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1. INTRODUCTION

There are many concepts of universal algebras generalizing
an associative ring ( R ; + ;. ). Some of them in particular,
nearrings and several kinds of semirings have been proven
very useful. Semirings (called also halfrings) are algebras
(R; +;.) share the same properties as a ring except that ( R
; + ) is assumed to be a semigroup rather than a
commutative group. Semirings appear in a natural manner
in some applications to the theory of automata and formal
languages. An algebra (R ; +,.) is said to be a semiring if (R ;
+) and (R ; .) are semigroups satisfying a. (b+c ) =a. b+a.c
and (b+c).a= b.a+c.aforall a,b and cin R. A semiring R is
said to be additively commutative if a+b = b+a for all a, b
and c in R. A semiring R may have an identity 1, defined by 1.
a=a=a.1and azero 0, defined by O+a=a =a+0 and a.0
=0 =0.aforall ain R. A semiring R is said to be a hemiring
if it is an additively commutative with zero. After the
introduction of fuzzy sets by L.A.Zadeh[23], several

researchers explored on the generalization of the concept of

fuzzy sets. The concept of intuitionistic fuzzy subset was
introduced by K.T.Atanassov[4,5], as a generalization of the
notion of fuzzy set. The notion of anti fuzzy left h-ideals in
hemiring was introduced by Akram.M and K.H.Dar [1]. The
notion of homomorphism and anti-homomorphism of fuzzy
and anti-fuzzy ideal of a ring was introduced by
N.Palaniappan & K.Arjunan [16], [17], [18]. In this paper, we
introduce the some Theorems in (T, S)-intuitionistic fuzzy

subhemiring of a hemiring.

2. PRELIMINARIES

2.1 Definition

A (T, S)-norm is a binary operations T: [0, 1]x[0, 1] — [0, 1]
and S: [0, 1]x[0, 1] — [0, 1] satisfying the

following requirements;

(i) T(0,x)=0,T(1,x)=x (boundary condition)
(ii) T(x,y) = T(y, x) (commutativity)

(iii) T(x, T(y, z) )= T ( T(x,y), z ) (associativity)

(iv) ifx <yand w <z then T(x, w ) < T (y, z )(

monotonicity).
(v) S(0,x) =x,S (1,x) =1 (boundary condition)

(vi) S(x,y) =S (y, x )(commutativity)
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(vii) S (%, S(v, z) )= S ( S(x, ¥), z ) (associativity)

(viii) if x <y and w <

monotonicity).

2.2 Definition
Let (R, +,.) be a hemiring. A fuzzy subset A of R is said
to be a T-fuzzy subhemiring (fuzzy subhemiring with
respect to T-norm) of R if it satisfies the following
conditions:

(1) palx+y) 2 T(pa(x), ua(y) ),

(ii) pa(xy) = T(pa(x), na(y) ), forallx and y in R.

2.3 Definition

Let (R, +,.) be a hemiring. A fuzzy subset A of R is
said to be an anti S-fuzzy subhemiring (anti fuzzy
subhemiring with respect to S-norm) of R if it satisfies

the following conditions:
(D) palx+y) = S(ua(x), ma(y) ),
(i) pa(xy) = S(pa(x), pa(y) ), for allx and y in R.

2.4 Definition

Let (R, +,.) be a hemiring. An intuitionistic fuzzy
subset A of R is said to be an (T, S)-intuitionistic fuzzy
subhemiring(intuitionistic fuzzy subhemiring with
respect to (T, S)-norm) of R if it satisfies the following

conditions:

(D palx+y) =T (pa(x), paly) ),

(i) pa(xy) =T (pa(x), pa(y) ),

(i) va(x+y) =S (va(x), va(y) ),

© 2016, IRJET | Impact Factor value: 4.45

z, then S (x, w ) < S (y, z )(

(iv) va(xy) < S (va(x), va(y) ), forall x and y in R.

2.5 Definition

Let A and B be intuitionistic fuzzy subsets of sets G and
H, respectively. The product of A and B, denoted by
AxB, is defined as AxB = {((x, ), uas(X, ¥), vVaxa(x%,y) ) /
for all x in G and y in H }, where pa.s(%, y) = min {
ua(x), pe(y) } and va.s(x, y) = max{ va(x), va(y) }.

2.6 Definition

Let A be an intuitionistic fuzzy subset in a set S, the
strongest intuitionistic fuzzy relation on S, that is an
intuitionistic fuzzy relation on A is V given by py(x, y)

= min{ pa(x), pa(y) } and vy(x, y) = max{ va(x), va(y) },

forallxandyinS.
2.7 Definition

Let (R, +,.)and (R, +,.) be any two hemirings. Let
: R > R be any function and A be an (T, S)-
intuitionistic fuzzy subhemiring in R, V be an (T,
S)-intuitionistic fuzzy subhemiring in f(R)= R', defined

by w(y) = SUP 169 and w(y) = jnf va(x), for

xef2(y) xef(y)

all xin R and y in R'. Then A is called a preimage of V
under f and is denoted by f -1(V).

