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Abstract- A Graph (G.E;) be a finite T-Graph, i.e.,
the graph whose vertex set be the power set : P(X) of a

non empty set and edge set
Er={lwv)ueT . uzv&u" nv eTr where The a

topology on a non-empty finite set X . In this article , we
associative a graph to a topology T , called finite
T -Graph of the topology T . Our goal is to find the

enumeration of edges between nodes of the finite T-
Graphs and its size.
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1. Introduction

According to Dongseok Kim et.al [7] and Topology on a
finite set is often known as finite topology and in their
work there is one-to-one correspondence between the
topologies on a non-empty set and its corresponding
underlying digraphs. Finite topology also plays a key role
in the theory of image analysis[9,10], the structures of
molecular[8],geometries of finite sets[2] and digital
topology.

There are two approaches in the study of combined
work on topology and graph theory. One is from graph
theory to topology and another one is from topology to
graph theory [1] . The pioneer work of
Nagaratnamaiah etal., [3,4,5,6] ,use from topology
to graph theory which shows the way to us for
doing this work. one of research from topology to
graph theory is to find the enumeration of node degrees.
In the present article, we mainly focus on newly defined
associated graphs with topology and the enumeration
of edges between nodes of the finite T-Graphs and its
size.

The outline of this article is as follows. First, we will
provide precise definitions and some general formulae in
Section 2. In final Section , we have our contribution
propositions.

2. Preliminaries

For a finite non-empty set X , let T be a topology on X .
the graph associated with this topology T is (&.E;)
whose vertex set is the power set P(X¥] of X and edge
set be the Er ={lu,v):u eT ,uzv &y Nnv €T . In
any graph, the degree of the node is the number of edges
incident on it. The number of combinations of n objects

taken r ata time [:] .
3. Our contribution propositions

In this section, there are interesting proposition for the
enumeration of edges between nodes of the finite T-
Graphs and its size.

Proposition 3.1. In any graph (G.Er) | the maximum
number of edges between any two nodes w. ¥ of (&, Er)
is two.

There are four possible cases of any two nodes .+ of a
graph (G. E7) .
casel:u, v ET

According to our definition , there is edge between these
two nodes .
That is the number of edges between u. ¥ is zero.

Case2:eT.veT,

Subcase 1:uleT

Since Tisatopology , soeither vnut e T or vnuleT
= {wv)eEr or {wv)eEr so, the nodes u.v has
either one edge or no edge in this sub case.

Subcase2: ul gT.

Since T isatopology , soeither vnut e T or vnuleT
= {wv)eEr or {wv)eEr so, the nodes u.v has
either one edge or no edge in this sub case.

Thus , in this case there is atleast one edge between any
two nodes.

Case3:eT.ugT.

© 2015, IRJET.NET- All Rights Reserved

Page 216



‘!, International Research Journal of Engineering and Technology (IRJET)

JET Volume: 02 Issue: 03 | June-2015

www.irjet.net

e-ISSN: 2395-0056
p-1SSN: 2395-0072

Subcase l: vl e T

Since T is a topology , so either unvleT or
unvteT

= {uv) e Er or {wv)€Er so, the nodes u.v has

either one edge or no edge in this sub case.

Subcase2: vt g T.

Since T is a topology , so either unvieT or
unvleT

= (wv)EEr or {wv)€Er so, the nodes w.v has
either one edge or no edge in this sub case.

Thus , in this case there is atleast one edge between any
two nodes.

Case4:eT,ueT,

Subcasel:uleT and vl eT

Since Tisatopology , soeither vnut e T or vnuleT
= the nodes u. ¥ have two edges

Subcase2: ul eT andwvleT

Since T is a topology , so either unvleT or
unvtleT

= {(wv)eEr or {wv)eEr so, the nodes w.v has

either one edge or no edge in this sub case.
Subcase3:ul eT and vl eT.

Since Tisatopology , soeither vnut e T or vnuleT
= {wv)eEr or {wv)€Er so, the nodes w.v has

either one edge or no edge in this sub case.
Subcase4:uleT andvleT.

Since Tisatopology ,so vnuleT or vnuleT or
unvleTorunvlerT

= (u,v) € E; atmost twice

Finally, in this case the nodes u.¥ have atmost two

edges.

Thus , in this case there is atmost two edge between any
two nodes.

Hence , from all these cases , we have that the maximum
number of edges between two any two nodes u.v of

(G, E7) is two.

Proposition 3.2. In any graph (G. Er) | the number of
edges between the nodes @ , u is zero if and only if
ug’l,

Suppose the number of edges between the nodes & and
U s zero.

