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Abstract—In this paper, we used the Exp-function
method for solving the time fractional coupled
Whitham Broer-Kaup (WBK) equations in the sense of
modified Riemann-Liouville derivative. Whit the aid of
the mathematical software Maple, some exact solutions
for this system are successfully
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INTRODUCTION

Importance of fractional differential equations in
studies some natural phenomena, has spurred many
researchers for the study and discusses some of the well-
known classical differential equations, by replacing some
its derivatives or all by fractional derivatives. In this paper
we have considered the time fractional coupled Whitham-
Broer Kaup equations:[2,3]

Dfu+uDfu+ Dfv+bDi*u =10,
{Dﬁr +DF(uv) + aD3u—bD2y =p, ==t (1)
Where their derivatives are the modified Riemann-
Liouville derivatives of ordera. These equations is a
transformed generalization of the WBK equations [1]. The
WBK equations can be used to describe the dispersive long
wave in shallow water, whena = 1,b # 0,a = 0, sys. (1), is
the classical long wave equations that describe the shallow
water wave with diffusion. Whena = 1hb = 0,a =1, sys.
(1), reduces to the variant Boussinesq equations. In [2] the
author solved Sys (1) by projective Riccati equation
method, and established some exact solutions for them,
and we in this work will apply the described method
above. This paper is arranged as follows: In Section 2, we
present concepts that we need them to convert the
proposed (NFPDE) into a (ODE). In Section 3, we give the
description for main steps of the Exp-function method. In

Section 4, we apply this method to finding exact solutions
for the time fractional coupled Whitham-Broer Kaup
equations.

PRELIMINARIES

In this section we list the definition and some
important properties of Jumarie's modified Riemann-
Liouville derivatives of order o as follows:

Definition 2.1 Let f(t) be a continuous real (but not
necessarily differentiable) function and let h = 0 denote

a constant discretization. Then the Jumarie's modified
Riemann-Liouville derivative is defined as [4, 6]:

%m ot —w) % () —foy)du,  a<0,
DEf) =4 L2 it —u)2 ()~ fo))du, 0<a<1, (@)
(%)™ n<a<n+1
Where
DML = limy, o h ™ B o) " [x + (e — )R] 3)

In addition, some properties for the proposed modified
Riemann-Liouville derivatives are given as follows

DE" = gt 4
DACfCEet)) = gt DI + fEDfet), (5)
Drflg(t)] = flg(t)IDrg(t) = Deflg(t](g'(1)" (6)

This is the direct consequence of the following equation:

DM(E) = M1 + o) DE(E). (7)

OUTLINE OF THE EXP-FUNCTION METHOD

In this section we gave a brief description for the
main steps of the Exp-function method. For that, consider
a nonlinear fractional equation of two independent
variables %, t and a dependent variable u of the form [7,

11].
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P(u,Dfu,D2u. D) =0 (8)

Step 1: Firstly, we consider the following transformations;

- k= ct®
unt) =u(d) $= g~ e ()

Wherek, ¢ are constants to be determined.

Using Eq. (9) with help Egs. (4-6) reduces Eq. (8) into an
ODE:

r

Qluu’uu™, . =0, (10)

Step 2: We assume that the solution of the Eq. (10) can be
expressed in the form

FE__a e
ulf) = F==2=— 11
2 I o g bme™E (11)
Where cdp, and g are positive integers which are
unknown to be further determined, a4y and by, are

unknown constants. We can rewrite Eq. (11) in the

following form

a. etk dk

+otB_gE”

ulz) :—hpEF‘E+---h_qE'qE' (12)

Step 3: Balancing the linear term of highest order of
equation Eq. (10) with the highest order nonlinear term,
which leads to p = ¢. Similarly, balancing the linear term
of lowest order of Eq. (10) with lowest order nonlinear
term, which leads to d = q.

Step 4: By substituting (12) into (10), collecting terms of
the same term of exp (i¢), and equating the coefficient of
each power of exp to zero, we can get a set of algebraic
equations for determining unknown constants.

