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Abstract. We consider an efficient trust-region
framework which employs a new non-monotone line
search technique for unconstrained optimization

problems. Unlike the traditional non-monotonic
trust-region method, the new point is given by the
non-monotonic Wolfe line search at each iteration, and
the trust region radius is updated at a variable rate.
The new algorithm solves the trust region sub-problem
only once at each iteration. Under certain conditions,

the global convergence of the algorithm is proved.
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1. INTRODUCTION

We consider the following unconstrained optimization

problem

min f(x). (10

XER"

where f(x) is twice continuously differentiable.

Trust region method is a very effective and robust

technique for solving problem (1) to find the global optimal

solution. At the kth step, it calculates a trial step d, by
solving the following trust region sub-problem
p T 1 7
min ¢, (d) = f, + g, d+—-d Bd
2 (2)
st |d]I<A,.
where f, = f(x,) and g, = Vf(x,) are the function
value and the gradient vector at the current approximation
iterate X, respectively, Bk is an nXn symmetric matrix
which may be the exact Hessian H(x,) or the
quasi-Newton approximation and Ak >0 is the trust
region radius. In this paper, the notation ||-|| denotes the
Euclidean norm on R". After obtaining dk, the trust
region method computes the ratio 7, between the actual
reduction and the predicted reduction of the objective
function to check if d, is acceptable. Then the trust region
radius Ak is also updated according to the value of 7, ,
since 7, reflect the extent to which the quadratic model
¢, (d) approximates the objective function f(x, +d).
Hei [1] proposed a self-adaptive trust region algorithm, in
which Ak is updated by R -function at a variable rate.

Non-monotonic line search technique for unconstrained
optimization is first proposed by Grippo et al. [2]. Due to its
high the

non-monotone technique to trust region method and

efficiency, many authors generalized

proposed non-monotone trust region method, see [3,4].

Yang and Sun [5] proposed a new region algorithm where

the trust region radius is updated at a variable rate.
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Moreover, the new algorithm performed a backtracking
line search from the failed point instead of resolving the

trust region sub-problem.

Wang [6] presented a non-monotonic trust region
Unlike  traditional

non-monotonic trust region algorithms, the new point is

algorithm  with line  search.
given by the non-monotonic Wolfe line search at each

iteration, and trust region radius is adjusted by
sub-problem approximate solution and line search step
length.

Mosoud  Ahookhosh [7] introduced a variant
non-monotone strategy and incorporate it into trustregion
framework to construct more reliable approach. The new
non-monotone strategy is a convex combination of the
maximum of function value of some prior successful

iterates and the current function value.

In this paper, we determine the step-length «, by

sub-sequent Wolfe line search

f(x, +ad)<R +pBa,g.d,.

g(x, +d) d, >vg/d,.
where 0 < 3 <y <1 and

R, = nkfl(k) +A=n)f

where 7, €[N  for 7., €[0,1)  and
Noae € [Mn51] .And we improve the self-adaptive trust
region algorithm proposed in [1] by adopting the above
ideas: backtracking line search and non-monotonic
technique. Now, we can outline our new non-monotone
self-adaptive trust region algorithm with non-monotonic

line search.

2. NEW ALGORITHM

Before describing the new algorithm, we need the following

definition and conclusion ([5]).

Definition 1 Any one-dimensional function R, (7) defined
in R =(—00,+00) with the parameter ) € (0,1) is an
R -function if and only if it satisfies:

1) R, (7)is non-decreasing in (—00,+00);

2) tle}gc R (1)= B,, where 3, € (0,1) is a small constant;
3) R (t) <1—1,, for all # <nwhere 7, €(0,1-0,)is a
constant;

4) R, (1) =14 y,, where 7, € (0,+00) is a constant;

5) ZEI}; R (1)=p,, where (3, €(1+7,,+00) is a

constant.

