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Abstract:  We obtain infinitely many non-zero 

integer quintuples wYXyx ,,,,  satisfying the 

biquadratic equation with five unknowns 

2)22)(231()33)((2 wYXkyxyx  various 

interesting relations between the solutions 

and special numbers, octahedral numbers, 

centered polygonal & pyramidal numbers are 

exhibited. 
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1. INTRODUCTION: 

Bi-quadratic Diophantine Equations, 

homogeneous and non- homogeneous, have 

aroused the interest of numerous 
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Mathematicians since ambiguity as can be seen 

from [1,2 ,17-19]. In the context one may refer 

[3-16] for varieties of problems on the 

Diophantine equations with two, three and four 

variables. This communication concerns with 

the problems of determining non-zero integral 

solutions of bi-quadratic equation in six 

unknowns represented by 

2)22)(231()33)((2 wYXkyxyx 

A few interesting relations between the 

solutions and special polygonal numbers are 

presented. 

2. METHOD OF ANALYSIS: 

The Diophantine equation representing the 

biquadratic equation with five unknowns under 

consideration is 

2)22)(231()33)((2 wYXkyxyx 

                                                  (1) 

Introducing the linear transformations 

vuY

vuX

vuy

vux









2

2                                    (2) 

   

in (1), it simplifies to 

2222 )31(3 wkvu 
                     (3) 

The above equation (3) is solved through 

different methods and thus, one obtains distinct 

sets of integer solutions to (1) 

2.1 set.1 

Let        232 baw                            (4) 

Substituting (4) in (3) and using the methods of 

factorization, define 

2)3)(31()3( biakiviu          (5) 

Equating real and imaginary parts, we have 

abkbkav

abkbau

2232

6232




                          (6) 

Substituting the values of u & v in (2), the non-

zero distinct integral solutions of (1) are given 

by 

232),(

1222326222),(

1222326222),(

62232322),(

62232322),(

babaw

abkabkbbkaabaY

abkabkbbkaabaX

abkabkbbkaabay

abkabkbbkaabax











        (7) 
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2.2 Properties: 

A few interesting properties obtained as follows: 

)12(mod6)6(4)1,()1,()( ,3,4  aa kttaayaaxi  

04)362(2)1,()1,()( ,4 
ara patkaayaaxii  
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aaYaaXvii
 

2.3 Note: 

In (5) replace )31( ki  by )31( ki  

2)3)(31()3( biakiviu   

                                     (8) 

Following the procedure presented in set. 1 a 

different solution is given by 

22

2222

2222

2222

2222

3),(

122362),(

122362),(

6233),(

6233),(

babaw

abkabkbbkaabaY

abkabkbbkaabaX

abkabkbbkaabay

abkabkbbkaabax











 

                                             (9) 

3.1 set.2 

(3) can be written as 

1*2)231(232 wkvu        (10) 

Write 1 as  4

)31)(31(
1

ii 


              (11) 

Using (11) in (10) and employing the method of 

factorization, define 

2

)31(
*2)3)(31()3(

i
biakiviu




                                                               (12) 

Equating real & imaginary parts & replacing a by 

2a & b by 2b, we have 

abkab

kbbkaav

abkab

kbbkaau

124

6622

1212

18662

2222

2222









              (13)                                      

Using (13) & (2) we get the integral solutions of 

(1) to be 
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22

2222

2222

22

2

222

124),(

1228
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3620
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16248),(

24812

1244),(
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abkab
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abkab
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abkbkabay

abkabkb

bkaabax

















                                                            (14) 

3.2 Properties: 

A few interesting properties obtained as follows: 
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3.3 Note: 

In (12) replace 
2

)31( i
 by 

2

)31( i

 

2

)31(
*)3)(31()3( 2 i

biakiviu


                        

                                                                (15) 

Following the procedure presented in set.2 a 

different solution is given by 

22

2222

2222

2222

22

124),(

36203018106),(

1228426142),(

248121244),(

16248),(

babaw

abkabkbbkaabaY

abkabkbbkaabaX

abkabkbbkaabay

abkbkabax











                                                              (16) 

Case 1: 

1*2)231(232 wkvu   

Instead of (11), write 1 as 

49

)341)(341(
1

ii 
                          (17)

              

Using (17) in (10) and employing the method of 

factorization, define 
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7

)341(
*)3)(31()3( 2 i

biakiviu




                                                              (18) 

Equating real & imaginary parts & replacing a by 

7a & b by 7b 

abkabkbbkaav

abkabkbbkaau

1681422128427228

42168225222128427





                                                      (19) 

Using (19) & (2) we get the integral solutions of 

(1) to be 
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2
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2

222

2

222

2222

14749),(

84350525

4217514),(

252322483

12616142),(

126182273

639121),(

210154

2311057735),(

babaw
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bkaabaX

abkabkb

bkaabay

abkab
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            (20) 

3.4 Note 

In (18) replace 
7

)341( i
 by 

7

)341( i

7

)341(
*)3)(31()3( 2 i

biakiviu




                                                            (21) 

Following the procedure presented in case 1, a 

different solution is given by  
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252322483

12616142),(
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babaw
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Case 2: 

1*2)231(232 wkvu   

Instead of (17), write 1 as 

196

)3511)(3511(
1

ii 


                      
(23) 

Using (23) in (10) and employing the method of 

factorization, define 

14

)3511(
*)3)(31()3( 2 i

biakiviu




                                                            (24) 

