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Abstract - This paper introduces a different approach to
obtain the exact solution of the relative equations of motion of
a deputy (follower) object with respect to a chief (leader)
object that both rotate about central body in elliptic orbits by
using Laplace transformations. We will use Kepler
assumptions considering the unperturbed case to get our
equations of motion which in turn subjected to linearization
process. These type of equations known as Tschauner -
Hempel equations or elliptic Hill - Clohessy - Wiltshire (HCW)
equations. The solution of such equations in this work is
represented in terms of the eccentricity of the chief orbit and
its true anomaly as the independent variable. After getting our
solution, we will apply it on numerical example to compare the
results obtained by this new approach with previous results.
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1. INTRODUCTION

Solving and modelling the relative motion problem
between satellites or space crafts is of great
importance in the field of formation flying, rendezvous
and disturbed satellite systems which in turn play a
significant rule in space missions. Since 1960s, many
researchers have contributed in this regard, but their
contributions are varied from several aspects. For
example, according to the independent variable, some
of the researchers use the time and the others use the
true or eccentric anomaly. Also according to the
linearity of the obtained equations of motion, some of
them make linearization and the other make higher
order expansion. Also from point of view of
perturbation consideration, some of them putitin their
calculations and the other don’t. But most of the results
depend of the same start point which is linearized
gravitational acceleration represented by Clohessy-
Wiltshire equations using circular reference orbits [1]
and the Tschauner-Hempel equations using elliptic
reference orbits [2]. Both Melton [3] and Vaddi et al. [4]

present a time-explicit solution for relative motion for
elliptic orbits. But, Gim and Alfriend [5] and Garrison et
al. [6] represent a geometric method for deriving the
state transition matrix, utilizing small differences in
orbital elements between two satellites. Also Srinivas
R. Vadali [7] uses the geometric method but under the
influence of J,-perturbation. In the present work, we

will consider the unperturbed case, and we will use the
true anomaly to be the independent variable that the
solution will be represented, and we will apply our
solution to solve a numerical example.

2. Equations of motion

Consider the chief (C) and deputy (D) space crafts that
orbiting the same point mass central body. To set up the
equations of motion of (D) relative to (C), we define two
frames of references. The firstis inertial and centred at
the central body and the second is rotating chief
centred (Hill’s non-inertial frame of reference) [8]. As
shown in figure 1,

Fig. -1: Chief and deputy position vectors w.r.t the central
body, and the position vector of (D) relative to (C), with the
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basis of the chief centered frame

l.and Iy are the position vectors of the chief and

deputy with respect to the central body respectively.
And the position vector of (D) relative to (C) is

represented by p . Also we define €, the unit vecior in

the direction of I, € perpenduclar to the chief’s
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orbital plane in it's angular momentum direction and
€, completes the setup.

I'. =(r.,0,0) relative to the central boy, and
r, =(X,Y,Z) relative to (C). And we can write
h=r.+p,or

ry =(r. + X)e, +Ye, +Ze, (1)
P =+ X =Y)e, + (Y + (. +X)fle, +Ze, (2)

Where f is the true anomaly of the chief on its inertial
elliptic orbit.

Py = (i + X —2Yf —Yf —(r, + X) f?)e, a)
+(Y +2(F + X) f =Yf2+(r. + X) f)e, + Ze,

In order to simplify the previous equation we will
eliminate both of ¥¢ and f using the equation of motion

per unit mass of the chief and the defenition of it’s
acceleration as following:

fo=—Lre = (-1 e, + (e F+2 e, (@
rC
R A YA L ©)
rC rC
Alsowehave 1. f+2rf=0=f= ol (6)

rC
Substituting by (5) and (6) in (3), we get

b= (X —2(Y —:Lv)f' _Xf2 —r“—z)er

C C

FY 2% — e X)f - Yf2)e, + Ze,
I

C

(7)

On the other hand, the equation of motion of the
deputy, taking into account that the mass of the chief'is
negligible with comparison by the mass of the central
body, will be

Fo =—ﬁ3rD :—%((rC+X)er+Ye0+Zeh) (8)
D D

Equating vector equations (7) and (8), we get the
following equations of motion

X —2( —eyyf-xi2— £ o K 1 x)
I

V2(X—ex)f-vi?=—Ly 9)
rC rD
U
y A
o

Since the true anomaly of the chief, f, gives more details
about it’s orbit. It is convinient to transform the
independent variable from the time to f. And for this
purpose we have:

2 2 3
i:fiandd_zzfzd—z—l—fﬂi (10)
dt df dt df df df
Where r’f=h= f :rlz , such that h is the

C

magnitude of the angular momentum of the chief, and

it can be written by h =,/ua(l—e*) , also we have

a(l—e? /
rczg and n= %,Suchthata,eandnare
1+ecos f a

the semi-major axis, the eccentricity and the mean
motion of the chief orbit respectively. By this way

‘i n(l+ecos f)?

