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ABSTRACT: In this paper the notion of fuzzy
logic is mixed with the theory of Markov systems
and the concept of a Markov system with fuzzy
states is introduced. The differentiability of fuzzy
transition probability and Markov fuzzy process
with a transition probability measures and a
general state space are attempted. Here we
defined the probability of the fuzzy event and the
The

a-level set of fuzzy transition function.

Axiomatic  Definition of fuzzy transition
probability Prrrs and the results pertaining to it.
We also provide the Kolmogorovs Differential

differences equation.
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1. INTRODUCTION

The fuzzy Markov Chains approaches are given
by Avarchenkov and Sanchez [1] by using max-

min operator on fuzzy sets to determine their

stationary behavior. Smith [4] describes the set
of stationary probability vectorU arising when
the transition probabilities of an n-state Markov
chain vary over a specified range. Takahashi [5]
obtained simple bands on the limiting state
vector and other characteristics of a finite
Markov chain whose Pj values vary over a
specified range. In the same line an attempt to
relax the restriction was proposed by Skulj [3]
where the assumption of precisely known initial
and Transition probabilities is relaxed so that
probability intervals are used instead of precise

probabilities.

Let us now provide the prime motivating factors
for considering fuzzy sets in Markov systems. In
some situations in real applications one is often
faced it the fact of fuzzy states in the sense that
the states of the system cannot be precisely
measured and they are bound to be fuzzy. These
sets are perceived as

having imprecise

boundaries that facilitate gradual transition
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from membership to non-membership and vice
versa. This property provides not only a
meaningful and powerful representation of
measurement uncertainties but also a
meaningful representation of vague concepts

expressed in natural language.

A Markov system can be used to describe a

dynamic system that evolves over time
according to probability laws and it can be
applied to problems of different scientific areas
such as Ecology, Sociology, Human Geography

management etc.

Moreover in [2] an interesting use of Transition
matrices in certain ecological population is
discussed. In [7] Yoshida constructed a Markov
fuzzy process with a transition possibility

measure and a general state space.

In section 2 we briefly state what we mean by a
fuzzy Markov chain. In section 2 we have
defined the probability of the fuzzy event and

the a-level set of fuzzy transition function.

In Section 3 we provide the Axiomatic Definition
of fuzzy transition probability Prrrs and the

results pertaining to it.

Section 4 is devoted to fuzzy transition function
and the limit properties of fuzzy transition

probability.

Section 5 deals with the Kolmogorov differential

difference equation.
1. FUZZY TRANSITION PROBABILITIES:

Let S={1,2,....,k} be the state space. Let
F= {F1,F2,......Fn} be the fuzzy state space. The
set of Fuzzy states Fr is assumed to be a fuzzy set
and g, ():5—[01]

on s denote the

membership function of the fuzzy set Fr, for
r=1,2,....,N. It is also assumed that F=
{F1,F2,......Fn} defines a fuzzy partition on S such

that X, p () =1 This is the fuzzy

probabilistic pattern of S.
2.1 DEFINITION:

[1] Let (Q, A, P) be the standard probability
space where 1 denotes the sample space. A the
o-algebra on (1 and P the probability measure. A

fuzzy set on Q is called a fuzzy event. Let ,(.)

be the membership function of a fuzzy set A.
Then the probability of the fuzzy event A is
defined by

P = [ ka(w)dp s (): 2= [0.1]

Unless otherwise specifically stated let F; denote
the initial state, Fs denote the terminal state and

Fx denote the intermediate state.
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2.2 DEFINITION:

The Markov chain {Xn; n = 0} is completely

determined by the transition matrix P.

P(Xn-l = .F;an = Fj = PF?“FE

.

2.3 DEFINITION:

Pc.r. is the fuzzy transition probability if
and only if (P, ), =[(P, )z (P )] Is a
transition probability for every a&=(0,1]and

Props(+) = U, gy (P Frrs)a (+)
2. AXIOMATIC DEFINITION

Here T={t; 0<t<oo}, S= denumerable set.
The Markov chain transition probabilities satisfy

the following conditions.

