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Abstract

In this paper authors prove a Common fixed print theorem
for compatible mapping of type (R) in Fuzzy metric space
by using implicit relation. Our result modifies as well as
generalize the results of M.Koireng et al [10]. In [1] Cho et
al introduced the concept of semi compatibility in the
abstract D-metric space. Recently B. Singh et al [15]
introduced the concept of semi compatible mapping in the
context of a fuzzy metric space. The earliest important
result of compatible mapping was obtained by jungck [7].
Pathak, Chang and Cho [11] introduced the concept of
compatible mapping of type (P). In 2004, R.Singh et al [12]
introduced the concept by idea of compatible mapping of
type (R) by combing the definition of compatible mapping
and compatible mapping of type (P).

Our aspire in this paper is to define compatible of type R in
fuzzy metric spaces and prove some common fixed point
theorem of compatible map of type (R) by generalized
some interesting result [9].
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1. INTRODUCTION

The concept of fuzzy sets was introduced at first by Zadeh
[17] which laid the foundation of fuzzy mathematics.
George and Veeramani In [5] modified the notion of fuzzy
metric space introduced by Kramosil and Michalek [8].
They also obtained that every metric space induces a fuzzy
metric spaces. Sessa [16] proved a generalization of
commutatively which called weak commutatively. Further
Jungek [7] more generalized commutatively which is
called compatibility in metric space.

Sessa introduced the concept of weakly commuting
mappings and Jungck defined the notions of compatible
mappings in order to generalize the concept of weak
commutativity and showed that weak
mappings are compatible but the converse is not true. In

commuting

recent years, a number of a fixed point theorems and
coincidence theorems have been obtained by various
authors utilizing this notion. Jungck further weakened the
notion of weak compatibility and Jungck and Rhoades
further extended weak compatibility.

2. PRELIMINARIES AND DEFINATIONS:

Definition 2.1 [5] The 3-tuple (X, M, *) is called a fuzzy
metric space if X is an arbitrary set, * is a continuous

tnorm and M is a fuzzy set on X’ x(0,00) which
satisfying the following conditions:

1) M(x,y,t) >0
(2) M(X,y,t) =1 Ifand onlyif X =y
B Mxyt)=M(y,xt)
4) M (X, y,t)*M(y,z,3) < M(X,z,t+5)
(5) M (X,Y,.) : (0,00) —>[0,1] is continuous, for all
X,¥,Z2€ X and t,5>0
Example 2.1.1 : Let (X,d) be a metric space and
a*b=ab or a*b=min{a,b}.

t
t+d(xy)
t >0 then (X,M,*) is a fuzzy metric space.

Let M(Xx,y,t) = for all X,y e X and

Definition 2.2 [13] A sequence {X,} in a fuzzy metric

space (X, M,*) is said to be a Cauchy sequence if and

only if for eachz = 0,t > O there exists X € N such that

M(X,,X,,t) >1—¢&,Forall n,m 2> X,

The sequence {X,} is said to converge to a point X in X

if for eachg >0, t>0 there exists X, € N such that
M(X,,X,t) >1—¢ forall N > X,

A fuzzy metric space (X, M,*) is said to be complete if
every Cauchy sequence in it converges to a point in it.

© 2016, IRJET

IS0 9001:2008 Certified Journal

Page 248



’// International Research Journal of Engineering and Technology (IRJET) e-ISSN: 2395 -0056

JET Volume: 03 Issue: 01 | Jan-2016

www.irjet.net

p-ISSN: 2395-0072

Definition 2.3 [15] A pair of self mappings (4, S) of fuzzy
metric space (X,M,*) is said to be compatible if
LimM (ASx,,SAX,,t) >1 wt =0

nN—o0

Whenever {X, } is a sequence in X such that

LimSx, = LImAX,, = X, for some X € X

nN—o n—

Definition 2.4 [14] A pair (A, S) of self mappings of a
fuzzy metric space is said to be semi compatible if
Lim ASx, = SX whenever{X,}is a sequence in X such

n—o

that Lim ASx, = LimSx, = X

n—o n—
So (A, S) is semi compatible and Ay =Sy implies
ASy = SAY by taking {X,} =Y and X = Ay = Sy.
Proposition 2.1 [2] In a fuzzy metric space (X, M,*)
limit of a sequence is unique.
Proof: Let {X .} — X and {X,} — Y then