SOLUTION PROCEDURE
In this section, we apply the Exp-function method
for solving the nonlinear time fractional Whitham-Broer-
Kaup (WBK) equations.

Example 4.1 Consider the nonlinear time fractional
Whitham-Broer-Kaup (WBK) equations:

Dfu+uDfu+ Dfv+bDi*u =10,
{D{‘v +D&(uv) + aDi% — bDI% =0, 0=l (13)
Using Eq. (9) along with Egs. (4-6) So Sys. (13), turns to
the following system of (ODEs):

i cu' — k' — k' —k*bu" =0

o' —kfuv) —ak®qu" + bkW" =0 (14)

Integrating the first equation of Sys. (14) and neglecting the
constant of integration we get

v=iu-L- b (15)

Substituting Eq. (15) into second equation of Sys. (14), we
get

fa +b3k*" —khw?u'+ 3ckuu’ —cfu=0. (16)

Integrating Eq. (16) with zero constant of integration, we
find
(a +b:j|k4u"—$u! +%|:ku:— clu=0. (17

Assume that the solution of Eq. (17) can be expressed in the
form

u(® = - W s I
1= s = —
T -

(18) In

order to determine the values of c and p, we balance the
linear term of highest order in Eq. (17) with the highest
nonlinear term. By simple calculation, we have

i Ll
u” =

= (19)
And
3 et g (SR

L e T gt (20)

Where cs, 2. ¢z and ¢4 are determined coefficients only for

simplicity. Balancing highest order of exp-function in Egq.
(19) and Eq. (20) we have

c+3p=3c+p

This leads to the result p = c. Similarly to determine the

values of d and q we balancing the linear term of lowest
order in Eq. (17) with the lowest order nonlinear term. By
simple calculation, we have

e Y

u= et d g TR (21)
And
R X e X
- m+|j45_135+..._ m+|j15"4'|35 4 (22)

Where di, dz.ds and ds are determined coefficients only for

simplicity. From Eq. (21) and Eq. (22) we have

—d—3g=-3d—q,
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And this gives q = d. The values of ¢, d, can be freely

chosen. So for simplicity we investigate three cases:
Case1:Ifp=c=1,q=4d=1,Eq. (18) becomes

E -
B T

u(E) = S e (23)

T b.ef+b+bo gV

In the case by = 0, Eq. (23) can be simplified as

3,85 +a,+a 678
O = e (24
Substituting Eq. (24) into Eq. (17) and taking the
coefficients of & in each term zero yields to a set of
algebraic equations for a_;. ap, a_y, b_y, by, c and k as

follows:
e 3 k%a®, — 3cka®,b_, + 2cfa_,b%, =10,

e H:2c%a,b?, — 2k*aa b?, — 2k%hPayh?, 4 3k%ayal,
3Dkaz_1hn - 2&4]&:3_1}}9}]_1 + ﬁ':-l{an 3._1]'3‘_1
_‘I'C-:a_ihnh‘_i - zkiaa_ihnh_i = ':I_.

e ¥:—2k%aa_ b3 4 8kaa_,b_, + 2k *bia b_,h,
—6ickaya_,b_, — 6ckaga_ by + 4c?ah_sh,
—8k*aa, b?, + 3k%a,a%, — 3ckal, + 2cfa,b?,
+4cia_yb_, — 2k*bfa_ bi + 3k%afa_, +
2k*aayzb_,b, — 8k*k*b?a,bj + 8k*bla_,b_
—3ckaib_, =0,

e%:2c%a, b2 — 6cka,ayb_, — 6k*aa, byb_,
_6ckﬂiﬂ-_1&r_\ - ﬁk4B: ﬂ-_ihn - ﬁk:b: ﬂ-ihnb_i
+12k%*b ayb_, + 6k*a,aya_, — 6ckaga_y

Solving these equations with the aid of Maple we get the
five sets of solutions as follows:

l.a_y =02, =0,a, = +4k./a + b2,

by =b_ by =0c=+k"at+tbhk=k (25)