1) O S PFrFsS 1
2) E.Ff.‘ 'F.F'i"FS' =1
1 _ (n]
3) F;f'}s - EF?CE:.' 'PF:-_F?:P.FVFS

0
4) Pe) =0p

FrFs e (Kromecker delta)

Now for the fuzzy states

PO = P[X(2) = Fs|X(0) = Fr]

= P[X(t +5) = Fs|X(s) = Fr]
As the transition function of a continuous

parameter Markov Process. Let {X(t); teR*}

be a Markov process with countable state

space S and transition probability function

Prrrs(t), Fr,FseS; teR*.

We assume that following axioms about

transition function Prrrs(t)

1. O S PFrFs (t) St

2. Zpﬁh(ﬂ =1 t=0

Fz

3. Champman - Kolmagorov equation

+h] _ h
Pn«rs& ) = EF:cEs FFV'F?c&] FF:chE ] ; tz0;hz

0

4' FFf'Fsm] = 51-'1"}-':-'.'

W _5

5. lim, P FrEs FrFs

Note that the above axioms (1) to (5) are
right continuous function at t=0. It can also

be written as 1z p(t) 2 0 where 1 and 0 are

elements with 1 and 0 respectively.
LEMMA:3.1

P(t) is continuous for t = 0.

Proof:
From Chapman Kolmogorov equation
H) h
PFf'Fs(c ) = Zrkes Pﬂnﬂcm PFFrFsl: ] ; tz0;h20

P(t+s)=P(t) P(S); tz0;5=0

(3.1)
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If S=h>0 then we have

limy, L. P(t + k) = Uz I1ﬂli_}nl}_r:xlf‘m (t+ h)
= Useoa1 2P [t]hli_}n;_F[h]
= Ugeroy@P ()
= Ugerna1@Pe(t)
= P(1)
i.e P(t) is right continuous.
Ift=0and0<h=<t

P(t)=P(t-h)P(h)
(3.2)

UG‘.E':U_.:I.] fIFIx [t} = UIIEEU_.:I.] ﬂfpa [t_ h-]le [h}

But | P,(h) - I |< € if |h| <& (by axiom 5) and for

every a € (0,1]

Hence for |h| < &, P, *(h) exists and tends to I as

h—0

Therefore P(a) = U, c¢gq @P,(t)
= 1 -1
Uze(oa12P [t]hlinl;l_ P, (h)
= 1 -1
Usetoyafim (P (£) P~ (1))
=Ugeualim P (t - h) P (h)P, 7 (R)

= UHE(UJ] EIHILI]U’I_PH [t - h.)

=limP (t- h)
h—0+
Thus P(t) is left continuous and hence P(t) is

continuous.
[From Champman Kolmogorov equation

P(t+s)=P(t) P(S); tz0;5=z0

i.e. Un:EI:IZI,:l] EIFH [t + .5'] = Un:EI:U,:l] fxpa [tjpa [SJ

U.con @lP,(t+5) - P, (t)] =
Uae(u,i] alP_(t)P_(s) - P_(t]]

Ugeoay @[P,(8)P,(s) - 1]

[Pgle=s)-P ()] _
=
[PledP,(=)-1]

5

151?51 Useo1 @

IS}B} Useo.y @

. [Pgle+s)-Pglel]l _
Uaetu,ﬂﬂ’lﬁﬁ : e =

. [Pgler,(s)-1]
Usetony @ Eﬂj%

! . [P ls)-1
Useto 1 @Pa(t) =Ugeon @ Pa[t]lhﬂl:T

If

[Fgl=1-1]
g

litn exists

=Ll0

P'(t) = P (t)lim 24
=10 5
If

lim [rls)-1
£l0 5

exists,
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3.2 LEMMA: lim, . 2oEEEr (] _
t 10 ¢

exists but may be oo
Prpro(t) =0 forall tz0andi€s a) Urrrr -
Proof: = —P'r,r.(0)

