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Abstract - Dynamic programming offers a theoretical way
to solve optimal control problems. However, it suffers from
the inherent computational complexity, also known as the
curse of dimensionality. To achieve online approximation of
the cost function and the control policy, neural networks are
widely used in the previous ADP architecture. The main
purpose of this paper is to develop a novel dynamic
programming methodology to achieve global and adaptive
suboptimal stabilization of uncertain nonlinear systems via
online learning. In this paper an optimization problem, of
which the solutions can be easily parameterized, is proposed
to relax the problem of solving the Hamilton-Jacobi-Bellman
(HJB) equation. This approach is inspired from the
relaxation method used in approximate dynamic
programming. It is also proposed that a relaxed policy
iteration method is different for the inverse optimal control
design and the results are obtained by M-file programming.
Key Words: Global adaptive dynamic programming,
Approximate Dynamic programming, Nonlinear
Systems, Adaptive optimal control, Semi-definite
programming (SDP), Sum of squares (SOS).

1.INTRODUCTION

The main purpose of this paper is to develop a novel method
to achieve adaptive optimal stabilization of nonlinear system
via online learning. As the first contribution of this paper, an
optimization problem is proposed to relax the Hamilton-
Jacobi-Bellman (H]B) equation. The second contribution of
the paper is an online learning method that implements the
proposed iterative schemes using only the real-time online
measurements, when the perfect system knowledge is not
available. The final contribution of this paper is the Robust
Design of the approximate suboptimal control policy, such
that the overall system can be globally asymptotically stable
in the presence of dynamic uncertainties.

2. PROBLEM FORMULATION AND PRELIMINARIES

In this section, we first formulate the control
problem[16][17]. Then, we introduce conventional policy
iteration algorithm.

2.1 Problem formulation

Consider the nonlinear system
dx/dt = f(x) + g(x)u

where,

x is the system state,

u is the control input,

f(x) and g(x) are locally Lipschitz functions with f(0) = 0.

In conventional optimal control theory [1], the common
objective is to find a control policy u that minimizes certain
performance index. In this chapter, it is specified as follows.

(1.1)

J(x0; u) = J:: r(x(8, ult))dt; x(0)=xo (1.2)

where,
r(x, u) = Q(x) + uTRu, with Q(x) a positive definite function,
and R is a symmetric positive definite matrix.

2.2 Optimality and stability

Here, we recall a basic result connecting optimality and
global asymptotic stability in nonlinear systems [2]. To begin
with, let us give the following assumption.

Assumption 2.1.2. There exists V°eP, such that the Hamilton-
Jacobi-Bellman (HJB) equation holds[16]
H(Vo)=0 (1.3)

Where,
H(V) = FVT(x)f(x)+Q(x)-(1/4)FVT(x)g(x)R1gT(x) " V(x)

Under Assumption 2.1.2, it is easy to see that Vo is a well-
defined Lyapunov function for the closed-loop system
comprised of (1.1) and

w(x) = = RITTVO(x) (14)
Hence, this closed-loop system is globally asymptotically
stable at x = 0 [3]. Then, according to [2], u° is the optimal
control policy, and the value function V°(x¢) gives the
optimal cost at the initial condition x(0) = x0, i.e.,

Vo(Xo) = min y J(Xo, u) =J(xo,u°), ¥ xo ER™  (1.5)
By Theorem 3.19 in [2], along the solutions of the closed-
loop system composed of (1.1) and u= i = —% R-1gT$‘1?, it

follows that ¥ (xo) = Vo(xo)-J 1u0-412xdt, ¥ xoeRn (1.6)
Finally, comparing (1.5) and (1.6), we conclude that Vo = V.
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Algorithm 2.1.1 Conventional policy iteration:

1. Policy evaluation: For i = 1; 2; _ _ _, solve for the cost
function V;i(x) € (1, with V;(0) = 0, from the following partial
differential equation.

L(Vi(x),ui (x)) =0. (1.7)
2. Policy improvement: Update the control policy by
Ut (0 =~ RGPV (18)

The following result is a trivial extension of [4, Theorem
4], in which g(x) is a constant matrix and only stabilization
over compact set is considered.

Notice that finding the analytical solution to (1.7) is still
non-trivial. Hence, in practice, the solution is approximated
using, for example, neural networks or Galerkin's method
[5]. When the precise knowledge of f or g is not available,
ADP based online approximation method can be applied to
compute numerically the cost functions via online data [6],
[7].

