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Abstract - We consider in this paper the technical
construction of D = 4, N = 1 pure supergravity in a
geometrical way, using superforms in superspace as
extension of spinor-tensor calculus. Starting by the
important concepts of supersymmetry, superspace and
rheonomic principle, we will focus on pure D =4, N = 1
supergravity and in a technically rigorous geometrical
way the structure of the theory will be built.
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1. INTRODUCTION

Supersymmetry is a modern symmetry with interesting
features at pure and applicative level, which represents
different properties with respect to the ordinary
symmetries of physics. N = 1 supersymmetry is the
simplest version for it, with N the number of
supersymmetry generators. If we consider a local version
of the supersymmetric theory, it necessarily includes the
gravity and is said “supergravity”. Supersymmetry has the
important feature to “keep natural” the standard model,
i.e. to adjust with accuracy the “input” parameters of this
model, concerning strong, weak and electromagnetic
interactions [1].

Supergravity models have a higher predictive power with
respect to those based on global supersymmetry; they
allow to solve problems such as the “gauge hierarchy” of
standard model, permitting a “mass splitting” among
fermions and bosons of the same multiplet, in accordance
with phenomenological results. This fact opened the way
to application of N =1 spontaneously broken supergravity
for the description of the particles phenomenology at low
energies.

Field theories including gravity are not renormalizable;
this is the case of N = 1 supergravity too. The existence of
supersymmetry leads to cancellations of “infinites” of
theory, but only at the first perturbative order, not in
general. But considering supergravity as the “effective
theory” of a superstring theory, not as “fundamental
theory”, it is possible to shown that the effective theories
derived from superstring theories are supergravity
theories; N = 1, D = 4 supergravity theory can be
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considered as the compactification of the heterotic string
theory [2,3].

2. PURE D = 4, N = 1 SUPERGRAVITY

We start by the action of Einstein-Cartan:

A:I R (@) AVEAV &y - 1)
My

M, is a 4- dimensional Riemannian manifold, R® is the 2-
form of curvature:

Rab :dwab — 0 chb (2)

c )

and 17 is the vierbein. The action (1) is equivalent to the
action of gravity, written in the tensor formalism:

R AVEAVY &g =—4RY, detV d*x . (3)

Rijl'j=R”;v=R is the scalar of

detV=,/—g=/—det guv » with Latin letters for flat indices

and Greek letters for curved indices. The two involved
gauge fields are the spin connection »“ and the vierbein

Ve

curvature and

o =0 dx* (4)
Ve=ve det (5)

In the first order formalism, both gauge fields are treated
as independent. The quantity {V'*, %} constitutes a

multiplet in the adjoint representation of the Poincare
group; from the 2-form in the Poincare Lie algebra-valued
curvature, we find:

Rab:da)ab_a)a /\wcb_ (6)

R =dV*—o V" = ¢y 1, (7)

i.e. the Lorentz algebra-valued curvature is the field
strength of the spin connection and the vector-valued
curvature, or torsion, is the field strength of the vierbein
field. The Einstein-Cartan action is invariant under general
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transformations of coordinates
derivatives.

The variation of the action (1) with respect to V¢ and

generated by Lie

®® brings to the Einstein equation of pure gravity and
the condition of the torsion respectively:

1
R - £5% R=0; 8)

REAV? £,.0=0 = R°=0. 9)

The next step consists in the coupling of the graviton with
its supersymmetric partner, or “superpartner”, i.e. the

“gravitino”. It is described by the spin 3/2 Rarita-
Schwinger field:
w=y Oy =y°, ()dx" Q,. (10)

v, (x) describes a massless particle with spin 3/2 in
spacetime and O, is the supersymmetry generator; ¥

satisfies the Majorana condition y* ;/0 =y'C.
The equation of motion of gravitino is:

ghvpo Y57, ap W, =0. (11)

The complete action describing the coupling “graviton +
gravitino” is:

A:j —4R—gd*x+4i7, 75 7,
M,

gy, VG et dix. (12)
If we use forms, the action becomes:

A= ¥ R AVEAV &g +4W A5 V0 iy AV, (13)
4

The third independent field is therefore:
v =y, (x)dx" (14)
3. THE ROLE OF SUPERSPACE

It is favorable in the context of formalism generalization,
and for giving geometric meaning to the supersymmetry
transformations, to consider the three previously

introduced spacetime fields V., ¥, a)“bu as 1-forms in

superspace. Such procedure allows to interpret the
supersymmetry transformations as Lie derivatives in

superspace, where the 1-forms ()¢, ¥) can be
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considered as a single object E* = (¢v“, V), said
“supervielbein”.  Supergravity can be “naturally”
interpreted as a theory in superspace.