2.8 Definition

Let A be an (T, S)-intuitionistic fuzzy subhemiring of a
hemiring (R, +,-)andainR.
Then the pseudo (T, S)-intuitionistic fuzzy coset (aA)r
is defined by ( (apa)?)(x) = p(a)ua(x) and ((ava)?)(x) =

p(a)va(x), for every x in R and for some p in P.
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3. PROPERTIES

3.1 Theorem

Intersection of any two (T, S)-intuitionistic fuzzy
subhemirings of a hemiring R is a (T, S)-intuitionistic

fuzzy subhemiring of a hemiring R.

Proof: Let A and B be any two (T, S)-intuitionistic
fuzzy subhemirings of a hemiring R and x and y in R.
Let A={(x pa(x), va(x) ) /xR } and B={
(%, us(x), ve(x) ) / xeR } and also let C = AnB = { (x,
He(x), ve(x) ) / xeR }, where min { pa(x), us(x) } = pe(x)
and max { va(x), ve(x) } = v¢(x). Now, pc(x+y) = min
{ualx+y), pe(x+y)}z min{ T(ua(x), pa(y) ), T(us(x),
us(y)) 32 T(min{ pa(x), ue(x) }, min { pa(y), us(y) }) =
T(pc(x), pe(y)). Therefore, pc(x+y) = T(pe(x), pe(y) ),
for all x and y in R. And, pc(xy) = min { pa(xy), us(xy)}
2 min {T (ua(x), pa(y) ), T(us(x), us(y)) }2 T( min {
na(x), pe(x) }, min {ua(y), ue(y) }) = T (ne(x), pe(y) ).
Therefore, puc(xy) = T(pc(x), ue(y)), forall xand y in R.

Now, v¢( x+y ) = max { va(x+y), ve(x+y) } £ max
{S(va(x), va(y) ), S(va(x), ve(y))} < S(max{ va(x), va(x) },
max { va(y), ve(y) }) = S (ve(x), vc(y) ). Therefore,
ve(x+y) < S(ve(x), ve(y) ), for all x and y in R. And,
ve(xy) = max {va(xy), va(xy)} < max { S(va(x), va(y) ), S
(ve(x), va(y))} < S( max {va(x), ve(x)}, max {va(y), vs(y)
D =S(ve(x), ve(y) ). Therefore, ve(xy) < S (ve(x), ve(y) ),
for all x and y in R. Therefore C is an (T, S)-

intuitionistic fuzzy subhemiring of a hemiring R.

3.2 Theorem

The intersection of a family of (T, S)-intuitionistic
fuzzy subhemirings of hemiring R is an (T, S)-

intuitionistic fuzzy subhemiring of a hemiring R.

© 2016, IRJET | Impact Factor value: 4.45

Proof: It is trivial.

2.3 Theorem

If A and B are any two (T, S)-intuitionistic fuzzy
subhemirings of the hemirings R: and R; respectively,
then AxB is an (T, S)-intuitionistic fuzzy subhemiring
of RixRa.

Proof: Let A and B be two (T, S)-intuitionistic fuzzy
subhemirings of the hemirings R; and R; respectively.
Let x1 and x; be in Ry, y1 and y; be in R,. Then ( x4, y1)
and (xz, y2) are in RixRa. Now, pa.s [(X1, y1)+(X2, y2) | =
{ma(xi+x2), ps(y1+y2)}
2 min{T(pa(x1), pa(x2)), T(es(yd), we(y2)) 2
T(min{pa(x1), pe(y1)}, min{pa(x2), pe(y2)})= T(pmaxs(x1,
y1), paxs(xz, y2)). Therefore, pas[(x1, y1) + (X2, y2)] 2

HaxB (X1+X2, y1+y2) = min

T(paxe (X1, y1), bas (x2, y2) ). Also, pas[(x1, y1) (x2, y2) ]
= paxs (X1Xz, y1y2) = min { pa( xixz ), ps( y1y2) }= min {T
(a(x1), pa(x2) ), T (us(y1), pe(yz) )}z T(min{ua(x1),
us(y1)}, min {pa(x2), ps(y2)}) = T(pac (X1, y1), was (X2,
y2) ). Therefore, pa.s[(x1, y1)(x2, y2)] =T(pass(x1, y1),
Hax(X2, ¥2)). Now, vam[(x1, y1) + (%2, ¥2) | = vas(xi+xz,
yi+y2) = max {va(x1+x2), ve( y1+ y2)} < max { S (va(x1),
va(x2) ), S (vB(y1), ve(y2) ) }< S(max{va(xi), vs(y1)},
max{va(xz), va(yz2) }) = S(vaw (x1, y1), va (X2, y2) ).
Therefore, vas [(X1, y1)+(X2, ¥2)] £ S (Vaxs (X1, Y1), Vass
(x2,y2) )- Also, vas [ (%1, y1) (X2, ¥2) ] = Vas (X1X2, y1y2) =
max { va( xix2 ), va( y1y2 ) }< max { S(va(x1), va(x2) ),
S(ve(y1), vs(y2)) }= S(max {va(x1), vs(y1) }, max{va(x2),
ve(y2)}) = S(vaxs(x1, ¥1), vaxs(X2, ¥2) ).