Theorem 2 An R -function R, (f) (where n€ (0,1))

satisfies

0<B <R @) <1—v <LVte(—oo,m). (3)

1<147, <R (1)< B, <+00,Vt €[n,+00). (4)

Now, we give a description of our new algorithm.
Algorithm 1
Step 1 Given x,,B, € R"",A,>0,6>0,0<j, <1,
0<7, <1-3,7,>0,8,>147,,0<c, <LLN >0,
0<pB<y<l1.Set k=0,m(0)=0.
Step 2 Compute g(x,).If || g(x,)||<e, stop.
Step 3 Solve the sub-problem (2) for d, satisfying

pred, > 7| g, [|min{A,.[ g, H/H B [}}. (5)

ngdk <-7 8 1 min{A,,

g I/l B llb- ()

Step 4 Compute f,,,,R andp, = (R, — f(x, +d,))/
pred, find the step-length v, satisfying in

S +a,d) <R, _’_ﬁakglfdk' (7)

g(x +ad, )Tdk > 'Vglfdk- (8)

Set x,,, = X, +a,d, , go to Step 5.
Step 5 A, | = R, (p, )A, . Update the matrix B, | by a
quasi-Newton formula, set

m(k)=min{m(k —1)+LN},k=k+1.
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go to Step 1.
3. CONVERGENCE ANALYSIS

To analyze the new algorithm, we make the following

assumptions.

Assumption

(H1) f(x) is continuously differentiable and has a lower

bound on the level set L(x)={x|f(x)< f(x,)} is

compact.

(H2) The matrix B, is an uniformly bounded matrix, i.e.

there exist b > 0 such that || B, [|[<b forall k € N.

(H3) Vf(x) is uniformly continuous,

constant L > 0 such that
IVf()=VfWI[< L]l x—yl.vx,y €R". (9)

(H4) There exists a constant e such that the trial step d f

there exist a

satisfies
ld,[I<el g, |- (10)

Lemma 3 Suppose that the sequence {x, } be generated
by Algorithm 1, then the sequence { f,,,} is a decreasing
sequence.

Proof. Using definition of R, and f;,, we observe that

R, = nkfl(k) +d=n)f,
<0 Sy T A=1) fr10 (11)
= fl(k)

f(x, +a,d)<R +Ba,gld,

12
k. (12)

These two inequalities show that

St SRS fr- (13)
We have m(k +1) <m(k)+1, thus from the definition of

fz(k+1> and (13), we can write

= max
fl(k“) 0< j<m(k+1)

iyl

< max
0<1<m(k)+1{fk ”'} (14)

= max{fl(k)’fkﬂ}
< fl(k)‘

This show that the sequence {f,,} is a decreasing

sequence.
Lemma 4 Suppose that (H1)-(H4) hold and the sequence
{x, } be generate by Algorithm 1, then we have

1}1—»1‘?0 f(xl(k)) = I}I—Elc f(xk)- (15)

Proof. Using (7) and (11), we obtain
f(xl(k)) = f(xl(k)fl + Ozl(k)fldl(k)fl)
T
< Rl(k)—l + 50‘1(1()718',(”,, dl(k)—l

T
< fiuwn + ﬁal(k)—lg”kkl )1

Preceding inequality, along with 3 > 0 and Corollary 2.1
in [8] implies that

Lim cy 18, i1 =0

Thus using (10), we can conclude that

llm al(k) 1 Hdl(k) 1 H_

The rest of the proof is similar to a theorem in [2].

Corollary 5 Suppose that the sequence {x, } be generated
by Algorithm 1, then we have

lim R, = lim f(x,). (16)
k—00 k—o00
Proof. The proof is similar to that of Corollary 8 in [7].

Lemma 6 Suppose that (H2) and (H3) hold Let «, be
sequence generated by Algorithm 1 and {A,} are
bounded upper, if g(x) is uniformly continuous satisfies

g [=e>0 V.

where € > 0, then there exists a constant a >0 such that
o, >a Vk. (17)

Proof. By the same way as in the proof of Lemma 5.1 in [9],

we have the conclusion.