In general, approximation methods can only give
acceptable results on some compact set in the state space,
but cannot be used to achieve global stabilization. In
addition, in order to reduce the approximation error, huge
computational complexity is almost inevitable. These facts
may affect the effectiveness of the previously developed
ADP-based online learning methods.

2.3. Semidefinite Programming (SDP)

According to the equivalence between SOS programs and
SDPs, the SOS-based policy iteration can be reformulated as
SDPs [16] [17]. Notice that we can always find two linear
mappings  t: R x Rmxn— Rnyq and # : Rhp—Rmx*n. such
that given pER";; and k € Rmxn.,
1(p.K)"[x]2.24 = £(p"[x]2.2rK[X]1,2r1) (1.9)
#(pK)[X]12r1 = —f R1gTV(pT [X]22r) (1.10)
Then, by properties of SOS constraints [8], the polynomial
1(p, k)T[x]2,24 is SOS if and only if there exists a symmetric
and positive semidefinite matrix L € R"g*"q, such that
1(p, K)T[X] 224 = [X] 710 L[x] 10 (1.11)
Furthermore, there exist linear mappings Mp: Rox 0, — Rny,
and My, : Rngmg = Ry, such that, for any vectors p € Ry, 1 €
R4, and symmetric matrices PER"*". and L € Rg* g, the
following implications are true.

P’ [X]22r = [X]T 1, P[X]1r &= p=Mp (P) (1.12)
1T [x]22a = [X]T 14 L[X]1,0 & 1= My(L) (1.13)
using above assumptions policy iteration can be

reformulated as follows.
Algorithm 2.2.1 SDP-based policy iteration:
1. Leti= 1. Let po € R;r and K€ Rmx 1y satisfy Vo= po T[X]22r
and u; = Kj [X] 1,d-
2. Solve for an optimal solution (p;; P;; Li) ER"2, x R2xn,. x Rngx
nq to the following problem.
minyp1 cTp
s.t. t (p,ki) = M(L)

(1.14)
(1.15)

pi1-p=Mp (P) (1.16)
P=PT=0 (1.17)
L=LT=0 (1.18)

where ¢ =f 5(x)[x] 22r dX.
3: Go to Step 2 with ki1 = #(pi) and i replaced by i+1.

3. ONLINE LEARNING VIA GLOBAL ADAPTIVE
DYNAMIC PROGRAMMING

The proposed policy iteration method requires the perfect
knowledge of the mappings ¢ and #, which can be
determined if f and g are known exactly. In practice, precise
system knowledge may be difficult to obtain. Hence, in this
section, we develop an online learning method based on the
idea of ADP to implement the iterative scheme with real-
time data, instead of identifying the system dynamics. To
begin with, consider the system
Z=f+g(ui+e) (1.19)

where u; is a feedback control policy and e is a bounded
time-varying function, known as the exploration noise,
added for the learning purpose.

Lemma 3.1.1. Consider system (1.19). Suppose u; is a
globally stabilizing control policy and there exists V1€ F,
such that
FV1.1(f+ gui) + uTi RuiE 0.

Then, by completing the squares, it follows that
FVT.i(f + gu; + ge) = -uiT Ru; - 2u;T Re
- Juive |2+ [e] 2
= | e ZR
= | e | Zp +Vig
Suppose there exist p € R™27 and k; € R™ " such that V =
pT [x]22r and u; = ki[X]1,0. Then, along the solutions of the
system (1.19), it follows that
V=FVT (f+gu) + FVTBe
=-r(x,u) - L(V,u) +FVTge
=-r(x,u)-L£(V,u)+2(1/2R1gTFV)TRe

=-1(x, ui) -t (pki)T [X]2,24 - 2[x]T1a #(p)TR e (1.20)
where the last row is obtained by (1.9) and (1.10).
Now, integrating the terms in (1.52) over the interval [t, t +
&t], we have

P ([x(D]22r - [x(t + 5t)]22r)

= [T Ir(xu)+ ((pki)T[x] + 2[x]Ta(p)Reldt  (1.21)
Eg. (1.21) implies that, given p € R, i(p,ki) and #(p) can be
directly calculated by using real-time online data, without
knowing the precise knowledge of fand g.

Indeed, define

Fe = -[[X]T2,24 2[X]T1,q €TR ]T € Ropq*mny,

£ t2.i tgii
'?i:[frn_[ ”edtfn._[ Fedti Sy ;

Te dt ]TE qux(n2d+mnd)

tqi.i
rq[_j_.['r{x_. Uj) dt]T E

~ tL ez

Ei= [y v, w) dt )7 vxu) dt...
qu )

0i = [[x]22r | 10, [X] 2,21 | tqi-1,i%4" T € Raixng,
Then, (1.21) implies
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1(p. ki) ]_;
#i [wec{x{p]] = =i+ 0ip.