Therefore, va.s[(x1, y1) (%2, ¥2)] € S(vas(X1, y1), Vaxs(X2,
y2)). Hence AxB is an (T, S)-intuitionistic fuzzy

subhemiring of hemiring of RixRa.
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3.4 Theorem

If Ais a (T, S)-intuitionistic fuzzy subhemiring of a hemiring
(R, +, ), then pa(x)< pa(0) and va(x) = va(0), for x in R, the

zero element 0 in R.

Proof: For x in R and 0 is the zero element of R. Now, pa(x)
= pa(x+0) > T(pa(x), na(0)), for all x in R. So, pa(x) < pa(0) is
only possible. And va(x) = va(x +0) < S( va(x), va(0) ) for all x

in R. So, va(x) 2 va(0) is only possible.

3.5 Theorem

Let A and B be (T, S)-intuitionistic fuzzy subhemiring
of the hemirings Ry and R; respectively. Suppose that 0
and 0, are the zero element of R; and R; respectively.
If AxB is an (T, S)-intuitionistic fuzzy subhemiring of
RixRy, then at least one of the following two
statements must hold. (i) ps(0,) = pa(x) and vg(0, ) <
va(x), for all x in Ry, (ii) pa(0) > pe(y) and va(0 ) <
vg(y), for all y in R,.

Proof: Let AxB be an (T, S)-intuitionistic fuzzy
subhemiring of RixRz. By contraposition, suppose that
none of the statements (i) and (ii) holds. Then we can
find a in R; and b in Rz such that pa(a) > us(0, ), va(a) <
vg(0,) and pg(b) > pa(0), ve(b) < va(0). We have,
ua.e(a, b) = min{ua(a), ps(b)}> min {us(0, ), na(0) }=
min { pa(0), pe(0; ) }= pass (0, 0, ). And, vas (a, b) =
max{va(a), ve(b) }< max {vg(0, ), va(0) }= max{va(0),
vg(0,) }= vas(0, 0, ). Thus AxB is not an (T, S)-
intuitionistic fuzzy subhemiring of R1xRz. Hence either
ue(0; ) = wa(x) and vg(0,) < va(x), for all x in Ry or
1a(0)= ps(y) and va(0) <vg(y), for all y in R>.

© 2016, IRJET | Impact Factor value: 4.45 |

3.6 Theorem

Let A and B be two intuitionistic fuzzy subsets of the
hemirings R: and R; respectively and AxB is an (T, S)-
intuitionistic fuzzy subhemiring of RixR,. Then the

following are true:

(1) if pa(x) < ps(0,) and va(x) = vg(0,), then A is an (T,

S)-intuitionistic fuzzy subhemiring of Ri.

(ii) if ps(x) < pa(0) and vp(x) > va(0), then B is an (T,

S)-intuitionistic fuzzy subhemiring of R..

(iii) either A is an (T, S)-intuitionistic fuzzy
subhemiring of Ry or B is an (T, S)-

intuitionistic fuzzy subhemiring of R».

Proof: Let AxB be an (T, S)-intuitionistic fuzzy
subhemiring of RixR; and x and y in Riand 0, in Ro.
Then (x, 0, ) and (y, 0, ) are in Ri1xRz. Now, using the
property that pa(x) < pus(0,) and va(x) > vg(0,), for all x
in R1. We get, pa(x+y) = min{ pa(x+y), ps(0,+0,)}=
nap((x+y), (0,40, )) = pas[ (%, 01) +(y, 0,)] = T(pac(x,
0 ), pa(y, 01)) = T(min{ua(x), ue(0,)}, min{ua(y),
us(01) }) = T(ua(®), ma(y)). Therefore, pa(x+y) =
T(pa(x), pna(y)), for all x and y in Ri. Also, pa(xy)
min{pa(xy), pe(0,0, )} = paxs( (xy), (0/0)) ) = pacs[(x,
0)(y, 0,) ] = T(uaxs(x, 0,), paxs(y, 0,)) = T(min{ pa(x),
us(0)},  minfua(y), we(0)}) = T(ua(®), pa(y)).
Therefore, pa(xy) = T(pa(x), pa(y) ), for all x and y in

Ri. And, va(x+y) = max{va(x+y), vs(0,+0)}= va.s(
(x+y), (040, )) = vaus[ (x, 0y )J+(y, 0] < S(vaus(x, 01 ),
vas(y, 01)) = S(max{va(x), va(0, ) }, max {va(y),
ve(0, )}) = S(va(x), va(y) ). Therefore, va(x+y ) < S
(va(x), va(y) ), for all x and y in Ri. Also, va(xy)=
max{va(xy), vs(0,0, ) }= vas ( (xy), (0,0))) = vaw[(x,
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0) (y, 0, ) 1 <S(vax(x, 0, ), vaxe(y, 0, )) = S( max{va(x), of R if and only if V is an (T, S)-intuitionistic fuzzy
ve(0) ), max{va(y), va(0, )} = S(va(¥), va()). subhemiring of RxR.