(1_e2)3/2
. (11)
df _ —2ensin f(1+ecosf)
df (1-e?)¥?

By using (10) and (11) with denoting to the derivative
with respect to f by prime , the relative equations of
motion (9) becomes

N 2esin f 2esin f

- X' - X+ ——Y
1+ecos f l1+ecos f
(12-a)
U U
- =T (r.+X
r2f? r§f2(C )
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Y”+2X’—12esm ff ,_12esm ff
+ecos +ecos (12-b)
7]
rsf?
2esin f
7" z'=——L_7 (12-¢)
1+ecos f r;f

In order to write these equations with dimensionless
coordinates, we introduce

X =rX,
which means that

Y=ry, and Z=r.1,

X' =X+ and X" =1X+2rX + X"
with similar relations for Y and Z.

And with the help of
3¢2
2¢ 452 prc f
ref=Jup=rf= > ——-=
c up c up 1+ecos f up

Y7, 1
3

=y =
r.f° 1+ecosf

Also 2 =rd[(L+x)* + y? + 2°]%

L _H L aex+y? 22T

rif? 1+ecosf

Therefore the dimensionless relative equations of
motion will be

” , 1+ X
X"-2y —-——— =
1l+ecos f
(@2 +y2+22) "
@[yt +27)
1+ecos f
y”+2x'—;y— (13)
1+ecos f
y((@+x)7+y*+ 22)73/2
1+ecos f
ecos f (@+x)7+y*+ 22)73/2
"+ =— z
1+ecos f 1+ecos f

3. Linearisation of the relative equations of motion

To get the linearised relative equations of motion, for
the first equation in (12) we can use Taylor’s
approximation expansion about the origin for the
function

f(x,y,z)=(1+ x)((1+ X)? +yi+ 22)73/2 ,where

=0 and fx| 2.

V‘(o,o,O) =0, fZ|(o,o,0) 000)

And by using the same senario for the second and third
equations of (12) but for the functions

y((@+x)*+y*+ 22)73/2 &
z ((1+ X)? +y® +z° )_3/2 respectively.

We can get easily the foloowing linearised equations

, 3X

X' =2y ———— = (14-a)
l+ecos f

y'+2x' =0 (14-b)

2"+2=0 (14-c)

4. Solving linearised relative equations of motion

From (14-b), we have

y'=-2x+C ,where C=Y;+2X,

Then Yy =-2X+Y,+2X, (15)
X"+ (ecos f)x"+x+ (4ecos f)x=2c(L+ecos f) (16)

Applying Laplace transformation on (16), such that

Lx(F)}=F(s)

We can construct the following table, with the help of

eif_{_e—if

cosf=——+-—

#| X(f) ZLX(F)}=F(s)
1| 2c(l+ecos f) E+22ecs
s s°+1
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SF(S) —SX, — X!

3| (4ecos f)x 2e[F(s—i)+F(s+i)]

(s—i)*F(s—i)+
+| (ecos f)x" 2
%(s+i)2F(s+i)—exos—ex(’)

After some simplifications, we can get

(s—i)’+4 .
F(S){—Z(s—i)(SHJEF(S 1)+
M eF(S+i):
2(s—i)(s+i)

2C 2ecs  (I+e)x,s  (A+e)x,
s(s*+1) (s*+1)?*  s*+1 s®+1

And now applying the inverse Laplace transformation,
recalling that

IHF(s—-k)}=€"x(f),
we can get after simplifying
f
2ejx(r)dr+(csc f+ecot f)x=2ccscf +
0
[A+e)x,—2c]cot f +[(1+e)x;+ec f]

By differentiating this equation with respect to f, we
can get

, {Ze—csc f cot f —e csc? f}
X'+

csc f +ecot f
(17)
ec—2c csc f cot f —[(1+e)x, —2c]csc® f

csc f +ecot f

Which is linear first order differential equation and can
be set in the form of X'+ P(f) x=Q(f) , where

2esin f
l+ecos f

2
P(f)=[ , (cosc f oot f —ecsc f)} 1s)

csc f +ecot f

and

Q(f)=

ec—2ccsc f cot f —[(L+e€)x, —2c]csc?® f
csc f +ecot f

9

To get the integrating factor v( f), we have to get
1

sin f(1+ecos f)

ju(f):eIP(f)df _ 1
sin f(1+ecos f)

J'P(f)df =In

Then, the solution of (17) is
x(f)=sin f (1+ecos f)Uu(f).Q(f)df +c1] (20)

