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Abstract - In this paper the indefinite quasi affine Kac
Moody algebras QAC,V are considered; basic
properties of real and imaginary roots are studied for
three specific classes of quasi affine Kac Moody
algebras belonging to the family QAC:(¥); the short and
long real roots are identified; the minimal imaginary
roots and isotropic roots up to height 3 have been
computed for these classes of Kac Moody algebras;
These algebras also satisfy the purely imaginary
property i.e. all the imaginary roots are purely
imaginary ; All the 909 non isomorphic connected
Dynkin diagrams associated with QAC>(Y), are given in
the classification theorem. It is also proved that there
are 648 Dynkin diagrams of extended hyperbolic type, 8
hyperbolic type and 253 diagrams of indefinite, non
extended hyperbolic type in the classification of Dynkin
diagrams associated with QAC,(1),
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1. INTRODUCTION

The subject Kac Moody algebras was developed by Kac
and Moody in 1968, simultaneously and independently
([51.[91)- Among the three main types of Kac Moody
algebras, namely finite, affine and indefinite, the study of
indefinite type of Kac Moody algebras is still wide open,
whose structure is not completely understood; The Kac
Moody algebras were completely classified through
Dynkin digrams for the finite, affine and, hyperbolic types
([5], [25])- The root systems of the finite and affine types
have been characterized ([5],[9],[25]); As far as the
imaginary roots of the indefinite type Kac Moody algebras
are concerned, strictly imaginary roots were studied by
Casperson [3] and special imaginary roots by Bennett [2];
Purely imaginary roots were introduced by
Sthanumoorthy and Uma Maheswari ([10] ,[11]) ; Among
the indefinite Kac Moody algebras, hyperbolic Kac Moody
algebras, which are natural extensions of affine type were

studied by Feingold & Frenkel [4], Benkart , Kang & Misra
([1].); Kang studied the structure of HA;(1), HA,(1) and
HA,(M ([6]-[8]);0ther sub classes of the indefinite type,
namely Extended hyperbolic were introduced by
Sthanumoorthy & Uma Maheswari ([10],[11] ) and
determined the structure and computed root multiplicities
up to level 5 for EHA1 (1, EHA,@( [12]-[14]) ;

Quasi hyperbolic and Quasi affine types were introduced
by Uma Maheswari ([15],[18]). Uma Maheswari and et.al
studied Quasi hyperbolic algebras QHG2,QHA,(1), QHA4(?) ,
QHA,®, QHAs® ([20]-[24]), quasi hyperbolic Dynkin
diagrams of rank 3 in [16] and quasi affine Kac Moody
algebras QAD3(@, QAG.(M  ([18]-[19]). In [17], the family
QAC;™M was defined, the structure of a specific class of
QAC(M) was determined using homological techniques and
the general form of the Dynkin diagrams associated with
this family QAC,() was given;

Here in this paper, the complete classification of non
isomorphic connected Dynkin diagrams ( 909 in number)
associated with QAC,() is given; Also, we consider three
particular classes belonging to QAC,(® and study the basic
properties of real and imaginary roots for the associated
Quasi affine Kac Moody algebras QAC,(1.

2. PRELIMINARIES

DEFINITION 1: A realization of a matrix A=(g;){;, isa
triple (H,IT,IT") where 1 is the rank of A, Hisa 2n -1
dimensional complex vector space, [1={¢,,,,...,,}
and I1" ={a),,,...,a} are linearly independent
subsets of H* and H respectively, satisfying «; (aiv) =a

fori,j=1,...n. Il is called the root basis. Elements of II
are called simple roots. The root lattice generated by 11

n
is Q=) zq,
i=1
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The Kac-Moody algebra g(A) associated with a GCM
A= (aij ):jzl is the Lie algebra generated by the elements

ei, fi, i=1,2,.n and H with the following defining

relations :

[h,h'] =0, h,heH

[e;, f;1=0,

[h,e;] =«;(h)e;