Therefore, va( xy ) < S (va(x), v , for all x and y in
2(xy) (vaG), valy) ) y Proof: Suppose that A is an (T, S)-intuitionistic fuzzy

Ri. Hence A is an (T, S)-intuitionistic fuzzy L o
subhemiring of a hemiring R. Then for any x = (x1, X2)

subhemiring of Ri. Thus (i) is proved. Now, using the
and y = (y1, y2) are in RxR. We have, py(x+y) = pv[(x1,

property that pg(x) < pa(0) and vs(x) = va(0), for all x
in Ry, let x and y in Rz and 0 in Rs. Then (0, x) and (0, y)

x2) + (y1,y2)] = wixatys, xety2) = min{ua(x1+y1),
Ha(x2+y2)}2 min {T(pa(x1), pa(y1)), T(pa(xz), pa(y2) ) }=
T(min {pa(x1), pa(x2)}, min {pa(y1), pa(yz)}) = T(pv (x4,
X2), W (y1, ¥2)) = T(py (X), pv (y) ). Therefore, py(x+y) =
T(uw(x), wv(y)), for all x and y in RxR. And,

are in R1xR2.We get, pup(x+y) = min{ug(x+y), na(0+0) }=
min{pa(0+0), pa(x+y) }= pacs( (0+0), (x+y)) = pas[(0,
x)+(0, y)] 2 T(uas(0, x), pna.s(0, y)) = T(min{ua(0),
us(x) }, min{ua(0), ps(y)) = T(us(x), ps(y) ). Therefore,

pe(x+y ) =S (us(x), us(y) ), for all x and y in R». Also,

wixy)=pwl(x, x2)y1 y2)] = wilxy, xey2) =
min{ua(x1y1), pa(xzy2)} 2 min { T(ua(x1),
Ha(y1)), T(ua(x2), pa(y2)) }= T(min{ pa(x1), pa(x2)}
min{ua(y1), pa(y2)}) = T(pv(xs, x2), wv (yu y2) ) =
T(uv(x), py(y) ). Therefore, uy(xy) = T(pv(x), uv(y)), for
all x and y in RxR. We have, v(x+y) = w [(x1, x2) + (y1,

us(xy) = min{us(xy), ua(00 ) }= min{ua(00), us(xy)}=
Hax((00), (xy))= maxsl(0, x)(0, y )] = T(paw(0, x ),
tae(0,y) ) = T(min{ pa(0), ps(x) }, min{ pa(0), ps(y) })
= T(us(x), us(y) ). Therefore, pp(xy) = T(us(x), us(y) ),
for all x and y in Rz. And, vs(x+y) = max{vs(x+y),
va(0+0 )}= max{va(0+0), ve(x+y)}= va.s((0+0), (x+y))
= vaxs[(0, x)+(0, y)] < S(va.s(0, x), vaxs(0, y ) ) = S (
max{va(0), vs(x) }, max{va(0), ve(y) } ) = S (vs(x), va(y)
). Therefore, vg( x+y ) < S (vs(x), va(y) ), for all x and y

y2)] = vw(Xi+y1, X2+ y2 ) = max { va(xi+y1), va(xz+yz) }<
max { S(va(x1), va(y1) ), S(va(xz), va(y2))} < S(max
{va(x1), va(x2)}, max {va(y1), va(y2)})= S(vv(x1, X2),
w(y1, ¥2)) = S(vv(X), vv (y) ). Therefore, vy(x+y) < S(vv

(x), v (v) ), for all x and y in RxR. And, vv(xy) = vy[(x1,
in Ro. Also, ve(xy ) = max{vs(xy), va(00)}= max{va(00),

vi(xy)}= va.s((00), (xy) ) = vaxs[(0, X )(0, y)] < S(va.s(0,
x), vaxs( 0, ¥)) = S(max{ va(0), vs(x)}, max{ va(0),
ve(y)}) = S(ve(x), ve(y)). Therefore, vs(xy) < S(vs(x),
vg(y)), for all x and y in Rz. Hence B is an (T, S)-

