) (a_@b) (6+\/§)(6_@) =(Z+\@u)(2—\/§u) (3) can be written as
4
Now define, 32u2 +v2 =72
32u® =2Z2? —v?
(a+\/3_2b)2(6+\/3_2) 5
(Z ++/32u) = > (12) 32u° =(Z +v)(Z —vV)
5 (a—\/?Eb)Z(G—\/ﬁ) B2u)(u) =(Z +v)(Z —V)
(2 =v32u) = 2 Z+v__u A
32u Z—-v B
Equating the like terms in (12), we get (Z +v)B = 32uA (15)
L (Z-v)A=uB (16)
Z= —(6a2 +64ab +192b2) Solving the equations (15) and (16) we get the
2 solutions
u= l(a2 +12ab +32b%) , )
2 Z=-B"-32A
v=-32A°+B®
Since our interest is on finding integer solutions we have _ _9AB
choose aand b suitably so that u and Z are integers. u=-
7 —6A2 +64AB +192B2 Thus, using the values of U and Vand performing a few
) ) calculations the values of X,Y and Z are obtained as
u=A"+12AB +32B (13)
follows:
v=2A%-64B?

X =-32A% -2AB + B?

_ 2 2
calculations the values of X,Y and Z are obtained as Y =-32A"+2AB+B (17)
follows: W =-2AB

Z =-32A* -B?

Thus, using the values of Uand V and performing a few

X = X (A B) =3A2 +12AB — 32B?

Y =Y(AB)= A2 _12 AB —96B2 Thus (17) represents the non-trivial solution integral
' 14 ,
W =W (A B)= A’ +12AB + 32B° (9 solution of (1).

Z=7(AB)=6A"+64AB+192B OBSERVATIONS:

Thus (14) represents the non-trivial solution integral 1Y (A A) — X (A A)—W (A A) is a nasty number.
solution of (1)
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2.Y(A A)— X(A, A) is asquare number.

3. X (A1) +W (A1) +2Gno, = Z(A1)

4Y (A1) =W(@2A* A +Z(A1)+60, +2
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