2.3_1 = ':I_. E.D = tzkhni\.'lﬂ"'h:_. 3.1 = ':I_.
by =b_;by =bgpc=+k3a+ bl k=k (26)

3-3_1_ =0 dp = 3dp.84 = t2k~.,"a+h:,

+4kag by a+bh2-ad _
by =5 gaen B = bo
c=+kMWa+ b k=k 27)

4.a_, = +4kb_,4/a +b%, a3, =0,a, =0,

b, =b_;by=0c= +2k*atbLk=k (28)

+2kayhyva + b? —al

5.a_,= —— sy = ag.a; =10,
1 k3 L b7 o = dg.3;
+2kagbgy a+b?-a} _
by =5 gan P = bo
c= +k*Wa+blk=k (29)

Substituting Egs. (25 - 29) into Eq. (24) we obtain
respectively the following solutions:

akya+bZef

ef+b_ e F

ul{ﬁj =

Bk‘"b_,_l:=1+'b:—'b«.' a+b?)

+kial — 3ckalby + 4cta_ by + 4ctagh_, v, = , (30)
5 E -E)
_6k%aa_ by + 12k*an,b_, + 4ca,byb_, = 0, (e5+D—e78)
: R R R 4o R 42 a ':EJ __ Tkbgya+b?
et —2k%aa, by + 2k aa by, — 2k*b*a; by + 8k b a;b_, N T T i,
+2cta_, —8k*pla_, + 3k%ala_, + 2k*biagh,
I . 0 n 733 2 b a+b? Jeb
+3k%a,ad + 8k*aa, b, — 3ckal +2cta bl v, (5) = 2 bo[a+b7+D q‘“‘h . . (31)
] : 2 R
+4cia, b, — Bcka, aghy + 4cfagby — 8k*aa_, (5+bo)
—3ckalb_, — 6cka,a_, =0, 1
03 = — (22 + bPef + 5 ),
. . . .. P
e™:ficka, a;, — 2c%a, + 2k*bPa, — 40?3, by — 3k%ala,
2k*aay — 2k*b?a;by — 2k*aa by + 3ckaib, = 0, v (E) =%liz‘t~::|:a+‘r:|:ju3E +apkya +b:‘]
e*:3 ckal — k?al — 2¢%a, = 0.
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1 —z I oWy — T bk
—:T};IZZIWEL+}J EE + E.DII _TI:-"IE' +h EE:I _|_E
(2ha 7Bt + ay) (of - CRRRETT AT (39

ab_yk/a+bZeE
@ =

glth_, [a+b*+ a3 +h7)

[ :

vy (8) = (33)

[2a,b kE+DT—ad) E‘E‘]

1
us(D3 (20 + a5

vg(E) = %(ankﬂ.-'a+ b+ %[Zanhnkx-'a +b° —a%}e'E]

(a:. [:a;h,mm-agj:e-ﬁﬂ“]‘
@ 2o07k(~a+E57

b(2a b la+bF-aZ} _
T e -
2gra+bt

5]
+ 2. 7 " —_—
Bpk*(a+ b Wa+b*

[2 agky/a + b7

+(2aghgky/a+ h:—agje's-

x (4k%(a + bHet—(2a,bkva + b2 —ad)e ¥ (34)

Where

(2a.b /24D —afje™

— af
= tbot T enas

ul(f) = ulx,t),

P
Trit+w Cii+a)

Case 2: For the case with p = c =2, q =d =1, Eq. (18)
becomes

N Mo T L
u(g) = g¥5+b, 8%+ b b gt (35)

Substituting Eq. (35) into Eq. (17) and taking the
coefficients of €° in each term zero yields to a set of

algebraic equations for a_y. aj. a;. a5, b_y, by, by, candk

as follows:
e 3 k*a?®, + 3cka®,b_, — 2c%a_,b%, =0,
e 2 —2k*aa_,bpb_, + 6ckaga_,b_, — 2ciab?,