Now

o(f)Q(f) =

ecsin® f —2ccos f —[(L+e)x, —2c]
sin® f (1+ecos f)*

By using partial factions, we can write

o()Q(f)=— 2 B

l1-cosf 1+cosf
AL A

1+ecos f (1+ecosf)2

,or

Jo()Q(F)df = Al + Al + Al + Al (21)

—X, (7—e)x, +4y,

Where A1 = 2(1+e) ! A2 - 2(1—9)2
__2e[(2+6)X0+(1+e)Y(’J]_ _ n
_ oo =e(A-A) and
C—e[@re)x ey, ] 1,
_ - - 2(1 e)A

L= o cotf-csct
1-cos f

1, =IL:—cot f +csc f
1+cos f

By the help of eccentric anomaly E, we can find |, as
following
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3 :.[ df _ 1 IdE __E
1+ecos f 1— g2 1— g2
__ 2 tan™ 1_—etani
1—e? 1+e 2

We can get |, by the help of

d| esinf |_ 1 l-e
df | 1+ecosf | 1+ecosf (1+ecosf)2
l;, 1 esinf

Then I, =
* 1-¢* 1-e’1+ecosf

Substituting by all A and |, in (21), we can get
Therefore the solution (19) will be
x(f)=[-A+e)A +(1-e)A]-

[A+e)A +(L—e)A]Jcos f +[A + A —%&]esin2 f

3A
24/1—¢?

+

Esin f(1+ecos f)+c,sin f(1+ecos f)

To get the value of C,, we can find

dx
df |,

!

jcl_l+e

x(f)=B,-B,cos f +B,esin’ f +

[ 3
2+/1—¢e?

Wehre

22)

% }sin f (L+ecos f)
+e

B =—(1+e)A+(1-e)A :
—(L+€)A +(1—€)A, and B,=A + A, —%A3
Now the turn of equation (14-b), to gety

From (15) Y= —2def +(yo+2%,) f+c,  (23)

Now [ xdf :Blf—stianr%Bs(f—%sian)

Xo
1+e

(—cos f +%sin2 f)

+

_[Esm f(L1+ecos f)df
241-¢°

To integrate the last term, we again use the help of
the eccentric anomaly, such that we have

\J1-e?sinE 1-¢?

sin f = ,1+ecos f =—————— and
1-ecosE 1-ecosE
/ 2
df :1—edE , so that
l-ecosE

| =jEsin f (L+ecos f)df =

EsinE
) -f(l eCos E)

Which can be integrated by parts, and after
simplifications we can write

I :zi(\/l—e2 (f +esin f)—E-(l+ecos f)*) ,
e

and then equation (23) will be

y(f)=-2B f +2B,sin f —eB, (f —%sian)

2% e

- —cos f +=sin” f)+(y. +2x,) f +cC

oo SSin® )+(y;+2%) f+c,

2

_3A f+esinf—E(l+eCOSf)

28 ;1_82
T c,,1 Icul = _2X(')

o get C,, let us calculate y|f:0:> C,=Y,— +e,so
that

y(f) =y, ——2+[ys+2%,—2B,] f +2B,sin f

1. 2x’ e .
—eB, (f —=sin2f)——2(—cos f +—sin’ ) (24
s ( > ) 1+e( > ) (249

3A

2
3A ¢ esinf - E(@+ecos f)

2e JV1-¢?

Finally for the third equation of motion (14-c), which is
in the form of simple harmonic motion, hence its
solution will be

z(f)=1z,sin f +z,cos f (23) (25)
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The equations (22), (24) and (25) are the solution of z
the equations of motion of the deputy relative to the
chief in the unperturbed case. 0.05
5. Numerical example:
§ 10 15 f

Using the following initial conditions

-0.05

e=01,%x=01,x=0,y,=0,

-21 )
r=——,2,=0.08and z;, =0
Yo 110 ' 0 0

we can get the following graphs

0.10

0.05

ANAWE
hyavay

0.2

0.

/} A

Fig. -2: The position of the deputy relative to the chief
(X, Y, z) with the true anomaly of the chief ( f )

according to the given initial conditions

6. Conculusion:

An explicit solution of the relative equations of motion
of a deputy or follower object relative to a chief or
leader object is expressed interms of the eccentricity of
the chief orbit and it’s true anomaly as the indepenent
variable. Since the inplane solution [ X(f)and y(f)]
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1+e 2 Q Wael Mohamed Yousef
therfore we have singularity when f isamultiple of 7 , : Cag:;;ﬁfg;ii?gg;rgsﬁ .
.Butitis very clear that we can eliminate it b'y choosing “ for Engineering, Cairo, Egypgc
2+e
the initial conditions such that A, =0 = Yo, 2%€
X, l+e
to obtain a periodic motion for the deputy around the
chiief.
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