X2) (y1, ¥2)] = vw( x1y1, X2y2 ) = max {va(x1y1), va(X2yz)
}<max {S (va(x1), va(y1) ), S (va(x2), va(y2)) }< S( max {
va(x1), va(x2) }, max{ va(y1 ), va(y2) } ) = S(vv(x1, x2),
w(ys, ¥2) ) = S(w (X), vv (y)). Therefore, vy(xy) <
S(w(x), vv(y)), for all x and y in RxR. This proves that
intuitionistic fuzzy subhemiring of a hemiring R». Thus
o o Vis an (T, S)-intuitionistic fuzzy subhemiring of RxR.
(ii) is proved. (iii) is clear.
Conversely assume that V is an (T, S)-intuitionistic
3.7 Theorem fuzzy subhemiring of RxR, then for any x = (x1, x2) and
y = (y1, y2) are in RxR, we have min{ pa(x1 + y1), pa(xz+
Let A be an intuitionistic fuzzy subset of a hemiring R
y2) } = w X1+ y1, Xo+ y2) = p [(x1, X2) + (y1, y2)] = pv
(x+y) 2 T(uy (x), w(y)) = T(uy (x1, X2), w(y1, y2)) = T(

min{pa(x1), pa(x2) }, min {ua(y1), pa(yz)}). If x2 =0, y2=0,

and V be the strongest intuitionistic fuzzy relation of

R. Then A is an (T, S)-intuitionistic fuzzy subhemiring
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we get, pa(xi+ y1) 2 T (pa(x1), pa(y1) ), for all x5 and yi
in R. And, min { pa(X1y1), pa(x2y2)} = pw(xwys, x2y2) =
w[(x1, X2)(y1, y2)] = pv(xy) = T(uv(x), py(y)) = T(uv(xa,
x2), w(y1, y2)) = T(min{pa(x1), pa(x2)}, min {pa(y1),
nayz2) 3. If x2 =0, y2=0, we get, ua(xiy1) 2 T (ua(x1),
pa(y1) ), for all x;and y1 in R.

We have, max { va(xi+ y1), va(xe+ y2)}= vyv( X1+ y1, X2+
y2) = v [(x1, X2)+ (y1, y2)] = v (x+y) < S (v (%), v (¥)) =
S(vv(x1, x2), vy, y2)) = S(max{ va(x1), va(x2)}, max
{va(y1), va(yz) })- If x2 =0, y»=0, we get, va(xi+yi) <
S(va(x1), va(y1) ), for all x; and y; in R.

And, max {va(x1y1), va(xzyz)} = wixwy1, x2y2) = vl(x1,
x2)(y1, y2)] = w(xy) < S(v(x), w(y) ) = S(vv(x1, x2),
w(y1, y2)) = S(max {va(x1), va(x2)}, max {va(y1), va(yz)
D-Ifx2=0, y2=0, we get va(x1y1) < S(va(x1), va(yi1)),

for all x;and y; in R.

Therefore A is an (T, S)-intuitionistic fuzzy

subhemiring of R.

3.8 Theorem

If A is an (T, S)-intuitionistic fuzzy subhemiring of a
hemiring (R, +,.),then H={x /xeR: pa(x) =

1, va(x) = 0} is either empty or is a subhemiring of R.
Proof: It is trivial.

3.9 Theorem

If A be an (T, S)-intuitionistic fuzzy subhemiring of a
hemiring (R, +,.), then (i) if pa(x+y)=0, then
either pa(x)= 0 or pa(y) = 0,for all xand y in R.

(i) if pa(xy) = 0, then either pa(x) = 0 or pa(y) = 0,for
allxandyinR.

© 2016, IRJET | Impact Factor value: 4.45

(iii) if va(x+y)=1, then either va (x)= lor va (y) = 1,for
allxandyinR.

(iv) if va(xy) = 1, then either va (x)= lor va (y) = 1,for
allxandyinR.

Proof: It is trivial.

3.10 Theorem

If A is an (T, S)-intuitionistic fuzzy subhemiring of a
hemiring (R, +,.),then H={(x, ma(x)):0<
pa(x) < 1land va(x) = 0} is either empty or a T-

fuzzy subhemiring of R.
Proof: It is trivial.

3.11 Theorem

If A is an (T, S)-intuitionistic fuzzy subhemiring of a
hemiring (R,+,)then H={(x, pma(x)):0<
pa(x) < 1} is either empty or a T-fuzzy subhemiring of
R.

Proof: It is trivial.

3.12 Theorem

If A is an (T, S)-intuitionistic fuzzy subhemiring of a
hemiring (R +,.),thenH={(x,va(x)):0<
va(x) < 1} is either empty or an anti S-fuzzy

subhemiring of R.
Proof: It is trivial.