LimM(x,,x,t)=1=LimM(x,,Y,t)

n—ow

Now M(X,y,t) >M(x,x,,t/2)*M(y,X,,t/2)
M(X,y,t) >1*1 (By taking limitn — o)
M(X,y,t)=1 forallt>0

Thus X =Y and hence the limit is unique.

Proposition 2.2 [15] If (A, S) is a semi-compatible pair of

self maps of a fuzzy metric space (X,M,*) and S in

continuous then (A, S) is compatible.

Definition 2.5 [9] Self mappings T and S of a fuzzy
metric space (X, M, =) is said to be compatible of type (R) if
LimM (STx,,TX,,t)=1 Forallt>0

n—o0

LimM (SSx,,TTx,,t) =1 Forallt>0

N—o0

Whenever { X }is a sequence in X such that
LimAx, = LimSx, =t
n—o n—o0
Lemma 2.1 [15] let (X, M, *) be a fuzzy metric space
If there exists k € X such that
M(x,y, kt) 2 M(x, y, t/k») for positive integer n
taking limit as n — oo,
M(x,y,k/t)=21 and hencex=y.
Lemma 2.2 [14] The only t-norm * satisfying r*r 2 r for
all re[0,1] is the minimum t-norm, that is,
a*b=min {a, b} foralla, b € [0,1]
Lemma 2.3 [13] :- Let (X, M, *) be a fuzzy metric space, if
there exist k@ (0, 1) such that M (x, y, kt) @ M (x, y, t) for
allx,y @ xand t>0, thenx =y.
Proposition 2.3 [9] Let (X, M, *) be a fuzzy metric space
and let T and S be Compatible mappings of type(R)
and Tz =Sz for some z € X then TTz =TSz = STz = SSz.

For somez € X.

Proposition 2.4 [9] Let (X, M, *) be a fuzzy metric space
and let A and S be Compatible mappings of type(R) and let

TX,,SX, — zasn—oo for some z€ X.
Then

() LimM (STX,,,Tz,z) =1 forif S is continuous at t
n—

(i) LimM (STx,,Sz,2) =1 forif T is continuous at t
n—o0

(iii) TSz = STz and Tz=Sz if T and S are continuous at z.

A Class of Implicit Relation -
Let @ be the set of all real and continuous from
#:[01]° — R satisfying the following conditions:
(A-1) @ Is non-increasing in second, third, fourth and fifth
argument
(A-2) ¢(u,v,u,v,v) >0 = u=v
#(u,v,v,v,v) >0 = u=v
Example:- ¢(t;,t,,1;,1,,t) =t, — Max{t,,t;,t,,t.}

3. MAIN RESULT

THEOREM 3.1
Let A, B, S and T is self mappings of a complete fuzzy

metric space (X, M,*) with continuous t-norm defined
by a*b=min{a*b}{a,b}<[01]
following conditions:
@ A(X) =T(X), B(X) < S(X)
(ii) Oneof A, B, Sand T are continuous.
(iii) Pairs (4, S) and (B, T) are compatible of type (R)
(iv) 3 Some K € (0,1) such thatforall X,y € X,t >0

#( M (Ax, By, kt), M (Sx,Ty,t), M (Sx, Ax, 1),

M (Ty, By, kt), M (Ty, Ax,t)) >0

WX,y e X,M(x,y,t) >1last—> o
Then A, B, S and T have a unique common fixed point.
Proof: Let X, € X be any pointas A(X) = T(X)
andS(X) < B(X), 3x,€XandX, € Xsuch that