—2k%b?a_,byb_, + 2k*aa b?, + 2k*bPa,b?,
—31{:3{.}]:_1 + Eckaz_ibn - ‘}E:a_ihnh_i = ':I_.

e % —2k*bla b_, by + 6cka,a_,b_, + 3ckal,b,
—8k*b%a_,b,b_, —8k*aa_,b,b_, + 8k*ba,b?,
—2k*aayb_ by —4cla_;b,b_; + 8k*aa, b
—3k%ala_, — 3k%a,;a%, + 3ckalb_, — 2cia, bl
+6ckaga_, by + 2k*bfa_ bl — 4ciah_ by

+2k%*aa_ bl — 2cfa_,bhi =0,

e®: _4ca b, b_, +18k%*aa b?, — 18aa_,b_,
—4cfagh, b, + 18k%*aa,b?, — 18k%*aa_,b_, — kad
+18k*h%a.b?, — 18k*b%a_,b_, + 3cka?, — 2clahi
12k*aagb_,b_, +6¢cka ayb_; + 6ckaga_, by
6k*aa_,byb_, + 6k*aa_,b by + 6k*b?a, byb_,
—6k*bia, _b,by — 6ckblaa_ by + 4cfa_ b,
+2cta,b?, — 3k%a,a?, + 3ckalb, =0,

ef:fckaya_, — 26k*bPa b, 4+ 8k*bPa_ b} — 3k%a,al
+3ckalb_, — 4clabyb_, — 6k%a,a5a_,2k*aa, bl
+4k*aa_ by + 4k*bla_ by — 4clabb, +
+2k%b%a,bi — 4cfagh by + 3ckalb, + 8k%aa_,bi
—26k*aagh_, — 2c%a_,b? — 3k%ala_, —2cfa,bi
—4cfagh_, —4cfa_ by — 8k*aa, byb_, + 22k%*aa b,
—8k*hlaa,byb_, + 6ckaya_yh, + ficka, agh_,

—2k*aa;b, by — 2k*biayb, b, + 6cka,a by

+22k*bla.byb_, + Bickasa_ by =0,

et —26k*b’a,b_, + 22k*b%a_,b, — 6k’ 3,a_,
+6cka a_, — 4cla;b,b_, + 3ckalby + 8k*aa bl
+8k*aayhy + 8k*b? abi — 8k*bhlaghy — 4clabhy,
+2k%aayb? + 2k*blaghy — 26k%aa,b_, — 2clashi
+22k*aa_,b, — 3k%s;a} — 3k%ala; —4cfab,
—2c%aphi — 4claghy — 4cfa_y by + 3ckal
—2k%*bla,b,by + 6ckaa_,by + 6ckaza, by
+6icka, aghy, — 2k*aa, h,hy = 0,

e*:6ckaga, by + 6k*as, byby + 6k*bia by by — 4ca, by
—18k*b%a;b_, + 3ckalb_, + 6ckaja_, — 12k%*aa by
—12k*h%a, by — 4c?a,hy by + 3ckalh, + 6k*aagh,
+6k*biayb, — 6k?aja, a; + 6cka; 3y — 18k%aa; b,
—k%af — 2cfa_, —4cfagh, — 2e%a,bf + 18k*bTa_,
+18k*aa_, —4c?a,by, — 3k%ala_, =0,

e*t:8k%aa; 4 3ckalh, 4 8k*b?a, — 8k*ba b, + 3ckal
+6¢cka;a by, — 2¢fa;bf — 4efa b, — 4efabhy +
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+2k*aa. b} — 2k*aa b, — 8k*aa by + 2k*bia, bl
—2k%*bfa,b, — 3k%ala; — 3kfa;al +6cka,a,

—2c%a, =0,

e*:—4c’ab, + 2k*ba, — 2k*b*a, b, — 3k%ala,
+k*aa, — 2k%aa. b, + 3ckalh, + 6ckaya, — 2ca,