3.13 Theorem

If A is an (T, S)-intuitionistic fuzzy subhemiring of a
hemiring (R+, . ), then [JA is an (T, S)-

intuitionistic fuzzy subhemiring of R.
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Proof: Let A be an (T, S)-intuitionistic fuzzy
subhemiring of a hemiring R. Consider A = { ( x, pa(x),
va(x) )}, for all x in R, we take [1A=B ={ (%, pus(x), vs(x) )
}, where pp(x) = pa(x), ve(x) = 1- pa(x). Clearly,
pwe(x+y) = T(us(x), ue(y) ), for all x and y in R and
us(xy) = T(us(x), us(y) ), for all x and y in R. Since A is
an (T, S)-intuitionistic fuzzy subhemiring
of R, we have pa(x+y ) = T(ua(x), na(y) ), for all xand y
in R, which implies that 1- vg(x+y) = T ( ( 1- vs(x) ), (
1- vg(y) ) ), which implies that vg( x+y ) < 1- T ( ( 1-
ve(x) ), ( 1- ve(y) ) ) < S (vs(X), va(y) ). Therefore,
ve(x+y) < S (ve(x), ve(y) ), for all x and y in R. And
pa(xy) =2 T (pna(x), pa(y) ), for all x and y in R, which
implies that 1- vg(xy) = T((1- vs(x)), (1- vs(y)) )

which implies that vg( xy ) < 1- T ( ( 1- vs(x) ), ( 1-
ve(y) ) ) < S( ve(x), ve(y) ). Therefore, va(xy) < S(vs(X),
vg(y) ), for all x and y in R. Hence B = [IA is an

(T, S)-intuitionistic fuzzy subhemiring of a hemiring R.

3.14 Theorem

If A is an (T, S)-intuitionistic fuzzy subhemiring of a
hemiring (R, +, .), then QA is an (T, S)-

intuitionistic fuzzy subhemiring of R.

Proof: Let A be an (T, S)-intuitionistic fuzzy
subhemiring of a hemiring R.That is A = { { x, pa(x),
va(x) ) }, for all x in R. Let 0A =B= { { x, us(x), va(x) ) },
where pg(x) =1-va(x), va(x) = va(x). Clearly, va(x+y) <
S (ve(x), va(y) ), for all x and y in R and vs(xy)< S(vs(x),
vg(y)), for all x and y in R. Since A is an (T, S)-
intuitionistic fuzzy subhemiring of R, we have va(x+y)
< S (va(x), va(y) ), for all x and y in R, which implies
that 1-pp(x+y) < S((1- ws(x) ), (1- ps(y))) which
implies that pg(x+y) = 1- S((1- ps(x)), (1- ps(y))) =
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T(us(x), us(y)). Therefore, pp(x+y) 2 T(us(x), us(y)),
for all x and y in R. And va(xy) < S(va(x), va(y)), for all x
and y in R, which implies that 1-ps(xy) < S((1-ps(x)),
(1-us(y) ) ), which implies that pgp(xy) = 1- S( (1-
ue(x)), (1-ps(y))) 2 T(us(x), ps(y)). Therefore, us(xy)=
T(ps(x), us(y) ), for all x and y in R. Hence B = 0A is an

(T, S)-intuitionistic fuzzy subhemiring of a hemiring R.
3.15 Theorem

Let ( R, +, . ) be a hemiring and A be a non empty
subset of R. Then A is a subhemiring of R if and only if

B = <ya,¥a> is an (T, S)-intuitionistic fuzzy
subhemiring of R, where Y, is the characteristic

function.

Proof: It is trivial.

3.16 Theorem

Let A be an (T, S)-intuitionistic fuzzy subhemiring of a
hemiring H and f is an isomorphism from a hemiring R
onto H. Then A-f is an (T, S)-

intuitionistic fuzzy subhemiring of R.

Proof: Let x and y in R and A be an (T, S)-intuitionistic
fuzzy subhemiring of a hemiring H. Then we have,
(Haof ) (x+y) = paf(x+y)) = pa(f(x)+(y)) = T(ua(f(x) ),
na( f(y) ) ) = T((a°(x), (uaf)(y)), which implies that
(Hacf) (x+y) 2 T((na°f)(x), (na°f)(y) ). And, (ua°f)(xy)
m(xy)) = wa(ff(y)) 2 Ta(fx)), pa(f(y)))

T((na°f)(x), (na-f)(y) ), which implies that (ua°f)(xy)
T( (naof )(x), (na°f)(y) ). Then we have, (vaof )(x+y) =
va( f(x+y)) = va(f(x)+(y)) < S(va(f(x) ), va(f(y)))
= S((va°f)(x), (va°f)(y) ), which implies that (vaef )(x+y)
< S((vasf)(x), (vaf )(¥) ). And (vasf)(xy) = va(f(xy)) =

v
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va(f(X)f(y)) < SC vaf(x) ), va( f(¥))) = S ( (vasf )(x),
(va°f)(y)), which implies that (va°f )(xy) < S( (va°f )(x),
(va°f )(v) ). Therefore (Aef) is an (T, S)-intuitionistic

fuzzy subhemiring of a hemiring R.

3.17 Theorem

Let A be an (T, S)-intuitionistic fuzzy subhemiring of a
hemiring H and f is an anti-isomorphism from a
hemiring R onto H. Then A°f is an (T,

S)-intuitionistic fuzzy subhemiring of R.