We define the curvatures:

R =do™ —0® no™ = oy, (15)
R = & V“—%W/\yal//, (16)
P=oVy, (17)

Now %, V%,V are 1-forms in superspace, and R, R“

and P the corresponding curvatures. It is possible to use a
compact notation:

1
R =du +=Clye p” nutc, (18)

with R* =(R* ,R*,p) [2].
4. ABOUT THE RHEONOMIC PRINCIPLE

The fields ©*, v%, ¥, introduced for the spacetime
description of supergravity, enter in the structure
equations of superspace. The 1-forms u* :(w”b,V“,u/) are
defined on a fiber bundle such as 5:5(M4/4,SO(1,3)),
the fields of supergravity in the “standard components
approach” are defined only on spacetime M,. The
identification of 1-forms with the supergravity fields
requires that the spacetime fields ®,(x), V“u(x),

l//a‘u (x) are interpreted as “boundary spacetime values” of

the superspace superfields:

Va =V‘L (x) dx# - V (X):V (x,9) z;go ; (19)
= ,0) o
W:W‘u (x)dx” g l//(x) y/(x ) 3520' (20)
ab _ ab oy ak o® (x):w“b (x,0) g_o
W =0 u (x) X - dé:o' (21)

They are the values in 0% =0 of restriction on the

cotangent bosonic plane of the corresponding 1-forms in
superspace. The “mapping”:

Ve(x) = V(x,0)

rh: y(x) = y(x,0)
o (x) > 0™ (x,0)

(22-24)
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is said “mapping of rheonomic extension”.
The concept of rheonomy is introduced by assuming that

A
R

expressed in terms of the “inner” (or purely spacetime)

the “outer” components can be algebraically

components RAHV :
R =CUf" R, (25)

In Eq. (25) C¥/". are constant tensors, # and V are

indices of spacetime bosonic coordinates, @ is a spinorial
index associated to coordinate %, L=(a,u), A e B are
indices of Lie superalgebra. In presence of rheonomic
constraints, the physical content of a superspace theory is
entirely determined by a purely spacetime description.
Therefore a supersymmetry transformation can be
identified with the Lie derivative /, in presence of

rheonomic constraints.
In relation to the action, it is normally written as:

s=[. 2, (26)

with Q n-dimensional manifold, £ scalar density, i.e. a n-

form created with p-forms on Q. The action is therefore a
functional of the fields configurations only. We can
generalize the action (26) considering as Lagrangians
L (o) forms with degree D < n:

s=slo M=, £(0) 27

with Mp a D-dimensional sub-manifold of Q.

In this way the action becomes a functional of the field
configurations ¢ (x) and of the surface M,. Minimizing S
with respect to variations of fields and of the surface, we
obtain the classical equations of motion. The difficulties in
resolution of such equations can be overcome considering
the fields {@:} as a set of exterior forms of various degrees
p and the Lagrangian obtained from {;} using only the
“diffeomorphism-invariant” operations of exterior algebra,
i.e. the exterior derivative “d” ¢ — do, the wedge product
“N” (@1, ©2) = @ A9, and excluding the Hodge operator
of forms dualisation “ * “.

Following this way, the deformation of the surface M, may
be compensated by a diffeomorphism in the superspace of
fields {@]}. This implies that the full set of variational
equations associated with the action is given by the usual
equations of motion obtained by varying action with
respect to the fields “on a fixed surface”. The equations are
valid on the whole superspace and the action is
“geometric”, i.e. built with exterior forms, using “d” and
“A” and excluding “* “ [4].

The extended action is:
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D=4,N=1 _

ab c d
extended IM CRY4 RTAVEAYV Eabed +
4

AW AYs Ve p AV (28)

where R4 is a superspace manifold and M, is a four
dimensional bosonic surface, identifiable (for example) at
0 = 0 with a spacetime surface. The equations of motion
have the same form of those in the spacetime approach,
because the Lagrangian is geometric, but now they hold on
the whole superspace R¥*. These equations are 3-forms
in R¥4; it is possible to expand them in a complete basis
of 3-forms and analyze them [4,5]. The VAVAV
projection gives the propagation equations for the

. b .
spacetime components R%;, R%. e P ., valid on whole

R**. The restriction on As* brings to the ordinary
equations on spacetime. The equations of motion in
superspace imply also the rheonomic constraints, which
are differential relations satisfying the integrability
conditions d* = 0. The examination of the WAV AV
content of Bianchi torsion gives the spacetime equation of
gravitino; the Bianchi-Riemann identity gives the
spacetime Einstein equation and the symmetry property
of the Ricci tensor.