[h,fj] :—aj(h)fj, i, jeN

(ade)) Me;, =0

(adf)) ™ f; =0 ,V i=j, i,je N

The Kac-Moody algebra g(A) has the root space
9(A)= 2 g.(A)

g, (A)={xeg(A/h,x]=a(h)x, for all he H}.
An element &, o #0 in Q is called a rootif g, #0.

decomposition where

n
For any a€Q and a = ZKiai define support of «,
k=1

written as supp & , by supp « ={i e N/k. = 0}.
Let A =(=A(A)) denote the set of all roots of g(A) and
A, the set of all positive roots of g(A);

A =—A and A=A, UA_

Definition 2:[4]A GCM A is called symmetrizable if DA is
symmetric for some diagonal matrix D = diag(ql,...qn),
with qi> 0 and qgi’s are rational numbers.

Note that , a GCM A =(g;); ; is symmetrizable if and

only if there exists an invariant, bilinear, symmetric, non-
degenerate form on g(A).

Definition 3: [4][25] To every GCM A is associated a
Dynkin diagram S(A) defined as follows: (A) has n vertices
and vertices 1 and j are connected by max{|a;|, |aji|}
number of lines if aj.a;;<4 and there ia an arrow pointing
towards I if |a;|>1. If aj.a;>4, i and j are connected by a
bold faced edge, equipped with the ordered pair (]aj|, |aji])
of integers.

Definition 4: [17] Let A=(g;); , be an

i,j=L

indecomposable GCM of indefinite type. We define the
associated Dynkin diagram S(A) to be of Quasi Affine (QA)
type if S(A) has a proper connected sub diagram of affine
type with n-1 vertices. The GCM A is of QA type if S(A) is of
QA type. We then say the Kac-Moody algebra g(A) is of QA

type.
Definition 5[9]:A root & € A is called real, if there exists
a WeW such that w(a) is a simple root, and a root which

is not real is called an imaginary root. An imaginary root o
is called isotropic if (a,a) = 0.

o< AT is called a minimal imaginary root (MI root, for

short) if a is minimal in Ai+m with respect to the partial

order on H* By the symmetry of the root system, it
suffices to prove the results for positive imaginary roots
only.

Definition 6[3]: A root y € A™is said to be strictly
imaginary if for every ¢ € A", a+ y Ora—y isaroot.

The set of all strictly imaginary roots is denoted by AT
Definition 7[15]: A root aeAT is called purely
™ a+fBeA” The Kac -
Moody algebra is said to have the purely imaginary

property if every imaginary root is purely imaginary.

imaginary if for any fe€A

3. CLASSIFICATION OF DYNKIN DIAGRAMS
ASSOCIATED WITH QAC(

In this section we explicitly give all the 909 non
isomorphic connected Dynkin diagrams associated with
the indefinite Quasi affine Kac-Moody algebras QAC,(1).

Also we identify the extended hyperbolic and indefinite
non extended hyperbolic diagrams in this family. It is
interesting to note that this family OF Kac Moody algebras
satisfy the purely imaginary property.

The general representation of the GCM associated with

2 -a -b —c

QAC;(D is A— -2 10 , a,b,cl,m,n are non
-m -2 2 2
-n 0 -1 2

negative integers not all 0 simultaneously;
Note that A is symmetrizable if 2bn=cm and am=2bl.

i.e. A = DB, where

1 0 0 0 2 -a b -
p=|/0 I/a 0 0 | p=|—2a 2all -all 0 |

0 0 m/b 0 -b -a/l 2b/m -2b/m

0 0 0 nlc - 0 -2b/m 2/n

2 -1 0 -a

-2 2 -2 -b
-1 2 -c

-1 -m -n 2

It can also be represented as

Theorem 1 (ClassificationTheorem):. There are 909 non
isomorphic, connected Dynkin diagrams associated with
the indefinite Quasi affine Kac-Moody algebra QAC,(1)
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Proof. Consider the affine Kac-Moody algebra C,(1)
with 3 vertices whose Dynkin diagram is given by

=00

1 2 3

Add the fourth vertex, which is connected to atleast one of
the three vertices of C,(1),

RV

Here \ denotes the 9 possible connections of
vertex 4 with the other 3 vertices.

