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Abstract: In this paper, 1 study the
existence of solutions to a class of
nonlinear problem. I generalize the
existence results of a class of p-
Laplacian equation and extend it to a
(p,q)-Laplacian system. Using some
theorems, | establish sufficient
conditions under which, this problem
can be solved.
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1. INTRODUCTION

In recent years, BVP has received a lot of
attention. In [1] the authors have studied the
existence of solution to the nonlinear p-
Laplacian equation

— (r”_1|u'|p_2uljl = "y (r) f(w),on [0,1]
(1.1)

u(0)=0,u(1) =0
(1.2)

when r = |x|,x € 0 c R"*, ¥ € CY(R").

We introduce the following eigenvalue problem
— (Tn—1|u'|’ﬂ_2u') —

Ar"T L () lul P2, on [0,1]

(1.3)

u (0) = 0,u(1) =0,

In [3] the authors proved that (1.3) has a
countable number of eigenvalue {4},
satisfying 4, < 4;, when i=j,

lim, ,, A, =00 and the corresponding

eigenfunction u,(r) has exactly k —1 zero in
(0,1).

2. Preliminaries and Lemmas

In this section, we state some theorem
according to the references.

Consider u(0)= a,u (0)=0,()

In this paper, I study the following system:

—(r”_ |u| _ﬂu)l='r”_ Alr)flwv) 2
_(Trz—1|v'|?’ &y')

r*1B(r)g(wv)
{u(l] =0,u(0)=0
(1) =0,v(0)=0

(2.2)

Where

i)A,B ECY(R*),AB = ¢, on [0,+x];
ii)f, g € CH(R?),uf (u,v) = 0,vg(w,v) > 0,
when w,v# 0,f,g=¢e, =0 on(0,+00],r =0
then £(0,0) =0, g(0,0) =0.

Lemma (2.1) [1] Let {r.}; be zeros ofan
eigenfunction y, for (1.3) corresponding to 4,
satisfying
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O=mn<n <y, < <r,_y<7r =1L

i) Assume A =4, foreach 1 =i <k,there
exist a solution z, of

- [r”_1|z'|P_zz') + Ar" tw(z)|z| Pz =

0,(2.3)

Which has at least two zeros in (r,_;, ;).

ii) Assume A < A, ,foreach 1< i <k, there
exist a solution z, of (2.3) satisfying z,(r) on

LAt
Lemma (2.2) [1] Let M = 0,

w® = max{(r)|r € [0,1]} and « satisfy
k, +k F(a) = w*F(M). We define

8= Mp_;[kz + k,F(a) — W*F(M])_; =
0, (2.4).

Then the solution u(r,a) of (1.1), (¥) has the
following properties:

i}if w(r,a) hasno zeroin (ry,7,) and
satisfiese |u(r,a)| = M on [r, ] for some

r, 7, € [0,1], then we have r, — r, < 4.

ii) if u(r,a) has no zero in (x,y) for some
x,¥ € [0,1] satisfying ¥ — x = 24, then
lu(r,a)| = M for re (x+ 6, v—&).

In this paper, I extend the result of [1].  am
interested in investigating nonlinear the (p,q)-
Laplacian system (2.1) and (2.2).

3. MAIN RESULTS

In this section we state and prove some
lemmas and then a theorem to prove the
existence of positive solutions for system (2.1),
(2.2).

We introduce substitution for the solution
u(r,a) of (2.1) and (2.2) by using the
generalized sine function 5, (r) has been well
studied by ([3], [4], [6], [7])-

The function 5,.5, satisfies

|sprl

B
|5'|’.J (Tj| + ',’.:I—l = 1
A
S|+ =1
And
P p-2 —
g-2 a-2_ _ AT
(|5rq| Srq)r_l' |5q| 5¢=
In addition,
_ . (e-1P_at 2(p-1)Pr
T, = E_I'“p ! I —
B o (1- “r_r }E p BLHI‘E}
_ (q—l}ﬁ de _ El:q—l:l;.ff
']Tq =2 _JI.D . 1~ ‘.!J si.r.llfijl
|1——_]Iq q

Now, I define phase-plane coordinates
p; = 0 and @, for solutions u(r,a), v(r, a) of
(2.1) and (2.2) as following

Iu[ﬂ @) *ulr.a) = py(r.a) (s p (91{?3 ﬂ’:'] s p (EL (. a) :L
v(r.a) ¥ v(r.a) = palr.a) |S (6, (r. a)) I:_:'-"'t'.":’i': (r.a))