5. INFORMATIONS ON THE THEORY THROUGH
THE RHEONOMIC PRINCIPLE AND BIANCHI
IDENTITIES

The Bianchi identities imply in general the equations of
motion of the theory. There is also another line of
approach for the building of a theory of supergravity, i.e.
not starting with the Lagrangian, but assuming the
rheonomic principle as the basic starting point of the
theory. The rheonomic principle in the usual form is
assumed, i.e. the outer components of the 2-forms of
curvature in superspace must be expresses “only” in terms
of the inner components. The parameterization of the
curvatures in superspace, in addition to satisfy the
rheonomic principle, must satisfy also the Lorentz
covariance and a scaling invariance, which is below
defined. The reason lies in the fact that the definition of
the curvatures and the corresponding Bianchi identities
are Lorentz-covariant and are also invariant with respect
to the following scaling transformation:

o® - o®, (29) R® — R, (30)
Ve > wre, (31) R - wR“, (32)
v - Jwy (33) p > wp, (34)
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. n

where “W” is a constant non-zero parameter said “scaling
factor”. All this allows to write the most general
parameterization of the curvatures in superspace:

RP=R® VAV 40 w AV +y AKPy | (35)
R=R% VOAV 40 w AV +7 AK y (36)
p=pu VAV +H, y AV +Qupy® Ayl (37)

Due to the rheonomic principle, tensors 9abc, K%, H.,

Q,s must be built with the “inner” curvatures, ie. in
terms of the spacetime curvatures R%,,,, R%m € Pmn- If
it is assumed that the 2-form R“ is identically zero, it
follows that R, =0; with a redefinition of the spin
connection it is always possible to put the supertorsion

R? equal to zero. By Eqgs (29-37) it follows that the scale
dimensions of the various introduced tensors are:

[0°.1=-3/2,  (38) [H]=-1, (39)
[K]=-1, (40) [Qop]=-1/2. (41)

Introducing the parametrizations (35-37) in the Bianchi

identity of torsion and considering the W AVAV
projection, with R“ =0, we obtain:

0w AV, AV  + i Ay pu VP AV =0, (42)
or, equivalently:

1 = — L —

E(eab/c_eac/b)wzlpbc YoV - (43)
Solving this last, we find:

H_ab/czziﬁ C[ay b] _iﬁab}/c- (44)

In this way the curvatures of superspace are fixed as
follows:

RP=R® VAV (2ip cta ¥ -

~iPp Y)W AV, (45)
RY=0, (46)
p=p VAV, (47)
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The parametrization (45) is different from that found by
solving the equations of motion in superspace. This is not
in contrast with what previously stated, because there is a
difference only in the left-hand side of the spacetime

equation of gravitino; but y“ P,=0, as it can be

calculated, therefore they are equivalent.
We can get by Bianchi identities also the equations of
motion on spacetime. Indeed, if we consider the ¥ Ay A 14

sector of the Bianchi identity of gravitino and use Eqs (45-
47), we find:

PV AT Y AV + %y“bvmt?x

X(ycpab_zya pbc)/\VCZO' (48)

Using the Fierz decomposition:

_ 1,
VAT = r AT = or Y AT (49)

we obtain two equations for the coefficients of

WAy w AV and W AY,, W AV respectively:

1 i ed 1
gpab +E7/5 Eab Ped +E5ab ypq Ppg—

1
A Y Ppup=0, (50)

Vo 7 PS4 07 =0, (51)
The left members of Eqs (50, 51) are proportional to the

left-hand side of the field equation of gravitino; Therefore
we find:

TS

y57rgp tpst:yapap:()' (52)

For finding the Einstein equation we can perform a Lie
derivative of Eq. (52); it is however equivalent, even more
convenient, to use:

8YsVm pAV™ =4ysy, Wy AR"=0- (53)
with R =0 and differentiate it. We obtain:
D (YsVm PAV")Y=V5Vm & PA

m i - m
AV & 25V PAT AY" W =00 4
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Using the Bianchi identity of gravitino, Eq. (54) becomes:

| R m i — m
YsVm (—ZRbJ/ab/\l///\V £ ZpAT AY"Y)=0" (55)
In W AV AV AV sector we find:
ym 7/ab W/\Rabcd VC /\Vd /\Vm :01 (56)
ie.
. t ab c d m
iYsV WEpay R caVEAVEAVT +
+ 27, WAR™ q VEAVT AV, =0 (57)

The second term of Eq. (57) is zero, for the cyclic identity
of the Riemann tensor, valid when R“=0. The first term
gives the Einstein equation:

R™ . — %5“1) R™ =0, (58)

having used the equality:
c d m cdmf
VEAVIAYT =™ Q. (59)

6. CONCLUSIONS

In this paper we have considered the rigorous
construction of D = 4, N = 1 pure supergravity in a
geometrical way, i.e. using superforms in superspace. We
underlined fundamental concepts, such as that of
supersymmetry, superspace and rheonomic principle, for
focusing then the attention on pure D = 4, N = 1
supergravity. The rheonomic principle, implemented in
the Bianchi identities, togheter with the Lorentz gauge
invariance and the scaling property, have the same “on-
shell” content of the equations derived from the principle
of extended action. We saw that two alternatives for
building a classical theory of supergravity are possible:

a) the use of the principle of extended action and the
rules related to its construction;

b) the use of the Bianchi identities, with the rheonomic
principle, the Lorentz gauge invariance and the scaling
property.

In both cases it is fundamental the use of the rheonomic
principle [6-11].
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