— : PFrj'-'r(c] -

P.r(0)=1=0 b) lim, |, = . < 0of F.#F,

Ftlo P (=1 c) For each fuzzy state F, of a finite state
» & FrFr

Markov process, qr:Fr is finite and is equal

For some to>0, P (t)=0for 0 < t < to toXs .r g
yFrp 1EeFg

(33) d) ForallF, €5 X: .r q.. = G,
Choose n such that
Proof:
=[E tf =
t (n ﬂ)’ /n <ty a) We shall first see that for every F,. € §
(3-4) : . 1-Pgp(0)
O - e —

Prori(t) = Uzero,n @(Pr, (1)),
By Champman Kolmogorov equation

Peopr (t+s)zP FrFr (t)P FrFr (s)

n—1

EFFL'E:.' Un:EI:IJ,l] ﬂ:[PFf'F?c [ijj FFFrFf'[T t] B}F [MiME)
Taking log on both sides and writing

~log Pr,p,(t) = O(1)

t -1
2 Use(o,11@ Prerr [;J FFf'Ff'[T t)

we get

. . 14 n
By induction on nz P, [; =0

@(t + 5) = B(t)d(s) (3.5)

4.DIFFERENTIABILITY OF TRANSITION
FUNCTION

Since0 £ P (t)=1; @(t)=z0

Let
4.1 THEOREM:
_ sup O(1)

Qrrps = t=0 t

& B ()
UHEEUJ] @ [qFrFsJa = ,:::E UaE(UJ] @ I.:
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= Useon) ai‘;_‘!g By ] Hence by the definition of gz,
— @, (::j
Then 0 < [qFf'FsJ'x = oo U a hm (qFrFrjrx
t—=0 t
aes(l1]

If (q.,-.): < cothere exists to>0
By (3.6)(3.7) and (3.8) we have

Ef'zft[;.]

Such that=—*+= (g, . ).—€ 5.0
& (qF?'F?":]ﬂ:_E = ﬂ:@
erLiJl] erL:-DJ,l] eeo ot
By (3.5)
@_(t,) = 0, (nt)o_(8) - U ol @_(t)
ze(0.1] ot
2 0, ((n—1)1)+0,(8)+0,(5)
= ﬂr@ﬂ: [:t:]+@ﬂ:(5] - EL,-DJJ:L] a (qFrFrjrx

If (tg)=nt+8; 0=6=t, n=12, ... Since €= 0 is arbitrary we have

Hence R (t) . 0, (t)
U e him U a lim
@ [t] et t=0 t 7] T=0 t
0 e, el L,
U a(qFrstﬂ:_EE U aﬂt—
xel(0,1] xe (0] o
= U a(qFrFr:]rx
n@, (t)+0,(5) ae(01]
= L € :
ae(0,1] 0

If (qFrFrjn: = W we can replace (qFrFrjn:_E by

t@_(t @ (& an arbitrary large constant M and then obtain
< L cxln— “U+ o jl }EE.ejg

t, t o
. t
ME‘U a hm a (®)

t—=0 t

ae(0,1]

Butt = 0= ;:—r - 1land @_(8) = 0 =(0.1]
Thus
(By Axiom 5) and Pz,z,.(6) = lasd— 0 6. (1)
oo = U alim —=
=0 t
Therefore eE(D,1]
0, (t,) nt@,( 5]
U a lim 0 = U @ lim[ In(éither case we have
- R - t=0 | £,
ae(0,1] xe(0,1]
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U a lim 0a ) = U @ (9rrrr)a

t—=0 t
aeid,1] xe(0,1]
Now
, 1- (PF?"F?"JE _ . 1- exp(_mz(ﬂ Gz(tj
a lim————= @ lim
t-0 t t=0 t t
ze(0,1] ae(0,1]

= | @@eene

xel0,1]
= pppy

b) Let Cee, 1) be fixed. Then by lemma

(3.2) there exist an S>0 sufficiently small

so that

[PF?“F?":]E(SJ = C and

(FFrstn:(sj =C fﬂr a e (0’1]