Irn_l W) wrnw) =p, (r.6)] S (8y(r.ad) P S (85(n ),

e5 (00| TV () = p(r )57y (Balr. @) TS g (Batr. )

With 6,(0,a) = i 8,(0,a) = 1} Then

-
s
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- r::r-'_-ii‘; .
g7 O, a) = lulr, )P + 5 F_L lu'tr, a)|
. %:n—:) (<)
ot ) = lwlr,a)l9 4 - ;-1 't e
So rn_"luelp_zuf _ |5"p p_z_‘."p
’ |ulP=2u s, 17 %s,
F E
2] _ |5'q|:_:5're
-— - El
T 5,

After differentiating with respect to r, we have

A f(wv)

g 1[?",@) = ( 1:]| =

TAG) () — i
(p—1yawﬂgsw@ﬂ“¢U+Twﬂ5p@ﬂnaHF_Jxraaﬂ
plr.a) H

":'1-{7" a) —C Jul 72w

gbj_k [ﬂ ‘A’k:] -
Do (0,4, ) =

Oy (LA = km,,

[ Ln"" Ba |_(""

v (1LA,) = kﬂq,

In the rest of the paper, we consider
|(w, )| = lul + |v].

Lemma (3.1) i) Suppose
Fu -L-L:'

ulP-

lim mpl._.d—}[!l' {: ‘;Lkr

lim sup|, .o lgl:“lf < Ay, for k € M, then

there exists @, = 0such that8,(1,a) < km,,
8,(1,a) < km,forall a € (0,a,). Thatis the
solution (u(r,a),v(r,a)) of (2.1) and (2.2)

|5,(6:(r, a))|” +'r?’ 1|5 (BesaLNgSt ked.agros in (0,1) for @ € (0,a.].

ii') Suppose lim infj,_, l‘;;p;_i S
lim inf], .o IQI;Z} = A, for k € N, then there

n-1 a2 1
=" 7 A{r]:fu, b:]:]|5p{31{75 )" s, (8,6 aj}fﬁg;t@fxﬁj? Osuch that 8,(1,a) = km,,

8,(1,a) > km,, when « € (0,a,]. Thatis, the

8, (r ) = r B g(w.v) 15,(68, 6, 2)|° +'rl? 1|5q{9 (r.a)) |""S({]§l¥ on (u(r,a),v(r,a)) of (2.1) and (2.2) has

(g — )lvli-2v

" 1B(r)g(w,v) in
[q - 1]1‘:"2 (T‘, a:]

Also we have
pllre) i "l (uy)
—_— -1 n

pa(r.a) re T 51?':5*':‘"*”']

The phase function for (2.1) and (2.2) with
A =4, ,we conclude

i3, Alr}

P 1 (r,d) = |5 [‘?blk (r, H’kj)| +

atleast k-1 zerosin (0,1)for a € (0,a.].

|5q [.92 (r.a) ) | T4 a1 |5 ; [52 (r,a) ) | a Broof, 4)&he assumption implies that, there

exists & = 0 and A = 0 such that

Fluz) glur)
Lo oy <a,, 222

- < A< 4, for

(ﬁ' (r.@))5 (8, & cg']|u| + |v| = §. Since (u, v) = 0 is a solution

of (2.1) and (2.2), there exists @, = 0 such that
|(u(r, a),v(r,a))| < dfor 0 < a < a, and
r € [0,1]. From (3.3), (3.4) we have

TF_"|51!= [:Gbm (T"ﬂlk])r 6'1(ra) < ﬂ” [H (r, a::])|
'rr:—‘—|5?J (8,(r,a))[”
= F(T!‘:I'k’gbijr (3-5:] = F(T:*‘lqubl]'
. j (r) i
¢ 5 (rdi) = (a- :;. |5 (¢2e(r.2 k])|q 8’ (r, a) ‘:L}H (6,(r, cx])|
TE|5:} [:qbzk (T"r’lk:]” T"q_"|5q [:'5'2 [T"r‘xj”q
=G(r,A,.0,), =G(r, Ay, @s).
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Letu,,v, be the solution of (1.3) with A = 4,
and ¢, ,¢,, beits Priifer angle, thenu,,v,
are eigenfunctions of (1.3). Thus

Py (LA,) = ki, P2 (LA,) = km, The
comparison theorem was studied by ([8], p.30),
include that 8,(1,a) < ¢4,(1,4,),

6,(La) < ¢, (LA )0<a<a,.

ii’) By assumption, we have there exist exists
Flua)

§ =0and A > 0suchthat - A=A,
l‘il"ii =214, when 0 < |ul + |v| < 6.