0—o, 050, (=0, C=0.0&0 .

O =000 0—0

The fourth vertex can be connected to the existing three
vertices by one the following cases:

Case i) Fourth vertex is connected to exactly one of the
three vertices1,2,3. In this case, fourth vertex can be
connected to the it vertex, (i=1,2,3) by the 9 possible
edges given above.

O

e= 1,‘<4@

Thus, possible number connected Dynkin diagrams
associated with QAC,(M) in this case is 2 x 9 = 18 (Note
that, we are considering non isomorphic diagrams; Joining
the 4™ vertex with either 1st or 3rd vertices will result in
isomorphic diagrams)

or

Case ii) Fourth vertex is connected to exactly two of the 3
vertices; To get non isomorphic diagrams, these two

vertices can be chosen from the three vertices in 2
possible ways. ( i.e.(1,4) and (2,4) can be joined or (1,4)
and (3,4) can be joined.)

and Y

Note that joining (2,4) and (3,4) will result in a isomorphic
set of diagrams with (1,4), (2,4) connections . i.e. the two
Dynkin diagrams

N

and O

O——=0—0

are isomorphic.

For each possibility, the remaining edge can be connected
by any of the above mentioned 9 edges.
Hence. in this case, the associated connected Dynkin
diagrams are 2x 92 = 162

Case iii) Fourth vertex is connected to all the 3 vertices. In
this case, there are 93 connected Dynkin diagrams.

0

)

Totally there are 18 + 162 + 729 =909 non isomorphic,
connected Dynkin diagrams associated with QAC,(1).

All these 909 Dynkin diagrams are drawn in the following
table.
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(3) (6) (7) (8) (9)
(11) (12) {13) (14) (15) {16) (17) (18)
(19) (20) (21) {22) (23) (24) (25) (26)
(28) 29} (31) (32) (33) {34) (36)
(42) (43) (44)

{2)

(91) (92) (93) (94)

(96) {9 )

W “ﬁﬁfr?
i% N4 ﬁ% R
W%ﬁv %%vﬁﬁ
ﬁ%ﬁ i}p T o W
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(101) (102) (103) (104) (105 ; (106) (107) {1}8}
(111) (112) (113) (114) (116) (117)

fﬁmv

{12 (121) (122) (123) (124) (125) {126}

VA%

(100)

(128) (129) (132) 12 (134) (135)

W W W \ AN 74
(136) (137) {138 (141) (142) (143) {144}'

NN W J7 W

(146) (147) (148) (150) i (152) (153)
YWW N ‘
) 154) 155) i (156 ) (157) 59) o (160) (161) (162) _
WTV‘ N4
(163) (164) (166) (167) (168) 169 (170) (171)
\NAVAVA S VAV
(173) (174) 75 (177) (179) (180)
Vv VWW
(181) (182) (183) (184) (185) ( 186} ( (188) (189)
’v Ty YTV
(190) (1% (197) (198)

(191) (192) (193) (194)

A4
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(199) (200) (201) (202) (203) (204) (205) (206) (207)

NV NN 7 W N
V'V W |

{213; (214 (215) (216)

(218) (219) (222) (223) (224) {22
W P WS WV W W
. (227) X (228) i (229) (230) . (231) ) (232) (233) (234)

IV

(236) {23r} (242) (243)

(244) (24 (246) (247) (248) (251) (252)
_ o = C { ) ) ) . 0—0—0
(254) (255 (26() (261)
: O

(276) (277) (278) (279)

(286) (287) (288)

(280) (281) (282) (283) (284)

(291)

(292)

(293)

(294) (295) (296) (297)

W
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(298) (299) (300) (301) (302) (303) (304) (305) (306)

327) (328)

7 q§§§n;;p’ '\\\ ,/; \

(335) (336) (337) ' (339) (340)

(361) (362) (363) (364) (365) (366) (367) (368) (369)

(371) (372) (373) (374)

(379) (380) (381) (382) (383) (384) (385) (3%6) (387)

(380) (390) (301)
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(405)