Let 0<5=<nt<4. Consider a stationary

discrete parameter Markov chain (X, )5 with

state space S such that

'P[Xn+1 = 'F;' |X:~z = Fr] = FFrFs[t:]

Then for all n>1 we have

PFrFs(nt:] = U & PEC[X?‘! = 'F; |X|} = Fr]

n-1

2 U al (PF?‘FS(tDB: [1+Z PE(XI # F;” "'Xr—l # F;er = Fr |X[!I = FrJ]
ae(01] r=1

Since each term on the right corresponds to a
possible way of going from Fr to Fs in n-steps
and these paths are mutually exclusive but not

necessarily exhaustive.

on the other hand

X, #F,X =F|X,=F]

-

o FEL AT AR ST R P I ST AT S A

2£{0]] g

= E;Xr = Fr|Xﬂl = Fr}

<] rnsp s n st || onpnen

ee(01] e£(0.1]

AR N F TR R A BE T ST

zE(0]

And so on. Continuing in a similar way we obtain

U aB[K#Fy kg #E X =EIX = 1R, = F K, = &]_ZPE 2 Fn Xy
ze(0] k=r
2,0, = F] B[, =F I, =F]

2 C' (1'(:) UEE':D_J.] i ) PE[ Xj. —.’_‘—- F; pra omwn

&

X, #*F

-]

X, =FlX, =F]

xe(01]
>22C-1
n=-1

2 aPX=F,X=FX=F+UZPX

U rt[ 1 fa%n r| 0 r] rt[ 1 Consequently

ae(01] ae(0]] r=1

? F;”"""Xr-l ? F;’Xr:Fr’XrH = F;' ""Xn = F; |X0:Fr:|
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| «Crntude 2 20-10 | | @ Prn®

zel(0,1] xei0d]

Let h<d, t<6 and n=[h/t] where [x] is the integer

part of X then

®

P t —
U a ( FrF:jrx( :] < U a PF?‘FS - t
2£(0,1] 2£(0,1] (?) to (2c— 1)
Letting t—0+ we obtain
(FFrstn:
1 ‘: —_—
:ILI& 24 S‘U.p ¢ — U a('PFrstrz [M(ZC 1]]
as(01] ae(0,1]
< oo forallt >0
. ('PFrFs:]E . iﬂf ('PF?"FSJII
a lim Sup ———— < alim —————
t—0+ t t=0+h(2C - 1)C
zel0.1] zel01]
Which means that
Qrrre) Pt t
ae(0,1] xe(0,1]
< C2 exists

c) We shall prove gg,r. < ©@ for a finite

state process.

Now

1= Pep(h)+ Z

Fr=1
FrzFz

PF rFs ( h]

Where N is the number of fuzzy states

Or

1- PFrFr[h] = prrps[h]

=57

-

el 01]

a[:PFrFr]ﬁ:[:h) :Z ﬂ:(FFr'strx(hj

Dividing by h and letting h— 0 and by part (a)

U a(Qrrps)a = U ai(qFrF;?jrx

ael(0.1] ae(0,1] izjF
< oo
d) Since
U @) Cardam=1- ] etrru
ze(0.1] FrzFs xe(0,1]
N
U 2 ) Crrdar<i- | a0
ae(0,1] FrzFs ze(01]

for every finite number N of states.

Dividing both sides by h and letting h— 0

leads to
U o Z [qFr'Fs] iy 5 U 24 [qFrFrjrx
a€(0,1] FrzFs eel01]
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Since N is arbitrary and all terms are

positive the result follows.

