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Abstract  -  We  consider  in  this  paper  the  technical
construction  of  D =  4,  N =  1  pure  supergravity  in  a
geometrical  way,  using  superforms  in  superspace  as
extension  of  spinor-tensor  calculus.  Starting  by  the
important concepts of supersymmetry, superspace and
rheonomic principle, we will focus on pure D = 4, N = 1
supergravity and in a technically rigorous geometrical
way the structure of the theory will be built.
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1. INTRODUCTION

Supersymmetry  is  a  modern  symmetry  with  interesting
features  at  pure and applicative  level,  which  represents
different  properties  with  respect  to  the  ordinary
symmetries  of  physics.  N =  1  supersymmetry  is  the
simplest  version  for  it,  with  N the  number  of
supersymmetry generators. If we consider a local version
of the supersymmetric theory, it necessarily includes the
gravity and is said “supergravity”. Supersymmetry has the
important feature to “keep natural”  the standard model,
i.e. to adjust with accuracy the “input” parameters of this
model,  concerning  strong,  weak  and  electromagnetic
interactions [1]. 
Supergravity models have a higher predictive power with
respect  to  those  based  on  global  supersymmetry;  they
allow to solve problems such as the “gauge hierarchy” of
standard  model,  permitting  a  “mass  splitting”  among
fermions and bosons of the same multiplet, in accordance
with phenomenological results.  This fact opened the way
to application of  N = 1 spontaneously broken supergravity
for the description of the particles phenomenology at low
energies. 
Field  theories  including  gravity  are  not  renormalizable;
this is the case of N = 1 supergravity too. The existence of
supersymmetry  leads  to  cancellations  of  “infinites”  of
theory,  but  only  at  the  first  perturbative  order,  not  in
general.  But  considering  supergravity  as  the  “effective
theory”  of  a  superstring  theory,  not  as  “fundamental
theory”, it is possible to shown that the effective theories
derived  from  superstring  theories  are  supergravity
theories; N =  1,  D =  4  supergravity theory  can  be

considered as the compactification of the heterotic string
theory [2,3]. 

2. PURE D = 4, N = 1 SUPERGRAVITY

We start by the action of Einstein-Cartan:

 
4

)(
M

abcd
dcab VVRA  ;                                                (1)

M4 is a 4- dimensional Riemannian manifold,  Rab is the 2-
form of curvature:

 cba
c

abab dR   ,                                                              (2)

and  Va is the vierbein. The action (1)  is equivalent to the
action of gravity, written in the tensor formalism:

xdVRVVR ij
ijabcd

dcab 4det4  .                                  (3)

RRRij
ij  

  is the  scalar  of  curvature  and

ggV detdet  , with Latin letters for flat indices

and  Greek  letters  for  curved  indices.  The two  involved
gauge fields are the spin connection ab  and the vierbein

aV :


 dxabab  ,                                                                               (4)


 dxVV aa  .                                                                                  (5)

In the first order formalism, both gauge fields are treated
as  independent.  The  quantity  { aV ,  ab }  constitutes  a
multiplet  in  the  adjoint  representation  of  the  Poincarè
group; from the 2-form in the Poincarè Lie algebra-valued
curvature, we find: 

cba
c

abab dR   ;                                                               (6)

ba
b

aa VdVR     D  Va.                                                    (7)

i.e.  the  Lorentz  algebra-valued  curvature  is  the  field
strength  of  the  spin  connection  and  the  vector-valued
curvature, or torsion, is the field strength of the vierbein
field. The Einstein-Cartan action is invariant under general
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transformations  of  coordinates  generated  by  Lie
derivatives.
The variation of  the action (1)  with respect to  aV   and

ab  brings to the Einstein equation of pure gravity and
the condition of the torsion respectively:

0
2

1
 RR a

b
al
bl  ;                                                                         (8)

00  c
abcd

dc RVR  .                                                      (9)

The next step consists in the coupling of the graviton with
its  supersymmetric  partner,  or  “superpartner”,  i.e.  the
“gravitino”.   It  is  described  by  the  spin  3/2  Rarita-
Schwinger field:





