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Abstract: In this paper, one dimensional Differential Transform
Method (DTM) is applied on a class of second order differential
equations leading to derivation of closed form solutions. Comparison
is made between numerical solutions obtained using DTM and exact
solutions derivable from application of Laplace transform method.
This comparison buttresses the efficiency of the discussed method.

Five examples are presented to illustrate the efficiency and simplicity

of the method.
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1. INTRODUCTION
The Differential transform method (DTM) is a semi analytical
numerical method that uses Taylor series for the solution of
differential equations.
It is an alternative procedure for obtaining the Taylor series
solution of the given differential equation and is promising for
various other types of differential equations.
By application of the method, it is possible to obtain highly
accurate results or exact solutions for differential equations.
The concept of the differential transform method was first
proposed by Zhou[8], who solved linear and nonlinear initial
value problems in electric circuit analysis. In recent years,
Abdel-HalimHassan[1] used differential transform method to
solve higher order initial value problems.
Ayaz[2] used DTM to find the series solution of system of
differential equations.
Naharil and Avinash[5] applied DTM to system of linear
differential equations. Hassan[3] compared series solution
obtained by DTM with decomposition method for linear and

nonlinear initial value problems and prove that DTM is a reliable
tool to find the numerical solutions.

THE DIFFERENTIAL TRANSFORM METHODS
The transformation of the Kk th derivative of a function with one
variable is

i(dku(x)
kI dx*

U(k) = )atX =X, (1)

Where u(x) is the original function and U (k) is the transformed
function and the differential inverse transformation u(k) is
defined by

u(x) = Y- u(k)x- X5)

(2)
When X, =0, the function u(x) defined in (2) is expressed as

u(x) =iu(k)xk 3)

Equation (3) shows the similarity between one dimensional
differential transform and one dimensional Taylor series
expansion.

The following fundamental theorems on differential transform
method are handy:

Theorem 1:
If u(t) =ag(t) = p(t), then U (k) = aG(k) = pH (k).
Theorem 2:
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If u(t) =t", then U (k) = §(k —n)where §(k —n) :{(l) , if

k=n
k#n
Theorem 3:

If u(t) = e, then U (k) :ki
Theorem 4:

If u(t) = g(t)h(t), then U (k) = Zk:G(I)H (k—1)
Theorem 5: B

If X(t) = X, ()%, (t), then X (K) = i X, (k) X, (k —k,)
Theorem 6: -

if x(t) = 3 () then X (K) = (kim)

X, (k +m)
If x(t) =sin(at + B), then X (k) = %sin(k%+ ) where

o and S are constants.

Theorem 9:
k

If x(t) = cos(at + ) , then X (K) = %cos(k % + ) where

o and f are constants.

Numerical Applications

1

uk +2) = m{ﬁ +6(k +Du(k +1) —8u(k)} (5)
Put k =0, we haveu(2) :%.
65
k=1 u(3) =%
295
k=2, u(4) = e

k=3, u(b) zlzl.and soon.
120

Thus the closed form of the solution when n =5 (number of
terms), using equation (3) can be written easily as

13 65 295 1277
X(t u(k)th =2t +—= M R
= Z (k) 2 24 120

Using the Laplace transform method, the exact solution of
example 1 is

X(t) — §e4t _ES’( _Ee?_t.
2 2

o 1t°.(6)

Example 2.
Consider the second order differential equation:

d2

+9x =cos 2t (7)

with initial conditions x(0) =1; x'(0) = 3.