Similar to (i), we get, there exists @, = 0 such
that

0 < |(u(r,a),v(r,a))l <& for 0 < a < a, and
r € [0,1]. So,

Fflulra) wira)) glulra) wira))

lulrad [P~ u (rad > A lvlrad| T v (r) = Ay by
(3.3) and (3.4) we get
1(7" a) :‘ﬂﬁ [H (r, a::])|
r‘—‘F S, [:5'1[7", cz::])rJ
=F(r,A. o)
0',(r,@) > —2E |5 (0,(r, )| +

= "
= G(T:Akr‘ib:]-

Similar as in (i), we have 8,(1,a) = km,,
8,(1,a) = km .

Lemma (3.2) i) Assume that
Fluz)

lim mfal—>m| P Ay,

lim mf'”‘ml I:Z} = Ay, for k € M, then

there exists &* = 0 such that the solution
(u(r, @), v(r,a)) has at least k zeros in
(0,1) % (0,1) for @ € [a*, 00).

ii) Assume that lim sup, ‘m% < A,
lim suthmlgl:!f < Ay, for k € M, then

there exists &* = 0 such that the solution
(u(r, &), v(r,a)) has at most (k -1) zeros in
(0,1) x (0,1) for a* < a.

Proof. i) by assumption, there exist

A =>4, and M = 0 such that

Flua) gluw)

FIEte A=A, =S

lul + lvl = M, (3.6).

= A= A, when

Letu,,v, be the k-th eigenfunction of (1.3)
corresponding to 4, and {r; }<, be zeros of
u,,v, with r, = 0andr, = 1. Lemma (2.1)
implies that, there exists a solution z,;, z,, of
(2.3) having at least two zeros in (r._;,r.).
Now, fix i € {1,2, ..., k}, let t,,t, be zeros of
Z4;, Z5; Satisfying v,y < t; < t, <71, .By
(2.4) and remark that § tends to zero as a
tends to infinity. For this i , we can choose
an a; > 0 such that »,—»,_;, = 24, and

[ty.t,] © (rioy + 6, v, — &8.), where a; and &,
are consistent with (2.4). Let « = a;, we prove
u(r,a), v(r, @) have atleast one zero in
(r._y, 7). Suppose that u(r,a), v(r, &) have no
zero in (r,_y, ;). Lemma (2.2) (if) implies that

lu(r,a)| = M, |v(r, a)| = M, when
r e (r_y +8,, r.— §.). From (3.6), we

AP flulra)eir.a))

have A4d(r) < P

Elr)glulra) vira))
AB(r) < o Ora)i T

r€[tpt] c(riy +8, 1, —6))

, for

Then (in [5],p. 182) implies that u(r, a), v(r, a)
have at least one zero in (t,,t,). This leads to a
contradiction. Hence u(r, &), v(r, &) with

a = a; have atleast one zeroin (r._,,7,).

© 2016, IRJET | ImpactFactor value: 4.45

IS0 9001:2008 Certified Journal |

Page 979



’,/ International Research Journal of Engineering and Technology (IRJET) e-ISSN: 2395 -0056

JET Volume: 03 Issue: 02 | Feb-2016

www.irjet.net

p-ISSN: 2395-0072

Lk} If @ = a®, then
u(r, &), v(r, &) have at least one zero in

Seta® = max{a;|i = 1,2,

(r._y, 7)) foreach i =1,2,..., k. [t means that
u(r,a), v(r, @) have at least k zeros in (0,1) for

a € [a*, o).

ii) by assumption, there exist 4 < 4, and
M = 0 such that

gluw) -L-L:'

~ <4< 4, when
lul + |v| = M, (3.7).