5.KOLMOGROV DIFFERENTIAL DIFFERENCE
EQUATION

5.1 DEFINITION:

A state Fr is called instantaneous if qg,f,. = @@
and is called stable if 0 = gz,r,. < 00. A state

FreS§ is called Fuzzy absorbing if

U Ex(qFrFrjﬂ: =0 fﬂ?" EI-H. o

aes(l1]
5.2 DEFINITION:

A continuous time standard Markov process is

called Conservative if

U a i (@rrrs)a = U a(qrrrr)a < ©

xe(0,1] FrzFs ze(01]

for all FreS.
5.1 THEOREM:

In a conservative Markov Process the transition

probability function P, (t) is differentiable for

all Fr, FreS and t = 0 and they satisfy

Kolmogorovs differential equations

a) Backward Equation:

Fkzfr

b) Forward Equation:

Prypelt) = Z OrioPrvg(t) ~ QrepeProgelt) for all FrFseS andt 0
Fifr

Proof:

PFrFs(t + S] - PFrFEEtj =

Un:EI:I},:I.] a[(PFrstn:[:t + 5":] - (PFrstrx[t:]]

a)

= U Q[Z (Prrpi)a(8) (Prggs)o(t) = (Peyes)olt]]

eelll]  Fizs

= U [ (Prver)o5) Prige)a(t) = [1 = (Prvsn)a] = (Pre)elt)]

e£(0d]

Claim

U e lim
=lo

ae(0,1]

U @ i (9rrrrc) a(Prirs) o (E)

xe(0,1] Fk=Fr

U tthL f Z Prn (Prirs)elt) 2 U a i(%ﬁk]a(%m)a@ (52)

ze(01] FkzFr ae(0]  FizFr

Z (Perri) o (5) (Prips) o (t)

)
FizFr

For every positive integer N. And hence

U ’ i[qF”Fk)a(PpmJa(f] < U alim mfz Prnd

ael0l]  FieFr a=(0] FiaFr (53)

( )(Ppmk( t)

Take N > Fx then
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U ¢ Z (i (5) (Prizs)o )

ee(0l]  Fhes
- UQ[Z(PFrFk]g(SJ(PFm]E(t]‘l' Z (o) (5) () 0]

es(dd]  Fe=D Fr=N+1
N ®
< ) d) CordOBrada®+ ) Brs),]
ze(01]  Fr=0 N+

N

Ua[i(PFrFkJE(S (Prgs)lt) + (1= Z erfi)a

ee(01]  Fr=0 k=t

U “[Z Prrgic)el

acl0d]  Fr=0

B U . i (Peri)a(s)

ac(01]  FiezFr

1™

'PFsz- ( H+1- (Ppm]a(-?]]

w

U almsup Z M

ae(0] Fhzfr
N
IZ qFrFk Prm a [‘Iwr]a Z(qFrFk]:c ‘
ae(0t] LFkzfr FlezFr
Now letting N—>oo (Markov process is
conservative)
< U a Z (9rrri) a(Prips) o(t) (54)

ae(01] FkzFr

Combining (5.3) and (5.4) the backward

equation as follows from

M (Pricrs)a(t)

U Z (rrri)a (Pricrs) o ()

ael01]  Fk=Fr

I

asi0,1] FkzFr <

=

o o= (Prrry)als)
Usero @ llfgl inf Lpwerr — o (Prirs) a(t)

k-3
. 1o
U,IE([:.J_] 4 lﬂl ;EszFr[:PFrFk]rx[:Sj (Prirs)a(t) e

xists and is equal to

U @ i (rrri) o (Prirs) o (1)

ae(l1] Fk=Fr

PF?"FS(S +1t) - PFrFs(Ej =
b) Uscton @ [(Prrrs)a(s +8) — (Prps)o(5)]

= U a[Z (P o8) Prgge)o(8) = (Pryzs) 5]
ee(0d]  Fhes
U Z PFrFk PFsz a:() 5:’}']
ae(01]  Fkes

And hence the result (b) can be proved as (a)

after dividing by t and letting t -0
6. CONCLUSION:

In this paper we studied that the Fuzzy logic
with the theory of Markov system. We
introduced the concept of a Markov system with
fuzzy states. We

attempted the topic

differentiability of fuzzy transition probability.
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We Presented theorems and definitions 7.

where we could do the computations. We
defined the probability of fuzzy event and the a-
level set of fuzzy transition function. Finally we

provide kolmogorovs Difference equation. 8.
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