To show that € T . This is proved in a contradiction way.
Assumethatu €T,

We know that 3T , gbt=XYand ¥Nu=u,vu CX,
Thus Bl Nu=XnNu=ueTso, (B u} € Er

Alsouln@ =0 eT = {u. 0 € E; Therefore, the nodes
@ u have two edges. Which is a contradicts the
hypothesis. So our assumption is wrong. Thus u &T if
the number of edges between the nodes @ and u is

zero.
Conversely, suppose € T .

To show that the number of edges between the nodes &
and u iszero. Thisis proved in a contraction way.

Assume that the number of edges between the nodes @
and u is not zero. = there atleast one edge between
the nodes @ and u .= lnuerutnoeT =
uor@eT = ueT . Therefore, number of edges
between the nodes @ and u is two. =
otnuutnoeT = woeT = ueT. Which is a

contradiction to our hypothesis. So, our assumption is
wrong. Therefore the number of edges between the
nodes @ and u is one. Hence, the number of edges

between the node @ and node u isoneifandonlyifeT

Proposition 3.3. In any graph (5. Er) | the number of
edges between the node @ and node u is two if and only
if ueT.

Suppose the number of edges between the nodes & and
u istwo.

To show that € T'. This is proved in a contradiction way.
Assumethat u € T

We know that 3T , gl=X¥and ¥nu=u,vu =X,
Thus Bl Nnu=Xnu=ueTso, (B.u} g E;
Alsouln@=0eT = {u 6 € E;r Therefore, the nodes
@u have one edge. Which is a contradicts the
hypothesis. So our assumption is wrong. Thus u T if
the number of edges between the nodes & and u isone.
Conversely, suppose €T .

To show that the number of edges between the nodes @
and u istwo. Thisis proved in a contraction way.
Assume that the number of edges between the nodes @
and u is not two. Therefore, number of edges between
the nodes @ and u isone. @ glnueT=ueT =
u £ T. Which is a contradiction to our hypothesis.

So, our assumption is wrong. Therefore the number of
edges between the nodes @ and u is one.
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Hence, the number of edges between the node & and
nodeu isoneifandonlyifeT. i.

Proposition 3.4. Let A, E are two disjoint members of a
topology T such that AL BL are also belongsto T on a
non-empty set X .The number of edges between these
two nodes is two but converse need not be true.

By the hypothesis M E = @ , so according to set theory
Alcprleca,

= Ane=4a'eT and
(4.B)(B.A eT.

Therefore, the nodes 4. E have two edges between them.

Blna=8ler =

Converse need not be true:
Consider a topology T = {@.{a}.{b}.{a.5}. X} on a set

=1{a, b.cl.

Let A = {a} and B = {a, b}

ClearlyAnBzobutA' nB=1{b} eT={4B) e E;
AndalsoB'nA=peT=(B.4) e Er

Thus the two nodes A,B have two edges even though the
hypothesis of this theorem fails.

Proposition 3.5. Let u be an arbitrary node of the graph
(G.E7) Then the node X and u have atleast one edge.

According to definition of topology, X is a member of T.
According to set theory and topology , ¥'=peTand
Gnu=go Therefore , X‘nu=oeTwvueT
= (X u) € Er

That is, the nodes X, u have an edge .

Proposition 3.6. Let u be an arbitrary node of the graph
(G.Er) . Then the node ¥ and u have two edges if and
onlyifu,uleT.

suppose the nodes the X and u have two edges in
(G.Er). According to our definition , wXnuutnxer
= uduleT (Xnu=oulny=u0 Therefore,
u, ul are members of T if the nodes ¥ and u have two

edges.
Conversely , Suppose u, u® are members of T . To show

that the nodes ¥ and u have two edges. This is proved
in a contradiction way. Assume that the nodes ¥ and u

have no two edges. By applying above theorem; the
nodes X and u have one edges.

There is only one of the following two possibilities :
YeT.xtnueT

ueTulnXeT
That is either X, @ €T or w.« e T but not both. This

contradicts the hypothesis and definition of topology .
Thus our assumption is wrong. Hence there are exactly
two edges between the nodes X and u .

Proposition 3.7. show that in agraph (G.E;) | the
nodes & u havetwoedges =u€eT.

Suppose the nodes @.u have two edges . To show that
€ T . This is proved in a contradiction way.
Assumethatu & T . Therefore @l Nu=X¥Nu=ugT =
{0.u} & Er = There is no edge between the nodes @, u
Which is a contradiction to our hypothesis. Thus, u €T,
Conversely, suppose u € T. To show that the nodes & u

have two edges between them. This is proved in a
contraction way. Assume that there is no two edges
between the nodes @ 1 =There are two possibilities : i.

There is no edge between the nodes @.u ii. There is
one edge between the nodes @, i .

Case 1: There is no edge between the nodes @ . This is
only possible @.u & T . This case is not possible because
by the definition of a topology @ T . Thus our

assumption is wrong.
Case 2: There is one edge between the nodes @, u . So,

lnu=uegT (vDEeT)
= there is no edge between the nodes & u .

not possible. Thus our assumption is wrong.
Hence, the nodes & u havetwoedges =u T .