Proof: Let x and y in R and A be an (T, S)-intuitionistic
fuzzy subhemiring of a hemiring H. Then we have,
(nacf)(x+y) = pa(f(x+y)) = palf(y) +(x)) 2 T(pa(f(x) ),
ua( f(y)) ) = T( (pacf )(x), (na°f)(y)), which implies that
(nacf) (x+y) 2 T( pacf ) (x), (naf)(y) ). And, (na-f)(xy) =
m(fxy)) = mal fx) 2 T(ualfx), wal f(v))) =
T((pacf )(x), (naof )(y)), which implies that (paof)(xy) =
T( (paof) (%), (paof) (v) ). Then we have, (vaof)(x+y) =
va(f(x+y))= va( f(¥)+(x) ) = S (va(f(x) ), va(f(y) ) ) =
S((va°f)(x), (vacf)(y)), which implies that (vaof)(x+y) <
S((vaef)(x), (vasf) ().

And,(vaef)(xy) = va(f(xy)) = va(f(¥)f(x)) < S( va(f(x)),
va(f(y)) ) =S ( (va°f)(x), (vaof)(y) ) ,which implies that
(vaf)(xy) < S ( (va°f) (x), (vaof) (y) ). Therefore A°f is
an (T, S)-intuitionistic fuzzy subhemiring of the

hemiring R.

3.18 Theorem

Let A be an (T, S)-intuitionistic fuzzy subhemiring of a
hemiring (R, +, . ), then the pseudo (T, S)-

intuitionistic fuzzy coset (aA)P is an
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(T, S)-intuitionistic fuzzy subhemiring of a hemiring R,

for every ainR.

Proof: Let A be an (T, S)-intuitionistic fuzzy

subhemiring of a hemiring R.

For every x and y in R, we have, ( (apa)? )(x + y) =
p(@pa(x+y) zp(@) T ((pa(x), paly) ) =T (p(a)pa(x),
p(@uay)) =T (((ama)?)(x), ((apa)?)(y) ). Therefore,
((aua)P)(x+y) 2 T (( (apa)?)(x), ( (apa)?)(y) ). Now, (
(apa)?)(xy) = p(a)ua(xy) 2 p(a) T (ma(x), a(y) ) =T (
p(@)ua(x), p(@)ua(y) ) = T ( ( (apa)?)(x), ( (apa)?)(y) ).
Therefore, ( (apa)?)(xy) 2 T (( (apa)?)(x), ((ama)?)(y)
). For every x and y in R, we have, ( (ava)? )(x+y) =
p(a)valx+y) = p(a) S ( (va(x), va(y) ) = S ( p(a)va(x),
p@valy ) ) =S (((ava)p ) x ), ( (ava)? )) ).
S (((ava)P)(x),
((ava)?)(y) ). Now, ((ava)P)(xy) = p(a) va(xy) < p(a)
S (va(x), va(¥) ) =S ( p(a) va(x), p(a) valy) ) =S ((
(ava)P)(x), ((ava)P)(y) ). Therefore,  ((ava)?)(xy)
<S(((ava)r)(x), ((ava)r)(y) )- Hence (aA)r is an (T,

S)-intuitionistic fuzzy subhemiring of a hemiring R.

Therefore,( (ava)P)(x+y) <

3.19 Theorem

Let (R, +,.) and (R, +,.) be any two hemirings. The
homomorphic image of an (T, S)-intuitionistic fuzzy
subhemiring of R is an (T, S)-intuitionistic fuzzy

subhemiring of R'.

Proof: Let (R, +, .) and ( R, + .) be any two
hemirings. Let f: R — R' be a homomorphism. Then, f
(x+y) = f(x) + f(y) and f(xy) = f(x) f(y), for all x and y in
R. Let V = f(A), where A is an (T, S)-intuitionistic fuzzy

subhemiring of R. We have to prove that V is an (T, S)-
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intuitionistic fuzzy subhemiring of R'. Now, for f(x),
f(y) in R, wo( () + f(y)) = ol fx+y) ) 2 palx +y) 2 T
(na(x), pa(y) ) which implies that p(f(x) + f(y)) = T
(( £(x) ), wo( £(y) ) ). Again, p( f(x)f(y) ) = po( fxy) )
2 pa(xy) > T ( pa(x), pa(y) ),which implies that
w(fCfY)) 2 T (e(f(x) ), e(£(y) ) )-

Now,for f(x),f(y) in R', vo( f(x)+f(y) ) = w( f(x+y) ) <
va(x+y) < S (va(x), va(y) ), w(f(x) +f(y)) =S (wW(f(x)
) vw(f(y))).

Again, v( f()f(y) ) = vo( f(xy) ) < valxy) =S (va(x),
va(y)), which implies that v,( f(x)f(y) ) < S (w( f(x) ),
w( f(y) ) ). Hence V is an (T, S)-intuitionistic fuzzy

subhemiring of R'.
3.20 Theorem

Let (R, +,.) and (R, +,.) be any two hemirings. The
homomorphic preimage of an (T, S)-intuitionistic
fuzzy subhemiring of R' is a (T, S)-

intuitionistic fuzzy subhemiring of R.