—2c%a, =0,

e%:3ckaj — k%ai — 2c%a, = 0.
Solving these equations with the aid of Maple we get the
nine sets of solutions as follows:
1. a_43 = 0. dp = 0, a; = 0, a; = iﬁl{-\.‘la+b:;
b_; =b_;.by =0.b; =0,

c=1+3kM"a+ bl k=k (36)
2.a,=0a,=03, =0, a;, = +4kva + b?,

b_, =0.by =by.h, =0,

c=+2k*at bl k=k (37)

b_, =0,by =0,b, = b,,

c=4k™Wa+blk=k (38)
4 a_, =0,3, = 0,3, = +4b,kva + b2,

a, = +4b,kva + b2, b_, = hyh, 0,

by = by, b, = by,c = +2k¥/a+ b2,k =k (39)
5. a_, = +4byb,kva + b2, 3, = +hokva + b,

a, =0, a, = 0,b_, =byh,, by = by,
b =b,c=+2ka+blLk=k (40)
6.a_, = 0,3, = +2bkv/a £ bZ,a, = a,,
a, = 0,b_, = 0,by = by,

_ tkay(ai+abpkibirsbpkiayarb? 0
- 2ra+b?)

by

il

c=+k™Wa+blLk=k (41)

u, (&) =

vy (8 =

Ug ':)";J =

v, (8 =

1y ':E] =

Vg ':Ej =

7.a_, =t6b_,kva+b? ,a;, =0, a =0

2, =0b_,=b_,,by=0,b, =0,

c=+3k*a+brk=k (42)

8. a_, =0.3;, = +4bkv/a + b2, a, =0,

a, = 0,b_, = 0,by = by, b, =0,

c=4+2k¥a+blk=k (43)

O a3, =a_j.3;,=3;, 3 =3, 3;, =0,

__day _ 8-y ip
h_j' - :‘r-:-\.'5+'l:|:’bnI T gy * Thy'a+h?
by =2+ ——c=+k"at b k=k (44)

84 Iky/ a+b

Substituting Egs. (36) - (44) into Eq. (35) we obtain
respectively the following solutions:

gl a+h2e?t

efib_ye ¥

lBHEEh_1[5+h:—b'\J a+b?)

= 45
(e2B+b_,e~E)" (45)

aky'a+b2e?f

e2fiby

’

ghgkie?fh_ 1|:1+h:—h Ja+h ::I

ETRRY (46)

Thylk/a+hieb

g2f+h,ef 7

7h, ket |_r_=1 +b?+bya+b 2)

(eb+h,)” (47)

u, (5 = i (43 + B2 (e + b, )eb),

Elh

vy (E) = ?’[[hhix-'r; +b —a-b%

+(2b, + 2b,b%— 2by/a+ bojet
+(a + b* — bv/a +b2)e%], (48)

abplya+bi(1+b,ef)

ag(g) = ekl
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vs(®) = 222 [(2ab, + 26%, + 2bb,Va + D)t
+(a+b® + ba + bF)e™
+ablb® b} 4+ bbiva + 7).

Where

b= ¥ 4 byef + by + bybyet,

ug () = i{aleE - Ebnl-wm),

ve(® = Z((e/a+ 076t + 2bokia + b7 ).
—# {aleE + EbDl-r'-a"ﬂ-l-—h:}: - Z—kal et

+ox (aye + 2bgka + 7).

. (af +4k®bpa+akd bybiie
X(E‘E-I-I'i o2 _'u E]
ITkayva+bs

Where

w = E‘E + |j5.§+4k""bu1+4k':buh:j:-E

Thkayy'a+b?

+ by

a ':EJ _ kb_ywa+hle~E
T T ebib_yef

v ':EJ _ 18kl by ra+bl+bya+bef
! (e2B+boye 5]

—
4bgke/a+b*
u@ = B

’

e2f+h,

v ':EJ _ gl bgra+b?+by/a+b2et
= (s78+bg)"

2a, k

'-19':&] = r

v;{ﬁ] = :i;w {{aleE +a; + 3—13_53{3 +b%),

({aleE +a,+a_,6 ) at b?