(397) (308) (04

(414)
Ge=0=p

2V

(423)

(406) (407) (408)

(420) (421)

(431) (432)

(438) (439)

(443) (444) (445)

(453)

(452)

(461)

(462) (463)

(470)

(471) (472)

(479) (480) (481)

(488) (489)
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(496) (497) (498) (499) (500) (501) (502) (503) (504)

(508) (509)

(514) (515 )

( 24)

(525)

(533) (534)

(560) (561)

(562) (563)

82} (584)
( (589) (590) \ (591) ( (593) (594)
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(596) (597) (598) (599) (600) (601) (602) (603)

*i]’? N

(604) (605) {6 )6 ) (607) (608)

(611) (612)

<7

. J

(613) (614) (615) {618) (519; (620) (621)

(622) (623) {624} (625) (626) (627) (628) (629) (630)
_ _ = R -

631) (632) (633) (634) (635) (636) (637) (638} (639)

(640) (641 642} (643) (644) (645) (646) (647) (648)
(649) (650) (651) (652) (653) (654) ) (656) (657)

WWV?“? ”iyv

(658) (659) (660) 5 2 {663) 66-1) (665) (666)
(667) (668) (669) (670) (671) \. (672) (673) (674)
A v*vv
(676) (677) ) (679) (680) ) @) (682) (683) (684)
N7 N || <l? | N/ N/ f]? N
(686 68:} (688) (689) ; (690) \ (691) (692) (693)

N
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696)

NN
va

(698) (699)

69:)

(713) (714)

(721) (722) ;23; o (26) (720) 728)  (129)
(731) 732) (734) (735)

%vvvi

773) (774)

(780) (781) (782) (783)
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(793) (794) (795) (796)

(802) (803) }4} . (808) (809) {8]0}
{8]6} 7) (818) (819)
811) (812) {813} 81-1) (810) W' T T T@@'
(825) (826) (827) (828)
(820) (821) (822) 823) (824) q imé A q il‘é 0 Q iIé e q iz[é )
(829) (83( (831) (832) (833) Q {i8i3[4:} o : f;—m% O Q (i813[6:) 5 Q {igig[{:} o
(838) (839) (840) (841) (842) . (843) ig_l_l’] (845) {|846}

(847) (848) (849) (850) (852) (853) (854) (855)

5 5 (864)
(85 8} (85 9) (86{) : N’
(865) (866) (867) (368) (869) (870) (871) (872) (873)
o—o—o _\ D o—o
i q \L
(874) (877) ) (8;8) (880) (881) (882)
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(892) (803) 04) (895) (896)
=500 C_T:- T T} u%(Fw
(807 ) (899) (900)
(901) (902) (903) (904) (905)

Proposition 1 : The quasi affine Kac Moody algebra
QAC;() satisfies the purely imaginary root.

Proof : From the characterization of Kac Moody
algebras with the purely imaginary property (given in
[10]), any indecomposable symmetrizable GCM up to
order 4 satisfies the purely imaginary property. Hence all
imaginary roots are purely imaginary in QACz(1.

Proposition 2 : Among the 909 Dynkin diagrams, 648
families are extended hyperbolic , 8 are hyperbolic
type , 253 Dynkin diagrams in QAC;(") are indefinite,
which are neither hyperbolic nor extended
hyperbolic.

Proof : Any Dynkin diagram that contains a bold faced
edge can not be of extended hyperbolic type; 253
diagrams contain bold faced edges and hence they are
neither hyperbolic nor of extended hyperbolic type; Still
they are indefinite type of Dynkin diagrams.

All other diagrams which do not contain a bold faced edge
are either of extended hyperbolic or hyperbolic type, From
the table it is clear that there are 8 diagrams of hyperbolic
type, namely diagrams (892) - (896), (901)-(903), since
each proper connected sub diagram is of finite or affine
type.

Leaving out these 8+253=261 diagrams, the remaining
648 Dynkin diagrams are all of extended hyperbolic type,
since each proper connected sub diagrams in these cases
are of finite, affine or hyperbolic types.