Proof: Let V = f(A), where V is an (T, S)-intuitionistic
fuzzy subhemiring of R'. We have to prove that A is an
(T, S)-intuitionistic fuzzy subhemiring of R. Let x and y in
R. Then, pa(x+y) = p(f(x+y)) = w(f(x)+(y)) 2 T(uv( f(x)
) w(f(y)) ) = T(ua(x), wpa(y) ), since pv(f(x)) = pa(x),
which implies that pa(x+y) = T(ua(x), pa(y)). Again,
na(xy) = we(f(xy) ) = w(fEIf(Y)) 2 T (pe(£(x) ), pe(£(y)
)) =T (ua(x), na(y)), since py(f(x)) = pa(x) which implies
that pa(xy) = T(upa(x), pa(y)). Let x and y in R. Then,
valx+y) = w( f(x+y) ) = w( f(x)+f(y) ) < S(w( f(x) ),
w(f(¥))) = S(va(x), va(y) ), since vy(f(x)) = va(x) which
implies that va(x+ y) < S(va(x), va(y) ). Again, va(xy) =
w(f(xy) ) = vo(f()f(y) ) < S(v( £(x) ), vo( £(¥))) = S(va(x),
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va(y) ), since vy(f(x)) = va(x) which implies that va(xy) <
S (va(x), va(y) ). Hence A is an (T, S)-

intuitionistic fuzzy subhemiring of R.
3.21 Theorem

Let (R, +,.) and ( R, +. ) be any two hemirings. The
anti-homomorphic image of an (T, S)-intuitionistic
fuzzy subhemiring of R is an (T, S)-

intuitionistic fuzzy subhemiring of R'.

Proof: Let (R, + . ) and ( R, + . ) be any two
hemirings. Let f : R — R' be an anti-homomorphism.
Then, f (x+y) =f (y) + f (x) and f(xy) = f(y) f(x), for all x
and y in R. Let V = f(A), where A is an (T, S)-
intuitionistic fuzzy subhemiring of R. We have to
is an (T, S)-intuitionistic fuzzy

of R'. Now, for f(x), f(y) in R,

prove that V
subhemiring
w(fC)+(y)) = p(fy+x) ) 2 paly+x) 2 T(ua(y), pa(x)) =
T(ua(x), pa(y)), which implies that p,( f(x) + f(y)) =
T(e( f(x) ), w( £(y))). Again, puv( f(X)f(y)) = wo(f(yx) ) =
na(yx) 2 T(ua(y), pa(x)) = T(ua(x), pa(y)), which
implies that p,(f(x)f(y)) 2 T (pv(f(x)), we(f(y))). Now for
f(x), f(y) in R', vy(f(x)+£(y)) = w(f(y+x)) < va(y+x) < S(
va(y), va(x) ) = S(va(x), va(y) ), which implies that v,(
fx)+f(y)) < S(w(£(x) ), vo(f(¥) ) ).

Again, w( f(X)f(y) ) = w( f(yx)) = va(yx) < S(va(y),
va(x) ) = S(va(x), va(y)), which implies that v,( f(x)f(y)
) £ S (w( f(x) ), w(f(y)) ). Hence V is an (T, S)-

intuitionistic fuzzy subhemiring of R'.
3.22 Theorem

Let (R, +, .)and (R, +,.) be any two hemirings. The

anti-homomorphic preimage of an (T, S)-intuitionistic
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fuzzy subhemiring of R' is an (T, S)-

intuitionistic fuzzy subhemiring of R.

Proof: Let V = f(A), where V is an (T, S)-intuitionistic
fuzzy subhemiring of R'. We have to prove that A is an
(T, S)-intuitionistic fuzzy subhemiring of R. Let x and y
in R. Then, pa(x+y) = w(f(x+y)) = w( f(y)+f(x)) =
T(e(f(y)), v £(x))) = T(e(f(x)), ol f(¥))) = T(ma(x),
pa(y)), which implies that pa(x+y) = T(pa(x), pa(y) ).
Again, ua(xy) = w(f(xy)) = w(f(y)f(x)) = T(u(f(y)),
w(f(x))) = T(w( £(x) ), e £(¥) )) = T(ua(®), paly)),
since uy(f(x)) = pa(x) which implies that pa(xy) =
T(ua(x),  paly))- va(x+y) = vo(f(x+y))
W)+ ) < S(w(fy) ) w(f(x))) = S(v(f(x)),
w(f(y))) = S(va(x), va(y)) which implies that va(x+y) <
S(va(x), va(y)). Again, va(xy) = vv(f(xy)) = w(f(y)f(x)) <
S(v(f(y) ), w(f(x))) = S(w( £(x)), v(f(¥))) = S(va(x),
va(y)), which implies that va(xy) < S(va(x), va(y)).

Then,

Hence A is an (T, S)-intuitionistic fuzzy

subhemiring of R.
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