  QdxxQ )( .                                                    (10)

)(x
  describes  a  massless  particle  with  spin  3/2  in

spacetime and  Q  is the supersymmetry generator;  

satisfies the Majorana condition Ct  0 . 
The equation of motion of gravitino is:

05  
  .                                                               (11)

The complete action describing the coupling “graviton +
gravitino” is:

a
M

xdgRA   5
4 44
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D  xdV a 4
  .                                                             (12)

If we use forms, the action becomes:

a
M

abcd
dcab VVRA  54

4

   D  aV .   (13)

The third independent field is therefore:


 dxx)( .                                                                           (14)

3. THE ROLE OF SUPERSPACE

It is favorable in the context of formalism generalization,
and for giving geometric meaning to the supersymmetry
transformations,  to  consider  the  three  previously
introduced spacetime fields 

aV ,  ,  ab  as 1-forms in
superspace.  Such  procedure  allows  to  interpret  the
supersymmetry  transformations   as  Lie  derivatives  in
superspace,  where  the  1-forms  ( aV ,   )  can  be

considered  as  a  single  object  Ea =  ( aV ,   ),  said
“supervielbein”.  Supergravity  can  be  “naturally”
interpreted as a theory in superspace. 
We define the curvatures:

 cba
c

abab dR   R ab,                                                (15)

aR  D   aa i
V 

2
,                                                       (16)

  D   .                                                                                    (17)

Now ab , aV ,    are 1-forms in superspace, and abR , aR
and   the corresponding curvatures. It is possible to use a
compact notation:

CBA
BC

AA CdR  
2

1
,                                                   (18)

with  ,, aabA RRR   [2].

4. ABOUT THE RHEONOMIC PRINCIPLE

The  fields  ab ,  aV ,   ,  introduced  for  the  spacetime
description  of  supergravity,  enter  in  the  structure
equations of superspace. The 1-forms   ,, aabA V  are

defined on a fiber bundle such as   )3,1(,
~~

4/4 SOMGG  ,
the  fields  of  supergravity  in  the  “standard  components
approach”  are  defined  only  on  spacetime  4M .  The
identification  of  1-forms  with  the  supergravity  fields
requires  that  the  spacetime  fields  )(xab

 ,  )(xV a
 ,

)(x
  are interpreted as “boundary spacetime values” of

the superspace superfields:


 dxxVV aa )(      →   

0
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They  are  the  values  in  0  of  restriction  on  the
cotangent bosonic plane of the corresponding 1-forms in
superspace. The “mapping”:

rh:   
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is said “mapping of rheonomic extension”. 
The concept of rheonomy is introduced by assuming that
the  “outer”  components  L

AR   can  be  algebraically
expressed in  terms of  the “inner” (or  purely spacetime)
components 

AR : 

BA
BLL

A RCR 



/

/ .                                                                  (25)

In  Eq.  (25)  


/
/

A
BLC  are  constant  tensors,    and    are

indices of spacetime bosonic coordinates,   is a spinorial
index associated to coordinate   ,  ),( L ,  A e  B are
indices  of  Lie  superalgebra.  In  presence  of  rheonomic
constraints, the physical content of a superspace theory is
entirely  determined  by  a  purely  spacetime  description.
Therefore  a  supersymmetry  transformation  can  be
identified  with  the  Lie  derivative  l  in  presence  of
rheonomic constraints. 
In relation to the action, it is normally written as:

S  L  (),                                                                              (26)

with   n-dimensional manifold,  L scalar density, i.e. a  n-
form created with p-forms on . The action is therefore a
functional  of  the  fields  configurations  only.  We  can
generalize  the  action   (26)  considering  as  Lagrangians
L () forms with degree D < n:

S = S [, MD] = 
DM

L (),                                                        (27)

with MD a D-dimensional sub-manifold of . 
In  this way the action becomes a functional of  the  field
configurations   (x) and of the surface  MD.  Minimizing S
with respect to variations of fields and of the surface, we
obtain the classical equations of motion. The difficulties in
resolution of such equations can be overcome considering
the fields {i} as a set of exterior forms of various degrees
p and the Lagrangian obtained from {i}  using only the
“diffeomorphism-invariant” operations of exterior algebra,
i.e. the exterior derivative “d”:  → d , the  wedge product
“ ”: (1 , 2) → 21    and excluding the Hodge operator
of forms dualisation “ * “. 
Following this way, the deformation of the surface MD may
be compensated by a diffeomorphism in the superspace of
fields {i}.  This  implies  that  the  full  set  of  variational
equations associated with the action is given by the usual
equations  of  motion  obtained  by  varying  action  with
respect to the fields “on a fixed surface”. The equations are
valid  on  the  whole superspace  and  the  action  is
“geometric”, i.e. built with  exterior  forms,  using “ d ” and
“ ” and excluding “ * “ [4]. 
The extended action is:    

  


44

4

1,4

RM
abcd

dcabND
extended VVRA 

a 54  aV ,                                                            (28)

where  44R  is  a  superspace  manifold  and  M4 is  a  four
dimensional bosonic surface, identifiable (for example) at
 = 0 with a spacetime surface. The equations of motion
have the same form of those in the spacetime approach,
because the Lagrangian is geometric, but now they hold on
the whole superspace 44R .  These equations are 3-forms
in 44R ; it is possible to expand them in a complete basis
of  3-forms  and  analyze  them  [4,5].  The  VVV 
projection  gives  the  propagation  equations  for  the

spacetime components  ab
cdR ,  a

bcR  e  ab , valid on whole
44R .  The  restriction  on  4M  brings  to  the  ordinary

equations  on  spacetime.  The  equations  of  motion  in
superspace imply  also the rheonomic constraints,  which
are  differential  relations  satisfying  the  integrability
conditions  d2 =  0.  The  examination  of  the  VV 
content of Bianchi torsion gives the spacetime equation of
gravitino;  the  Bianchi-Riemann  identity gives  the
spacetime Einstein equation and the symmetry property
of the Ricci tensor.

5.  INFORMATIONS  ON  THE  THEORY  THROUGH
THE  RHEONOMIC  PRINCIPLE  AND  BIANCHI
IDENTITIES

The Bianchi  identities  imply in general  the equations of
motion  of  the  theory.  There  is  also  another  line  of
approach for the building of a theory of supergravity, i.e.
not  starting  with  the  Lagrangian,  but  assuming  the
rheonomic  principle  as  the  basic  starting  point  of  the
theory.  The  rheonomic  principle  in  the  usual  form  is
assumed,  i.e.  the  outer  components  of  the  2-forms  of
curvature in superspace must be expresses “only” in terms
of  the  inner  components.  The  parameterization  of  the
curvatures  in  superspace,  in  addition  to  satisfy  the
rheonomic  principle,  must  satisfy  also  the  Lorentz
covariance  and  a  scaling  invariance,  which  is  below
defined. The reason lies in the fact that the definition of
the curvatures  and the  corresponding Bianchi  identities
are Lorentz-covariant and are also invariant with respect
to the following scaling transformation:

abab    ,            (29)             abab RR   ,                  (30)

                            
aa VwV   ,            (31)             aa RwR   ,                 (32)

                          

 w  ,            (33)              w  ,                  (34)
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where “w” is a constant non-zero parameter said “scaling
factor”.  All  this  allows  to  write  the  most  general
parameterization of the curvatures in superspace:

 abcab
c

dcab
cd

ab KVVVRR  ,                 (35)

 aca
c

cba
bc

a KVVVRR  ,                      (36)


   c

c
ba

ab VHVV ,                 (37)

Due  to the  rheonomic principle,  tensors ab
c ,  abK ,  Hc  ,

  must  be  built  with  the  “inner”  curvatures,  i.e.  in

terms of the spacetime curvatures mn
abR ,  mn

aR  e  mn . If
it  is  assumed  that  the  2-form  aR  is  identically  zero,  it

follows  that  0mn
aR ;  with  a  redefinition  of  the  spin

connection it  is  always possible to put  the supertorsion
aR  equal to zero. By Eqs (29-37) it follows that the scale

dimensions of the various introduced tensors are:

[ ab
c ] = - 3/2 ,           (38)                 [ Hc ] = -1,                     (39)

[ abK ] = -1 ,                (40)                 [  ] = - 1/2.            (41)

Introducing  the parametrizations (35-37)  in  the Bianchi
identity  of  torsion  and  considering  the  VV 

projection, with 0aR , we obtain:

c
b

ab
c VV  0 cb

bc
a VVi  ,                    (42)

or, equivalently:

 abcbaccab i )(
2

1
// .                                               (43)

Solving this last, we find:

 icab 2/   c [a   b] cabi  .                                                 (44)

In  this  way  the  curvatures  of  superspace  are  fixed  as
follows:

 dcab
cd

ab VVRR i2(  c [a   b] - 

cabi  ) cV ,                                                                    (45)

0aR ,                                                                                           (46)

ba
ab VV   .                                                                         (47)

The parametrization (45) is different from that found by
solving the equations of motion in superspace. This is not
in contrast with what previously stated, because there is a
difference  only  in  the  left-hand  side  of  the  spacetime

equation  of  gravitino;  but  0ab
a  ,  as  it  can  be

calculated, therefore they are equivalent.
We can  get  by  Bianchi  identities  also  the  equations  of
motion on spacetime. Indeed, if we consider the V
sector of the Bianchi identity of gravitino and use Eqs (45-
47), we find:

 ba
ab V  ab

4

1  

0)2(  c
bcaabc V .                                                   (48)

Using the Fierz decomposition:

   a
a

4

1  ab
ab 

8

1 ,                             (49)

we  obtain  two  equations  for  the  coefficients  of
b

a V   and c
pq V   respectively:

 pq
pq

abcd
cd

abab
i
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1
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1
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4

1
 [a   p  b] p = 0,                                                                    (50)

bc
a

a
pq  4  [q   c  p ]b = 0.                                           (51)

The left members of Eqs (50, 51) are proportional to the
left-hand side of the field equation of gravitino; Therefore
we find:

05  ap
a

st
rst

pr  .                                                      (52)

For  finding the Einstein equation we can perform a Lie
derivative of Eq. (52); it is however equivalent, even more
convenient, to use:

m 58 mV 04 5  m
m R .                                  (53)

with 0aR  and differentiate it. We obtain:

D   )( 5
m

m V m 5  D                            

                        

 mV 0
2 5   m

m
i .                                          (54)
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Using the Bianchi identity of gravitino, Eq. (54) becomes:

m 5  m
ab

ab VR 
4

1
( 0)

2
  mi .         (55)

In VVV   sector we find:

abm  0 mdc
cd

ab VVVR ,                                       (56)

i.e.:

ti  5  mdc
cd

ab
mabt VVVR

b2 0 m
dc

cd
mb VVVR .                                       (57)

The second term of Eq. (57) is zero, for the cyclic identity
of the Riemann tensor, valid when  0aR .  The first term
gives the Einstein equation:

0
2

1
 mn

mna
b

ma
mb RR  ,                                                          (58)

having used the equality:

f
cdmfmdc VVV   .                                                        (59)

6. CONCLUSIONS

In  this  paper  we  have  considered  the  rigorous
construction  of  D =  4,  N =  1  pure  supergravity  in  a
geometrical way, i.e. using superforms in superspace. We
underlined  fundamental  concepts,  such  as  that  of
supersymmetry, superspace and rheonomic principle, for
focusing  then  the  attention  on  pure  D =  4, N =  1
supergravity.  The  rheonomic  principle,  implemented  in
the  Bianchi  identities,  togheter  with  the  Lorentz  gauge
invariance and the scaling property,  have the same “on-
shell” content of the equations derived from the principle
of  extended action.  We  saw  that  two  alternatives  for
building a classical theory of supergravity are possible:

a) the use of the principle of extended action and the
rules related to its construction;

b) the use of the Bianchi identities, with the rheonomic
principle,  the  Lorentz  gauge  invariance  and  the  scaling
property.
In both cases it is fundamental the use of the rheonomic
principle [6-11].
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