4 PROPERTIES OF ROOTS OF SPECIFIC CLASSES
OF QAC()

In this section, we consider three particular families of

QAC;™ and identify the short and long real roots; Among
the imaginary roots, we compute minimal imaginary and
isotropic roots up to height 3 for these families;

2 -1 0 O

Example 1 : Consider the GCM A=| 2 2 2 0|
0 -1 2 -a
0 0 -b 2

whose associated Dynkin diagram is given by

(a,b)

O—O—C—0

where ab>5; Note that the GCM is symmetrizable, A=DB

100 0Y(2 -1 0 O
020 0 |/-11 -1 o0 |
001 0//l0 -1 2 -a

0 00 b/laJl0O 0 -a 2alb

The non generate symmetric bilinear form (, ) defined on
this algebra is given as follows:

(0(1,0(1)=2, (0(1,0(2)=-1, (0(2,0(2)=1, (0(2,0(3)=-1,

(az,03)=2, (03,04)=-2, (a4,04)=2a/b

All fundamental roots are real .

Roots of height 2:

(a1+az, ai+az) is a real root.

(az+as, az+as3) is a real root.

(as+a, as+as) = 2+2a/b+2(-a)

az+0uis imaginary if 1+a/b-a< 0

az+ay is isotrophic if 1+a/b-a =0

i.e.ifa+b-ab=0

a+b = ab if and only if a=b=2

But the GCM is not quasi affine indefinite type if a=b=2
Therefore, this possibility is excluded;

To compute short and long real roots:

If a=b, then a is the short root, and a1, a3, asare long.
If a>b, then a is the short root and a4 is the long root.
If 2a=b, then a3, a4 are the short roots.

If 2a/b>2, then a1, az are the long roots.

Roots of height 3:

(a1+ az+ a3, a1+ az+ az)= >0; a1+ a2+ az can not be an
imaginary root;

(az2+ o3+ aa, a2+ o3+ a4)= 1+2a/b-2a

02+ a3+ o4 is imaginary if 1+2a/b-2a <0

a2+ a3+ a4 is not isotropic (For, If b=2, 2a+2=4a, a=1

a=1, b=2, the GCM is not quasi affine indefinite type).
Now,(2az+04, 203+04) = 4+2a/b-4a

2a3+04 is Imaginary if 4+2a/b-4a < 0.
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Example 2: Consider another family in QAC,(1) whose

2 -1 0 O

GCM s -2 2 -2 = ; The symmertizable
0O -1 2 -a
0 -d b 2

decomposition is taken as

100 032 -1 0 0
ad020 0 [[-1 1 -1 —c/2
001 0|0 -1 2 -a

0 00 2d/c)lO0O —-c/2 -a cld

with cd,ab#0 and the condition for symmetrizability is
2ad=bc ; The non generate symmetric bilinear form values
are: (a1,01)=2, (a1,02)=-1, (az,02)=1, (otz,3)=-1,

(asz,03)=2, (a3,04)=-2, (ats,04)=c/d, (02,0t4)=-C/2

Roots of height 2:

(a1+az, ai+az) =1>0; ai+a; is areal root.

(az+as, az+a3) =1>0 ox+oasis areal root.

(xz+ou, az+ag) = 2+(c/d)-2a

(az+as, az+0ay) is imaginary iff d+c-2a < 0, i.e. iff ¢+ d < 2a,
az+0 is isotrophic if d+c-2a < 0, this implies c +d < 2a
(az+a4, 0x+as)=1+c/d-c; az+ay is isotropic iff d+c-cd=0 ;
Thus (az2+a4, 02+0a4) is isotropic iff d+c-cd=0 iff c=d=2

Now (az2+0, az+04) is imaginary if d+c-cd < 0;

Roots of height 3:

(o1+ o2+ a3, a+ o+ az)= 1>0

(02+ az+ s, 02+ az+ as)= 1+c/d+-2a-c

The root az+ az+ asis isotropic iff 1+c((1/d)-1)-2a=0
and this root is imaginary iff 1+c/d-2a-c<0