Assumption 3.1.2. For each i = 1; 2; _ _ _, there exists an
integer qio, such that when qi = qio the following rank
condition holds.

rank(#i) = nzq + mngq. (1.23)
Remark 3.1.2. Such a rank condition (1.23) is in the spirit of
persistency of excitation (PE) in adaptive control and is a
necessary condition for parameter convergence.

Given pERm; and ki € Rmxny, suppose Assumption 3.1.2.
is satisfied and q; = qjo for all i= 1,2,.... Then, it is easy to see
that the values of i(pki) and #(p) can be uniquely
determined from

ki _
[U;E;{’x{;:]:]] = (BT #)1#T(Zi+0ip)

Now, we are ready to develop the ADP-based online
implementation algorithm for the proposed policy iteration
method.

Algorithm 3.1.4. Global adaptive dynamic programming
algorithm

1: Initialization: Let po be the constant vector such that Vo =
po’[x]22r, and leti= 1.

2: Collect online data: Apply u = uj+e to the system and
compute the data matrices ¥, &5, and ©;, until the rank
condition (1.23) in Assumption 3.1.2 is satisfied.

3: Policy evaluation and improvement: Find an optimal
solution (p;, ki, P;, L) to the following optimization problem

(1.22)

(1.24)

min pkpL CTp (1.25)

. ML(L) ] = T )1ET(E .
s:it: [ vec(i)d = (FT2)LET(E +0;) (1.26)
pi1-p =M (P) (1.27)
P=PTz0 (1.28)
L=LT=0 (1.29)

Then, denote Vi = piT[x]2,2r, Ui+1 = ki+1[X]1,0, and go to Step 2)
withi=i+ 1.

4. ONLINE IMPLEMENTATION VIA GLOBAL
ADAPTIVE DYNAMIC PROGRAMMING

LetV=pT . Similar as in Section above, over the interval [tt
+ t], we have

pTB(x(1) - D (x(t+81)]
t+60

= [ (e w) + i(p k)T & + 257 (p)TRe] dt (1.30)
Therefore, (1.30) shows that, given p & RNy, i(p, Ki) and

#(p) can be directly obtained by using real-time online data,

without knowing the precise knowledge of fand g.
Indeed, define [17]
Ge.=-[GT20T @ eTR] T € Rly*m),

— tLi _ tIi _ tqi,i  _ .
Fiz[feo s Tedt iy Gedt.. rqi—1,i0e] " € RAXUymmD,

E F[Jﬁ_}lr{x,ui)dt J’rrl‘_'[lr{x,ui)dt... t;?;li_l-r{x,ui)dt]T € R,
Gi=[B(x) | i, [B(X) | s .o ]T € RexNy
Then, (1.30) implies

- [ ip. ki) ] = =

P L verqE(pyd T Y O1p.

Assumption4.1.1. For eachi=1; 2; __, there exists an integer
gio, such that, when qi =qjo, the following rank condition
holds.
rank(#i) =11 + ml. (1.32)

Let p ERN; and ki € Rmx1, Suppose Assumption 4.1.1 holds
.Then, i(p,k;) and #(p) can

(1.31)

and assume q; =qjo, fori=1,2
be uniquely determined by

j

[ uejik:]] = (212) 1% (51+ 6ip) (1.33)

Now, we are ready to develop the ADP-based online
implementation algorithm for the proposed policy iteration
method.

Algorithm 4.1.2 Global adaptive dynamic programming

algorithm for non-polynomial systems

1:  Initialization: Let po and ki

V, =paB, u, = k,a,and £(V,,u,) and leti= 1.

2: Collect online data: Apply u = uj+e to the system and
#, 5, and &;, until the rank

satisfying

compute the data matrices #;, 5
condition (1.32) is satisfied.

3: Policy evaluation and improvement: Find an optimal
solution (p;, h;, Ki+1) to the following optimization problem

min ppk €Tp (1.34)
h e T = =
sit: [ m{kj] = (F1€)1E1( 5+ 8,p) (1.35)
h € S*z (1.36)
pi-l - p S S+G (137)

Then, denote Vi = p; @ and uis1 = Kis1 3.
4: Go to Step 2) withi =< i+ 1.

5. ROBUST REDESIGN

Consider nonlinear system with dynamic uncertainties as
follows [17]

W = q(w, X) (1.38)

£ =f(x) + g(x) [u+i(w, x)] (1.39)
where x € R is the system state, we R, is the state of the
dynamic uncertainty, u € R™ is the control input, f: R» = R»
and g : Rr = Rrxm gre unknown polynomial mappings with
f(0) = 0.