_:Eriz;‘: {a +5)(ase® +ap + G—LF_E}:

—% {(a,6f +a_,e  Wa L bl

+% [(asef +3p +a_y6™)

% (4a,e% (@ + b%) + 2apk(a + b) et

+(a%e? —a_,a,e7F) (53)
Where

[=aa_e* + (gya, + 2a_,kva + B2))

(49)
+a? + 2a,kva + b7 )et + 2a,kva + ble™,
- by cte
ulf) =u(xt), = Fied  Tiear
Case 3: For the case with p = c = 2, q = d =2, Eq. (18)
becomes
_ E:E:E+11EE+5.|]+5._1E_E+5._:E_:E
I.'I.':EJ T e?hybyefibg+b_pem by ek (54)
For simplify, we take b_; =0, by =0. Then Eq.(54)
becomes
{EJ _ E:E:E+11EE+5.|]+5._1E_E+5._:E_:E 55
" - e2f+by+b_e26 (55)
(50) Substituting Eq. (55) into Eq. (17) and taking the
coefficients of €° in each term zero yields to a set of
algebraic equations for a_z,a_y, 4, 34, 43 . bp. B_g, ¢,and k
as follows
e %: —2c%a_,b?, + 3cka’,b_, —k%a®, =0,
e % _3k%a%.a , 4+ fcka_ja b o+ 2k*aa_ k%,
—2cfa_,b%, + 2k*bla_ bl =0,
(1) . Z
e~¥:—2c%a,b?, + 6ckaga_b_, + 3ckal b,
+3I:'|[i:ﬂ-:_:b_: + Ekib: ﬂ-nb:_: - Bkdazﬂn EJDEJ_:
_Ekdﬂﬂnbz_: - E‘kiﬂ-ﬂ-_:bnb_: - ‘}C:ﬂ-_:hn&:
—3k%a,at, =0,
(52)

e ¥:18k*p a, %, + 6cka_ja_y by + 3k a,a’,
—4cta_ byb_;— 2ea,b?, + 18k*an, bE,
tockaya_ob_;— 12k*aa_,byb_5 —
—12k*b*a_,byb_;, — k%a®, + 6ckaga_,b_, =10,

6klaya_sa_,

e X —32k*aa,b_, + 6ckaya_, +6ckasaghy — 4clagy by
—32k*b%a,b_; + 3ckal by + 32k*b%a_, + 3ckal
t6cka.a_, + 32k*aa_, — 4cla.b_; — 6kla a0y
—2cta_, + 3ckaib_; — 3kfa,ai + Sk*aa,bi
+8k%b a b — Sk*aayby — 3kfalay — 2c%a, bi
+8k*b? aphy =0,
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e~%: —6k’a,apa_; + fickaya_oby — 4cla bgb_, 1.a,=0a_;=0,3,=03 =0,
+6Ekaiﬂnh‘_: - 6[‘[:3.:3._:3._1 + ‘}kiaaihnh_:
—3k%a,a%, — 3k%ala_, + 6ckaja_sb_, — 2cfa_,bi

+6cka_sa_, + 2k*b%a_,bi + 2k*aa_,hi

a, = +8kvVa+ b2, b_y =b_,, by =0,

. . c=+4k¥a+blk=k (56)
—44k*b%a_b_, + 4k*bia,byb_; + 6ckaga_ by
—4ca_sb_; — #4k%aa_sb_; = 0, 2.a;=0a_, =03, =+dbk/a + b7,
e¥:3ckal, — 3k%az0l; — kPaf — 4clagh_; a, = 0,3, =0,b_y = 0.by = by,
_‘}c:ﬂ-:bnh_: - ﬁﬂkﬂ-:ﬂn b_: - 2+k4h:ﬂ: EJL\EJ_:
+24k*aa, byb_, + 6ckaa_ by + 6cka,a_, by c=+2k*a+bLk=k (57)

+3ckaiby — 48k*aayb_, + 6ckaga_; —4cia_jby
_6k:ﬂ-: ﬂ-nﬂ-_: - ﬁ'k:aiﬂ-nﬂ-_i - ‘}Ekib:ﬂnb_:

+24k*b%a_sby + 24k*aa_sby = 0,

3. a,=0a_;=0,3,=a, 3 =0

+4agb ke a+b?