Consider (2az+a4, 202+04) = 4+c/d-c
20z+04 is imaginary iff 4 < c-(c/d)

202+04 is isotropic iff 4 = c-(c/d);
Consider (az2+2a4, az2+2a4) =1+(2¢/d)-c
a2+204, 02+204 is isotropic iff 1=c-2c/d
02+20, 024204 is imaginary iff 1 < c-(2c/d)
Next, consider (2az+ay, 203+04) = 4+c/d-2a
20+04 is imaginary iff 4 < 2a-(c/d)

202+04 is isotropic iff 4 = 2a-(c/d)
Now consider (az+2as, 02+204) =2+(2c/d)-2a;
az2+204 is isotropic iff 2=2a-2c/d

az+204 is imaginary iff 2 < 2a-(2c/d)

Length of real roots : | ai2=2, 1, 2, ¢/d for i=1,2,3,4
respectively;

If c=d, then az and a4 are the short root

If c/d< 2 then oy, az are the long root
If c/d=2 then a1, a3, asare the long roots
If c/d >2 then a4 is the long root.

Example 3: Consider the GCM
2 -—-a -b -c

A=l -2 2 1.0 ,a,b,c are non negative integers
-2b -2 2 -2
-¢c 0 -1 2

not all 0; It is easy to check that A is a indecomposable
symmetrizable GCM and the bilinear form is given by:

(a1,01)=2, (a1,02)=-a, (a1,03)=-b (az,02)=2, (02, 3)=-1,

(az,03)=1, (az,04)=-1, (0t1,0t4)=-C ,(Ct,04)=2

Let a =k, +K,a, + Ky, + K, ;

(o, @) = k {2k, — ak, —bk, —ck,}+

k,{—ak, + 2K, — K }+ ko{—bk, —k, + Kk, — Kk, }+
K, {—ck, —k, + 2K, }.

Case 1: ks = ks = 0. Then (o, x) = 2k + 2kZ — 2ak kK,
Ifa>2&ki=ks, a =k (o +,) isan imaginary root.
And,

(g +oa,,a+a,)=2+2-2a=4-2a<0, ifa>2
If a = 2,

(a,+a,,0, +a,) =0 .. ( +,) is an isotropic root.
AlSO, if k12 + kzz -ak 1k2=0

ak, ++/a’k? —4k?  ak, +k,\a’—4
== 2 ) 2
=k—22{a4_r\/a2 -4}

Any k 1 & ko satisfying the above condition will give an

(¢, +@,) is imaginary and

isotropic root K,;&; + K, o, .
Also, the minimal imaginary rootis ¢; + ¢, ifa>1.
2k, . L
If a> k—l if k, >k,,a =k,a, +k,a, isimaginary.
2
Case 2: k, = ks = 0. Then (o, ) = 2(K +KkZ) — 2ck K,
Ifa>1 & ki =k, @ = K(et; + @,) is imaginary.

If a > Zkﬁ if k, <k,, a=k,(a, +a,)isimaginary.
1

For a >2kﬁ, if k, <k,, aisimaginary.
1
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(o, +a,,a+a,)=2+2+2(-Cc)=4-2c<0,ifc>1

. ay + o, isminimal imaginary rootif ¢ >1.

a, + a, isisotropicif c =2.
If k12 + k42 -ak 1k4 =0

Ck4i\102kf—4kf :ﬁ{c_'_\/m}
2 2

If ki & ks satisfy this relations then K, &, + K, &, will be
isotropic.

=k, =

Case 3: ko =ks=0; Ifb>3/2 &k; = k3, Then
a =k, + Kk, isan imaginary root.
3k, L
If ETS <b &Kk, <k;, aisimaginary.
1

If % <b &Kk, <k, aisimaginary.

3

(o, + a3, +a3) =3-2Db;
If b>3/2, o, + &, is minimal imaginary root.

5. CONCLUSION

In this work, classification of Dynkin diagrams and some
properties of roots are obtained for the family QAC,(1.
Further , using the representation theory , the dimensions
of the root spaces and weight spaces can be computed.
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