AX, =TX, and BX; = SX,. Inductively we construct a

satisfying  the

sequence {Y, } in X such that
Yania = AXzn = TXp0,, And

Yoniza = BXppyy = SX2n+2; (y2n = SXZn) n=0,1

With X=X,,,Y =X,,,, using contractive condition, we

get
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A(M (AX,,, BX, 1, KE), M (S, TXy.1, 1), M (SX,, s AX,, ,)#(M (S2, 2, kt), M (Sz, 2,1), M (Sz, Sz, 1),

M (M1, By KE), M (T, 5, AXyp 1) )20
¢(M (y2n+1' Yoni2 kt), M (yzm y2n+l’t)’ M (yznv y2n+l’t)
M (Yan1s Yonio KOy M(Yaqi15 Yonia 1)) 20 And
SM (Yzn.1: Yaniz KD M (Y20, Yania 0 M (Yo Yonaa 1)
M (y2n+l7 y2n+2 ’ kt)!l) 2 0

Since ¢ is non-increasing and  is non decreasing in fifth
argument therefore,

B (Va1 Yan 2 KDIM (Van s Yo 1 2 M (Y, Yana D),
M (Y201 Yan 2 KOM (a1, Vo 2 8) )20
Therefore by (A-2),

M (y2n+1' Yons kt) > M (y2n+l’ Yon ) and
M (Y10 Yon KD 2 M (Y20, Yon101)

Hence M(Y,,,, Y, kKt) 2 M(y,, Y, ,t) foralln.

Now we show that
LimM (Y, Yq,t) =1 Forallpand t>0
n—o0

similarly

Now M (yn+l’ yn’t)
M (Y, Yo, /K)
M (yn’yn—Z’t/kz)

M(Y,, Yy, t/k") >1Ast/k” 5> 0asn— o

vV v

Thus the result holds for p =1. By induction hypothesis
suppose that the result hotels for p = r, now

MYy Yoirar 1) 2

M (Yo, Yair t12)*M (Yoir s Viirns 1/2) >1%1=1
Thus the result holds for p=r+1

Hence {Yy,} is a Cauchy sequence in X and as X is
complete we get{y, } >z € X.

Hence
AX,, = Z,5%,, > Z ()

TXy > 2,BX,, 4 > 2Z e (1)

Let S be continuous and pairs (A, S) are compatible of
type(R) we get

AS X,, —> Sz,S8Sx,,, — Sz

From contractive condition we get

#(M (ASX,, , BX,, ., kt),M (SSX,,,, TX,,,1,1),

M (S5%,, , ASXy, £), M (T, B, k)

M (I-X2n+1’ AXZn ’t)) 2 O

Taking limit as N — o0 we get

M (z,z,kt),M(z,2,t1)) >0
= ¢(M(Sz, z,kt),M(Sz,z,1),111) >0
Since @ is non increasing and ¥ is non decreasing in third,
fourth and fifth argument therefore we can write
#(M(Sz,z,kt),M(Sz,z,t),M (Sz,z,1),
M (Sz,z,t),M(Sz,z,t)) >0
M (Sz,z,kt) > M (Sz, z,t) and
N(Sz,z,kt) < N(Sz,z,1)
=S7=1
Step II: Put X=2,Y = X, ,, in condition (IV),
#(M (Az, Bx,,,,,, kt), M (Sz,TX,,.,,t), M (Sz, Az,t),
M (TX;,1, BXop1, kt), M (TX,,,.,, AZ, 1) 2 0
As N —
#(M(Az,z,kt),M (Sz,z,t),M(Sz, Az,t), M (z, z, kt)
M (z, Az, 1)) >0
Sz =12
#(M(Az,z,kt),M(z,2,t),M(z, Az,t),
M (z,z,kt),M(z, Az,t)) >0
(M (Az,z,kt)1, M (Az,z,t)1, M (Az,z,t)) > 0
= Since ¢ is non-increasing and i is non -decreasing in
second and fourth argument
(M (Az,z,kt),M (Az,z,t),M (Az, z,t),
M (Az,z,t),M(Az,z,t) >0
= M (Az, z,kt) > M (Az, z,1) And
N(Az,z,kt) < N(Az,z,t)
= Az=2=52
step 111: s AX) € T(X), JueX
Az=Tu=1z
PutX=X,,, ¥ =U is condition (IV), we have
#(M (AX,,, Bu,kt), M (Sx,,,Tu,t), M (Sx,,, AX,,,t),
M (Tu, Bu,kt), M (Tu, A, ,t) )>0
Taking Limit N — o
¢(M (z,Bu, kt),M (z,Tu,t),M(z, z,t),
M (Tu, Bu,kt), M (Tu,z,t) )>0
Az =Tu =z
#(M (z,Bu, kt),M(z,z,t),M(z,z,t),
M (z,Bu, kt),M(z,z,t) >0