Which is

Proposition 3.8. In a graph (6. Er) | the maximum size
of the graph is 2/¥1(21¥ - 1),

The number of nodes in a graph is 2H1 pecause vertex
set is equal to power set of X. According to counting
principal , the maximum number of edges between these
2 number of nodes is 2, without considering the

pair repeatedly . Using the previous theorem ..., there
exists maximum two edges between two nodes.

Therefore, the maximum number of edges in a graph is
22%, = 212171 Z 1) Hence the maximum size of the

graph (6. E) is 2%/ (2171 1),
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Proposition 3.9. Inagraph (& E;], the minimum size
of the graph 2! + 2. 17| -4 .

The number of nodes in a graph is 2! because vertex
set is equal to power set of X. By the definition of a
topology and according to set theory ; i
olnu=u eT.WueT i ¥‘nu=oeTucx ii
uln@=0eT.vueT .= by using the definition the
graph ; i the node X has edge with all nodes of the graph
. That is the number of edges from X is (24 - 1), ii the
node @ has edges with all nodes of the graph which are

belongs to the topology. That is the number of edges
from the node @ is (IT| - 1). iii the each node of this

collection {u € T:u# 0 % XI has edge with the node @.
That is the number of edges from the node @ is (IT| - 2] .

These are the minimum number of edges exist in every
graph (G.E7z). Therefore the total minimum number of

edges in graph (6. Er)is (2% -1) + (T - 1)+ (IT] - 2)
= 2M 4 2,1T] - 4 . Hence the minimum size of the graph
(G.E)is 29 + 2.T] - 4.

Proposition 3.10. In a graph (G.E;) the size of the
graphis 2¥! if and only if T is a indiscrete topology

suppose the size of the graph is 24! . According to
above theorem the minimum size of any graph is
29+ 2.1T1-4.  Therefore, 2%l +2,|T| -4 = 21 and
Since 2=ITl  so 2 +2.IT|-4 = 2M . thus,
2 e20rl-4=2" = 2ITI-4=0 = 2ITI=4
= |Tl=2 = Tisaindiscrete topology .

conversely, Suppose T is an indiscrete topology on X.
To show that the size of the graph is 24 Tis a
indiscrete topology so T ={@.X} . Since X €T, So,
X¥'nu=0 e T.wvuc X Therefore the number of edges
from X in a graph (G.Er) is 2 -1, Since BeT, so
gtnx=XeT.0lnu=uegTwX ueT Therefore the
number of edges from @ in a graph (G. E;] is 1. Thus the
total number of edges in this graph is 2% - 1+1=21%1
Hence, the size of the graph is 2¥| if and only if T is a
indiscrete topology.

REFERENCES

[1] Antoine Vella, his Postdoctoral thesis “A
fundamentally topological perspective on graph theory”
submitted to Waterloo, Ontario, Canada, 2005.

[2] ARosenfeld , T.Kong and AWu, “Digital surfaces”,
Graphical Models and Image Processing 53(1991),305-
312

[3] C. Nagaratnamaiah, L. Sreenivasulu Reddy and T.
Venkata Pradeep Kumar, “The Polygonal Properties of a
Topological Space Graph”, International Research Journal
of Pure Algebra-4(10), 2014, 607-613.

[4] C. Nagaratnamaiah, L. Sreenivasulu Reddy and T.
Venkata Pradeep Kumar, “A Note on a Topological Space
Graphs”, International J. of Pure & Engg. Mathematics
(JPEM)ISSN 2348- 881, Vol. 2 No. Il (December, 2014),
pp. 13-23.

[5] C. Nagaratnamaiah, L. Sreenivasulu Reddy and T.
Venkata Pradeep Kumar, “A Theoretical Invariant of
Topological Space Graph”, International Research Journal
of Pure Algebra-5(1), 2015, 7-11.

[6] C. Nagaratnamaiah, L. Sreenivasulu Reddy and T.
Venkata Pradeep Kumar, “ Graph Labelling of A
Topological Space Graph”, Sch. J. Phys. Math. Stat. 2015;
2(1):74-77.

[71 Dongseok Kim etal, “Enummerations of Finite
Topologies associated with a finite graphs”, KYUNGPOOK
Math. J. 54(2014), 655-665.

[8] R. Merrifield and H. Simmons,”The Structures of
molecular topological spaces”, Theoretica Chaimica Acta
55(1980),55-75.

[9] V.A Kovalesky, “Finite topology as applied to image
analysis”, computer vision, Graphics, and Image
Processing 46(1989),141-161.

[10] V.A.Kovalesky, “Finite topology and image analysis”,
Advances in electronics and electron physics
84(1992),197-324.

© 2015, IRJET.NET- All Rights Reserved

Page 219