Again, in the presence of the dynamic uncertainty, i.e. the
w-subsystem, Algorithm 4.1.2. may not lead to an optimal or
suboptimal control policy, since u; obtained in Algorithm
4.1.2. may not be stabilizing for the overall system (1.38)-
(1.39). Therefore, to balance the tradeoff between global
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robust stability and optimality, here we develop a method to
redesign the control policy. Similarly as in the previous
chapter, the idea is inspired from the work by [9, 10].

To begin with, we define the cost functional as

min J(xo, u) = J; [@(x) + uTRu] dt, (1.40)

where Q(x) = Qo(x) + & | x | 2, with Qo(x) is a positive definite
function, £ > 0 is a constant, R is a symmetric and positive
definite matrix.

Our design objective is twofold. First, we intend to
minimize the cost (1.40) for the nominal system

£ =f(x) + g(x)u, (1.41)

by finding online an optimal control policy u,. Second, we
want to guarantee the stability of the system comprised of
(1.38) and (1.39) by redesigning the optimal control policy.
To this end, let us introduce the following Assumption.
Assumption 5.1.1. Consider the system comprised of (1.38)
and (1.39).
There exist functions 4, 4 € Kt | &4, iy, £3 € K, and positive

definite functions W and %4, such that forallw € RPand x €
R», we have

Allwh=ww) =(lw)), (1.42)
|aw,x) [ = =i(|w])+ o] x]), (1.43)

together with the following implication:
W(w) = m5(] x| )= TWW)T q(w, x) = - xa(w). (1.44)

Assumption 5.1.1 implies that the w-system (1.38) is input-
to-state stable (ISS) [11, 12] when x is considered as the
input.

Let Vi € F and u; be the cost function and the control
policy obtained from Algorithm 4.1.2. Then, we know that
L(Vi, w) = 0. Also, there exist @, @& k &% such that the
following inequalities hold:

a(lx) = Vo) = Vi) = Vox) =7 (| x|), ¥xoE Rr;
(1.45)

The robustly redesigned control policy is given below:

wi = p2( | x[Dui+ e (1.46)
where 2(.) is a smooth and no decreasing function with g (s)
= 1, ¥ s > 0, e denotes the time varying exploration noise

added for the purpose of online learning.

Theorem 5.1.2. Consider the closed-loop system comprised
of (1.38), (1.39), and (1.46). Let Vi € F and u; be the cost
function and the control policy obtained from Algorithm
4.1.2 at the i-th iteration step. Then, the closed-loop system
is ISS with respect to e as the input, if the following gain
condition holds:

y>ripedleorzeglem +x,, (1.47)
whereis defined by
¥(s) = & _J| p— (1.48)

Proof. Let ¥1=#3® &l Then, under Assumption 5.1.1, we

immediately have the following implications
W(w) = x 1(Vi(x))

=W(w) = x3(a! (Vi(x) = x3(]x]))
= TW(w)T q(w, X) = - K4(W)
i

o [erar?e)
Deflne_ﬂ{x:]:__‘] Ain (A

(1.49)

. Then, along solutions of the system

comprised of (1.39), it follows that
VIT[f+ g (uri + 4)]

= Q) — |u; |24+ VgL (| x| P - 1D)u; +8 + e
= —Qlx) — 3% | g"VI |2 + VW g(A + &)

i 1 A .
= —Qlx) — | 5g™VW —;_a-1a|*n+;}_5-* |a+e|?

‘i|2l

&
»

=-Qo(x) - &2 | X | 2 + fA-2A max{ e | 2}

=-Qo(¥) - A7 (¥ — max{| 4 )

Hence, by defining ¥2 = &= (¥ — xy) "t e 5y = 475, it follows
that

V)= maxfy, (W)@ & — )7 (| e,

SVi(x)z &= (y — w,) ! emax{, = A~ (W), | e

= —xy) o & M) = maxfx, = A7 (WOw)). [ e}

= y(|x])—x; | x| = maxfe, o2t (W), [ ]}

g

=v(|x]) = |x| 2 maxfe, |wl. [e]}
= v(|x]) = max{|agw.0)]. |e]

= VT [f+ g (uris, 4)]= -Qo(x)

Finally, by the gain condition, we have
y>Kie Xt okge g o @+ K2
=ld>(y—x) tex, o tengeateod
=ld=@e (¥—x) tomy oA tonon o

= ld = ¥y;°%4 (1.51)

The proofis thus completed by the small-gain theorem [13].
Similarly as in the previous section, along the solution of the
system (1.39) and (1.46), it follows that

V= (f + gur)
=T {‘f + g‘.‘.,[l:]+":"1rﬂg§
= —‘J"':.h’,ﬂ[:] —L':V_.ﬂ[:] + "?'V'rgé
= —r(e,u;) —£0V,u) + 2CR-1g7 BVV)TRE
= —r{.r,u[] - E':]"-"J n[i?[:]T [J-']:_:d - E[x]{dx{p:]T.Ré

(1.50)

]

(1.52)
where & = p2( | x| 9)-1.
Therefore, we can redefine the data matrices as follows.