16k2(a+b?y

a, = +tHa+bl,b_,=
et :6cka,ahy — 6kla,a,a_; — 44k*aa,b_, + 2k*bPa, b?
2k*aa,bi + 6ckaga_, + 4k*b e, by — 4cla_, by by =bp c=t24a+ bl k=k (58)

+6I:'|[i:ﬂ-: ﬂ-ib_: - ﬁl:'kﬂ-: ﬂ-_ihn - ﬁk:ﬂ:ﬂnﬂ-_i

—2c%a,bf — 3k*a,a] — 4c’ayb_; + bckaya_, 4. a_;=0a_;=0,3 =+2bkya+b’

—EFC:I'AE ﬂ-_i - ‘1"1'|[i:4b:ﬂ-1b_: + ‘]:'kiﬂ-ﬂ-_ihn = ':I_. —
3, = H2ikva+bta, =0, b_, =10,

e™: —6k’a,a_ja_, + 6ckaa_jb_,— 32k*bPa_jb_,
+3ckaib_,— 2cta_ybi + Gckaya_yb_; — 2cla,b?,
—3k%aia_, —4cta_,b_; + 3cka® by + 3ckal,
—8k*aagh_,by + 8k*aa_.bi — Bk*blayb_o by

by = by.c= +k¥a+ bLk = k. (59)

5. a_,=18kya+bla_,=0.3, =0

—Sk:a: u.:_: + Bckoga_o by — EEk:aa_:EJ_: a;, =023, =0b_;=b_, b,=0,
+8k%b a_, b +32k%*aa,b?; — 4ciayb_ob,
—3k%aya?, + 32k*b e, k%, =0, c=+4k¥a+blk=k (60)

Substituting Egs. (56) - (60) into Eq. (55) we obtain

et _dcla b, — 2c%a_, + 6cka,a_, + 18k%aa_, _ _ _
respectively the following solutions:

—12k*aa, by — 3kfala_, — 12k*ba,a_, — kial

+6cka,a, by + 18k*b%a_, — 6k%a,a,a, 0, () = Eky/a+b2e?f
+6cka 3, = 0, P ethbgeniE
22k b_z(a+b3 by a+b?
e*t:3ckal 4+ Bk*aa;, + 3ckbib, — 3kiaa? — 2ela, v, () = (e%Esb_e—2E) (61)
+El{4h‘: E.D - Ekd-E.E.: hD - Bkih: 3.: b‘n - ‘I'C-:a:hn
+6¢cka, by — 3k%ala, =0, _ 4bgle/a+b?
(i} o s {a = E:E+bu ,
e*:6cka,a, + 2k*bta, — 2c%a, — 3k%ala, { BESPSRE TN i
+2k4a‘a‘1 =0 vz EJ a EE:E+b|]:=: I (62)
EE‘E:—I{:ag — 2ca, + 3ckal = 0. uy(5) = akya+bZe?fia;
E - E :a‘.:u'buk-.-'m-aﬁ)n'ﬂ ’
e +hg+ 16k [a+bT)
Solving these equations with the aid of Maple we get the
five sets of solutions as follows: vy (@ = -t (2kapva + b2 + 8k¥(a + b))
= A
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— S (a T B +a,) - (VAT e V. Conclusions

In this paper, we successfully use the Exp-function method
to solve fractional nonlinear partial differential equations
with Jumarie’s modified Riemann-Liouville derivative.
This method is reliable and efficient. To our knowledge,
the solutions obtained in this paper have not been
reported in the literature so far.

+3 (Bea T 07e) + 3 (42 T 0767 4 1)

y (2 o _ [41,,]:,,1-:-\:a+h*—aﬁj|j:-"EjJ. (63)

ekifa+b?y
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