Lemma 7 If g(x) is uniformly continuous and the

sequence {x, } be generated by Algorithm 1 satisfies
I8 [>e>0. (18
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where € >0 is a constant, then there exists a constant
¢ > 0 such that
C
A, >— k=01 (19
M

k

where M is defined by M, = 1—1—{263}5 | B, ||.
Proof. Because Vf(x) is uniformly continuous, there
exist a positive number o such that
d][Vf (x+d)—Vf (x)]
1 (20)
<—7(—=c)e|d,||.
2
is satisfied for all || d, ||< . We show by induction that
(19) holds with
c=min{AM,,BoM,, B, T(1—c)Be}. (21)
when k =0, it is obvious that A, > C/M0 , 50 (19) holds
for k = 0. Assume that (19) is true for k, we will prove
that (19) holds for k +1.
Since M, is non-decreasing, to prove (19) for k +1, it
suffices to establish the relation

C
A > 22)
K+ = M,
Since A, |, = R, (p, )A,, it follow form Theorem 2 that
e A > C/Mk . In this case, relation
(22) is trivial Therefore, in the remainder of proof,
p, <c,, thus A, is in the range BA, <A, <
(1 -—N )Ak :

If || d, ||> o, then

when p, > ¢, A

A, = BA,
> B4, |
> Bio
Z61‘71‘40/1‘4k
Zc/Mk.

If || d, ||< o, it follows from Algorithm 1 that

f(-xk +dk)_Rk > —Cl(¢k (0)_¢k (dk ))
=c(g/d, +d/B,d,/[2).

From (20) and Lemma 2.2. in [8], we know that

fx, +d,)—R,
Sf(xk +dk)_f(xk)

:J:dkT[Vf(xk +0d,)—Vf(x)d0+Vf(x) d,

Te(l—c,

)
<gid+ Iy II-

(24)
From (23) and (24), we have

(—c)gid, +1e|d, |/2)>cd]Bd, /2. (25)
Moreover, we have by (5) and (18) that
—gld,—d!B,d, [2>7emin{A,,¢/|| B, |}}. (26)

Multiplying (26) by (1—c,) and combining it with (25),
we get
ALl B
>—d; B,
>2(1—c¢)remin{A,,¢/|| B, |} —(A—¢)7e]|d, ||
> (1—c)me{2min{A ,¢/| B, |} — A, }
= (1—c)remin{A,,2¢/|| B, || -4, }.

Using the above condition, we can give a constant lower
bound on the product
A, || B, |[> min{(1—c)Te,e} >¢c/B,.
always holds. So
Ay 2 B4 > c/|| B |[>¢/M,.
Thus, (19) holds for k +1. Therefore, by induction, (19)
holds for all k.

Theorem 8 Assume that Assumption holds. Let {x, } be
the sequence generated by Algorithm 1, then

]}im inf || g, |=0. (27)

Proof. We prove it by contradiction. Assume that (27) is
not true, that is, there exists a constant € > 0 such that
A3

It follows from (6), (7), (11) and Lemma 6 that
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fl(k) = f('xl(k)—l +al(k)—ldl(k)—l)
T
< Rl(k)—l + ﬁal(k)—lgl(k)—ldl(k)—l

~ (28)
S Rl(k)—l - Tﬁ()ﬁ{f mln{A](k)fl s S/b}
< frawny —TBoemin{A, , ,,e/b}.
Using Corollary 2.1 in [8], from (28), we have
]}LIIOIC Ay =0. (29)

For k > M ,wehavek — N <k —m(k)<I(k)<k and
hence

0<k—I(k)<N. (30)
By the updating formula of Ak and Theorem 2,
BIA, <A <B{A, holds for all j. Thus, it follows
from (30) that

M+1 M+1
ﬁ1 Al(k)fl < Ak < 52 Al(k)fl'

Then, from (29), we have lim A, = 0. It contradicts (19)
k—o00

in Lemma 7.

4. CONCLUSIONS

In this paper, we proposed a new non-monotone
self-adaptive trust region algorithm with non-monotone
line search. After we analyzed the properties of the new
algorithm, the global convergence theory is proved. In the
near future, we would like to investigate some new type of
combinations composed of different functions values in
order to sufficiently use the information which the

algorithm has already derived.
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