Indeed, define
g, = —[57 257 @ eTR]T Ry,

— tLi _ tLl _ tqidi  _ )

Ei=[lr; Tedt [y ; Fedt.. ot 1,1 0] T € Raix(yem),

= ti,i tLi tgi.i .
:i=[.rt|:|_|: T{IJUi)dt _rtj__[ 'r{-r.lui)dt... rq[_L.[T{.r;ui)dt]T E qu ’

8= [E(X) | i [E(X) | 2 1T € Raix Ny
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Then, the global robust adaptive dynamic programming
algorithm is given below.

Algorithm 5.1.3. The global robust adaptive dynamic
programming algorithm

1:  Initialization: Let po and ki
V, = pa®, uy = k,o and £(V,,1,), and leti= 1.

2: Collect online data: Apply u = ur,; = p( | x | *)u; + e to the

satisfying

system and compute the data matrices #;, Z;, and 0; until the
rank condition in Assumption 4.1.1, is satisfied.

3: Policy evaluation and improvement: Find an optimal
solution (p;h;ki:1) to the following optimization problem

minphk cTp (1.53)
h e e = =
s:t: [ uec{k:]] = (@T$) 1T (=1 + 6ip) (1.54)
h e S*o (1.55)
pi1-pESD (1.56)

Then, denote Vi = p; @ and Uis1 = Kis1 &.
4: Go to Step 2) withi < i+ 1.

6. NUMERICAL EXAMPLE

This section provides a numerical example to illustrate the
effectiveness of the proposed algorithms[17].

6.1 Jet engine dynamics

Consider the following system, which is inspired by the jet
engine surge and stall dynamics in [14, 15]

= —ax?—ax(2y + v (1.57)

(1.58)
where x > 0 is the normalized rotating stall amplitude, y is
the deviation of the scaled annulus-averaged flow, u is the
deviation of the plenum pressure rise and is treated as the
control input, a£[0.2, 0.5], be[1.2, 1.6], c£[0.3, 0.7] are
uncertain constants.

In this example, we assume the variable x is not available
for real-time feedback control due to a 0.2s time-delay in
measuring it. Hence, the objective is to find a control policy
that only relies on y. The cost function we used here is

¥ = —by? —ey? — (u+ 3xy + 3x)

J=ly 5y* +u?)dt (1.59)
and an initial control policy is chosen as
Ut == P2 () (2p — 1.47p* — 0.45x%) (1.60)

with g(s) = V2,

Only for the purpose of simulation, we set a= 0:3, b =1:5,
and c = 0:5. The control policy is updated every 0:25s. The
simulation results are provided in Chart 1 and chart 2. It can
be seen that the system performance has been improved via
online learning.
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Chart -1: Simulation of the jet engine: Trajectories of y
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Chart -2: Simulation of the jet engine: Trajectories of x

8. CONCLUSIONS

This paper has proposed a Novel method of dynamic
programming for the adaptive optimal control of nonlinear
systems. In particular, a new policy iteration scheme has
been developed. Different from conventional policy iteration,
the new iterative technique does not attempt to solve a
partial differential equation but a convex optimization
problem at each iteration step.

It has been shown that, this method can find a suboptimal
solution to continuous-time nonlinear optimal control
problems [1]. In addition, the resultant control policy is
globally stabilizing. In the presence of dynamic uncertainties,
robustification of the proposed algorithms and their online
implementations has been addressed, by integration with
the ISS property [11, 12] and the nonlinear small-gain
theorem [9, 13]. When the system parameters are unknown,
conventional ADP methods utilize neural networks to
approximate online the optimal solution, and a large number
of basis functions are required to assure high approximation
accuracy on some compact sets. Thus, neural-network-based
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ADP schemes may result in slow convergence and loss of
global asymptotic stability for the closed-loop system. Here,
the proposed method has overcome the two above-
mentioned shortcomings, and it yields computational
benefits.
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