Applying differential transform method with initial conditions
u(0) =1L u(l) = 3to equation (7) using the above mentioned
theorem, we obtain

Example 1: "
Consider the second order differential equation: uk +2) = ;{_ s(—”) —9u(k)} (8)
d?x _dx (k+D)(k+2) k! 2
e —6d— +8x=e" (4)
With initial conditions x(0) = 0; x'(0) = 2. Put k =0, we have u@)=-4
Applying differential transform method with initial conditions k=1L u@) = _g
u(0) = 0;u(l) = 2to equation (4) ,using the above mentioned 2
theorem, we have: k=2 u(4) = 17
6
© 2015, IRJET IS0 9001:2008 Certified Journal Page 129



’// International Research Journal of Engineering and Technology (IRJET)

JET Volume: 02 Issue: 07 | Oct-2015

www.irjet.net

e-ISSN: 2395 -0056
p-ISSN: 2395-0072

k=3 u(b)= ﬁand soon
40

Thus the closed form of the solution, when n =5 (number of
terms), using equation (3) can be written easily as

x(t) = Zu(k)t =1+3t —4t? —%ts 167 t(9)

Using the Laplace transform method, the exact solution of
example 2is

X(t) = gcos 3t +sin 3t +%cos 2t.

Example 3:
Consider the second order differential equation

A, g9 | 30y~ 32sin4t (10)
dt?  dt

With initial conditions  x(0) = 0; x’(0) =0.

Applying differential transform method with initial conditions
u(0) =u(2) = Oto equation (10) , using the above mentioned
theorem, we obtain

u(k +2) = m[ 2{—sm( )} 8(k +1u(k +1) —32u(k)]
A1)

Putk=0,  wehave u(2)=o.

k=1, u(3)_.ff

k=2, w_i?

k=3 u(b) :@.and soon
15

Thus the closed form of the solution when n =5 (number of
terms), using equation (3) can be written easily as

64 128 , 206 s
X(t) = Zu(k)t =—t ? 15t (12)
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Using the Laplace transform method, the exact solutions of
example (3)is

X(t) = %{2(94t —1)cos 4t + (e~ +1)sin 4t}.

Example 4:
Consider the second order differential equation

d’x . dx
i 2 m +x=2(t+sint) (13)
With initial conditions x(0) = 6; x(0) = 5.
Applying differential transform method with initial conditions
u(0) = 6,u(l) = 5to equation (13), using the above mentioned

theorem, we obtain

1 1
uk+2)= W{Z[ﬂk -D+ Ism( )] +2(k+u(k +2) —u(k)}
(14)
Put k =0, we have u(2) =2.

7

k= 1 U(3) = g

5
k=2, u(4)= o

k=3 u(5) = £.and So on
120

Thus the closed form of the solution when n =5 (number of
terms), using equation (3) can be written easily as

5., 11

——t°. (15
12 120 (15)

3
X(t) =D u(k)t =6+5t+2t +%t3 +
k=0

Using the Laplace transform method, the exact solutions of
example (4)is

X(t) =e' (2t +1) + 2t + 4 + cost.

Example 5:
Consider the second order differential equation

dx

2sin5t) (16)

With initial conditions x(0) =1;x'(0) = 2.
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Applying differential transform method with initial conditions
u(0) =1,u(l) = 2.to equation (10) , using the above mentioned
theorem, we obtain

k k
u(k+2):; > >
(k+D(k +2)
a7)
Put k =0, we have u(2) ——%
50
k=1 u(d)=——.
u@3) 5
125
k=2 u(4)=—"
@ 24

k=3 u(5) = @.and soon
12

Thus the closed form of the solution when n =5 (number of
terms), using equation (3) can be written easily as

3
X(t)zzu(k)t —1+2t—Et —5—0t3+12_5t4+@t5
k=0 2 2 24 12

(18)

Using the Laplace transform method, the exact solutions of
example (5)is
X(t) = (2t +1) cos 5t + tsin 5t.

CONCLUSIONS

In this paper, approximate solution of second order differential
equation was obtained making use of differential transform
method. The method was used in a direct way without
linearization, perturbation or restrictive assumptions.

A comparison was made between the method and the Laplace
transform method which produced the exact solution. The
differential transform method unlike most numerical techniques
provides a closed form solution which confirms the efficiency
and numerical suitability of the method for wide classes of linear
differential equations.
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