Foreverya = 0,let ¢,(r,a) and ¢, (r a) be
the Priifer angle of the solutions of (3) with

A and 4, .So,

¢y (1, @) = km, ¢35, (1,@) =km, hence by
the comparison theorem,

¢, (La) =km,— ¢ ¢, (La)=
and from (3.3) and (3.4) ¢,(r,a) satisfying

ﬂ.’ —5£=0

(r @) =205 (¢y(r. @) +
ro-: ISp (4(r, fﬂ)l

=F(r.a.¢,),
:lE‘lr::l
¢, L a) = |5 [‘i‘f’ﬂ[T;cx])F
Tq_:|5q[:¢2(7"; EI:])|
= G(r, Ay 1), (38)
Define:
flzu': ra) ol r},ﬂ)
R(r,a) = {utnalPZulra) * lu(r,a)| < M
A , Julr,a)l =M
g' ulr.o), L.,ﬂ,ﬂ]
T(r,a) = lv(rad |2 (ra) Jelr,a)| = M
Je(ra)lz M

By (3.3) and (3.4) and comparing with (3.8)
there exists a sufficiently large «*,

flulrad wira)) glulr.a).vira)
oy el oo (v
for |u(r,a)| < M, |v(r,a)| <M and a = a*.
So 8,(r, &), 8,(r, a) are uniformly bounded for

can be small

)

a = a* and r € [0,1]. The number of zeros of
u(r,a), v(r,a) of (1.1) and (#) is uniformly
bounded for a = a*.

Also, we have lim, _||I;;.|| = 0 (3.9) when
Ly =1r € [0,1]llu(r, a)| < M}, now, let

i, (r, &) be the solution of the equation

Y, (rajzﬁ((rawj i=12, (3.10)
satisfying ¥, (0, &) = - E Y, (0,a) = —;‘L and

from (3.5) with A =4, and (3.9) we obtain
(fore = a* and r € [0,1] )

Y (@) = 91 (@) = [ (H(s.a9) — Fls,a00))ds

= [ AaG.ap) ~ Fls.aw) +Fls.ap) — Fls.a0
o

o [:1101(5; ‘xj)FdS

T ad
+ L E F[Sr &, ‘f-ij [:wi (5’ a::] B ¢1 (S’ rx]}riS,

And

P, (v, ﬂ:] — ¢, (r,a) =
) —‘FL:]|.‘5q[:1,£r2 (s, cx])|qris

T ad
+ 5y S @800 — (5. )ds

Where ¢, (s, a) is between ¢, (s, a) and ¢, (s, a).
By (3.9), we get

I p_l A(s) (R(s,@) = DS, (1 (s @) ds|

{f; a)— A)ds < &

M.

© 2016, IRJET | ImpactFactor value: 4.45

IS0 9001:2008 Certified Journal |

Page 980



’,/ International Research Journal of Engineering and Technology (IRJET) e-ISSN: 2395 -0056

JET Volume: 03 Issue: 02 | Feb-2016

www.irjet.net

p-ISSN: 2395-0072

And also we have

I q_l B(s)(T(5,@) — |5, (s (s )| s

It o

a = a*, § = 0.Note that ‘—F(s,a,fij‘ and

are bounded by k;,k, = 0.

‘E‘tf.:-z

So, we have
[y (ra) — @y (r,a)| < 6+ .r[: kil (s, a) —
qbl (Sr ﬂfj | d..'i'

|11{’: (r,a) — @2 (ra)l <&+ .r; kzw’: (s,a) —
P, (Srijlfi-?

If § <eze ™ ,§ < ze™ 2, Bythe Gronwell
inequality, we obtain

|11{,r1 [Tr ﬂfj - ¢1(T1 ijl = ISE kar < £,
|11EI2 [:T',ﬂfj - qb: (Tr ﬂf]l = '5'9 kT < &
Hence yy(r,a) < ¢,(r.a)+e,
Y, (Tr ﬂfj < ¢, [T, ij +e&,
So,
,(r.a) =y, (r.a) < ¢,(r.a) + e = kym,,
8, (ra) = yY,(r.a) < ¢, (ra) +e=kym,,

Now, the proof is completed.

Theorem (3.3) Suppose that there exists an
integer k £ M such that

Fluw)
< A, < lim Lﬂfd|—>m|u|T’

u

Fluw)

lim mp|._.l_|—>[!l| ul P2y

(3.11)

gluw)

lim SUP|y| =0 [ a5y <A, <

)
lim inf|,| oo Iil‘?%‘u .(3.12)

Then (2.1) and (2.2) have a solution with at
most k-1 zeros in (0,1).

Proof. By (3.11) and lemma (3.1) (i), there
exits a, = 0such that

6,(1,a) <km,.0,(1,a) <k, for a<e,.
Lemma (3.2) (i) implies that there exits a* = 0
such that 8,(1,a) = kn, ,6,(1,a) = km, for

a = a*. Since

6,(1,a) =km,,0,(1,a)=kn
(3.12) can be proved. Now the proofis

g - Similarly

completed.
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