#(M (z,Bu, kt),11,

M (z,Bu,kt1) >0
Since ¢ is non increasing and i is non decreasing in
second, third and fifth argument then
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#(M (z,Bu,kt), M (z,Bu,t), M (z, Bu,t),

M (z, Bu,kt),M(z,Bu,t) >0

= #M(z,Bu,kt) = M(z,Bu,t), 4
w(N(z,Bu,kt) < N(z,Bu,t)

= Bu=1z2

And we get TU=BuU =2z and as (B, T) is compatible of

type R so we get

BTu=TBu ie. Bz=Tz
Step IV: Take X =2Z and Y = Z in condition (IV), we get

#(M (Az, Bz, kt), M (Sz,Tz,t), M (Sz, Az, t),
M (Tz, Bz, kt), M (Tz, Az,t)) >0

#(M (z,Bz,kt),M (z,Bz,t),M (z,z,1),
M (Bz, Bz, kt),M (Bz,z,t) >0

#M(z,Bz,kt), M(z,Bz,kt),1,1, M(Bz,z,t) >0
Since ¢ is non increasing in second, third and fifth
argument

#(M (z,Bz,kt),M(z,Bz,t), M (Bz, z,1),

M (Bz,z,t),M (Bz,z,t) >0

M (z,Bz,kt) > M (Bz, z,t)

Bz=1z

Therefore Bz=Tz =72

And so we get

Az =Bz =Sz =Tz =2

Hence z is a common fixed point A, B, S,and T

Uniqueness: Let Z and Z' be two common fixed points
of the maps A, B, Sand T. Then

Az =Bz =Tz =Sz =7 ppq
Az'=Bz'=Tz'=Sz2'=17"

Using condition (IV), we get

HM(Az,Bz' kt), M(Sz,Tz',t), M(Sz, Az, 1),
M(Tz',Bz',kt), M(Tz', Az,t)) >0

oM (z,z' kt),M(z,2',t),M(z,2,t),M(z', ', kt),
M(z',z,t)) >0

#p(M(z,z',kt),M(z,z',1), L, M(z',z,t) >0

Since @ is none increasing in third and fourth argument
so?

#(M(z,2',kt),M(z,2',t),M(z,z ,t),M(z,7',1),
M(z,z',t)) >0
#(M(z,2',kt),M(z,z2',t),M(z,z ,t),M (z,7',1),
M(z,z',t)) >0
M(z,z',kt)>M(z,z',t)andz=72".

Hence z is a unique common fixed point maps A, B, S, T.

COROLLARY 3.1
Let A, B, S and T be self mappings of a complete fuzzy

metric space (X, M,*) with continuous t-norm and co t-
norm defined by
a*b=min{a*bHa,b}<[01]]
Satisfying I to 111
#( M (Ax, By, kt), M (Sx, Ty, ),
M (Sx, Ax,t), M (Tx, Ay,t) >0
Then A, B, Sand T have a unique common fixed point.

COROLLARY 3.2
Let A, B, S and T be self mappings of a complete fuzzy

metric space (X, M,*) with
Continuous t-norm defined by
a*b =min{a*b}where{a,b} €[01]
Satisfying i, ij, iii, v of theorem3.1 and there exist some
ke (0,1) such that for all X,y e X,t>0
#( M (Ax, By, kt), M (Sx, Ty, t), M (Sx, Ax, t),

M (Ty, By,2t), M (Ty, Ax,t) )>0

Then A, B, S and T have a unique common fixed point.
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