Equating real & imaginary parts & replacing a by 

14a & b by 14b 

abkabkb

bkaav

abkabkb

bkaau

420308462

21015470

924420630

462210154

2

222

2

222









                       (25) 
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Using (25) & (2) we get the integral solutions of 

(1) to be 

22

2

222

2

222

2

222

2

222

588196),(

142811481722

714574238),(

2268532798

1134266378),(

5047281092

25236484),(

1344112168

67256224),(

babaw

abkabkb

bkaabaY

abkabkb

bkaabaX

abkabkb

bkaabay

abkabkb

bkaabax



















            (26) 

3.5 Note 

In (24) replace 

14

)3511( i
 by 

14

)3511( i
 

14

)3511(
*)3)(31()3( 2 i

biakiviu


                                         

                                                                       (27) 

Following the similar procedure as in case 2, the 

corresponding integer solutions of (1) are given 

by 

22

2

222

2

222

2

222

2

222

588196),(

2268532798

1134266378),(

142811481722

714574238),(

1344112168

67256224),(

5047281092

25236484),(

babaw

abkabkb

bkaabaY

abkabkb

bkaabaX

abkabkb

bkaabay

abkabkb

bkaabax



















          (28)            

Case 3:
 

1*2)231(232 wkvu   

Instead of (23), write 1 as 

 

196

)3313)(3313(
1

ii 
      (29) 

Following the similar procedure as in case 2, the 

corresponding integer solutions of (1) are 

obtained as 
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2
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2
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2

222

2

222

588196),(

19328681302

966434322),(

2436140210

121870406),(

840616924

420308140),(

1344112168

67256224),(

babaw

abkabkb

bkaabaY

abkabkb

bkaabaX

abkabkb

bkaabay

abkabkb

bkaabax
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3.6 Note 
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In (29) replace 
14

)3313( i
 by 

14

)3313( i
 

14

)3313(
*)3)(31()3( 2 i

biakiviu


     (31)                              

Following the similar procedure as in case 3, the 

corresponding integer solutions of (1) are as 

follows: 
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2
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2
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2
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2
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588196),(

2436140210

121870406),(

19328681302
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67256224),(
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420308140),(

babaw

abkabkb
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bkaabay
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             (32) 

Case 4: 

1*2)231(232 wkvu   

Instead of (29), write 1 as 

169

)3411)(3411(
1

ii 
       (33) 

Using (33) in (10) and employing the method of 

factorization, define 

13

)3411(
*2)3)(31()3(

i
biakiviu




                                                          (34) 

Equating real & imaginary parts & replacing a by 

13a & b by 13b, we have 

abkabkb

bkaav

abkabkb

bkaau

312286429

15614352

858321468

429156143

2

222

2

222









                       (35) 

Using (35) & (2) we get the integral solutions of 

(1) to be 

  

22

2

222

2

222

2

222

2

222

507169),(

14049101365

702455234),(

2028338507

1014169338),(

546598897

27329991),(

11702639

58513195),(

babaw

abkabkb

bkaabaY

abkabkb

bkaabaX

abkabkb

bkaabay

abkabkb

bkaabax



















           

(36) 

3.7 Note 

In (34) replace 
13

)3411( i
 by 

13

)3411( i
 

13

)3411(
*)3)(31()3( 2 i

biakiviu




                                                              (37) 
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Following the similar procedure as in case 3, the 

corresponding integer solutions of (1) are found 

to be  

22

2

222

2

222

2

222

2

222

507169),(

2028338507

1014169338),(

14049101365

702455234),(

11702639

58513195),(

546598897

27329991),(

babaw

abkabkb

bkaabaY

abkabkb

bkaabaX

abkabkb

bkaabay

abkabkb

bkaabax



















                (38) 

 

4.1 set.III 

Rewrite (3), we get

 )222(322 vwkwu                 (39) 

The above equation can be written in the form of 

ratio as 

0,
)(3
















wu

vkw

vkw

wu
           (40) 

 (40) is equivalent to the system of double 

equations 










vkw

wu
, 








wu

vkw )(3
 

0)3(3

0)(





wkvu

wkvu





             
 (41) 

Solving the above equations by applying the 

method of cross multiplication, we have 





2232

6232





kkv

ku
                         (42)           

Using the value of u & v in (2), we get the 

corresponding non-zero integer solutions to (1) 

to be 

22

2

222

2

222

2

222

2

222

3),(

1223

62),(

1223

62),(

623

3),(

623

3),(





































baw

kk
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kk

kbaX

kk

kbay

kk

kbax

           (43)         

4.2 Properties: 

A few interesting properties obtained as follows: 
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aaa kOHtt

aayaax
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attk

ttaawaay

aa
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)180(mod54)275(2
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tt
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)144(mod48)313(8
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aa ktt

aaYaaX
 

 
08)362(2

)1,()1,(

,3,4 



aa tatk

aaYaaX
 

In addition to (40), (39) may also be expressed 

in the form of ratios in three different cases that 

are presented below 

Case 1: 

0,
)(3
















wu

vkw

vkw

wu

   
 (44) 

Case 2: 

0,
)(3
















wu

vkw

vkw

wu
              (45) 

Case 3: 

0,
)(3
















wu

vkw

vkw

wu
                   (46) 

Solving each of the above system of equation by 

the following procedure as presented in set. 3, 

the corresponding integer solution to (1) are 

found to be as given below 

4.3 Solution for case 1: 

22

2

222

2

222

2

222

2

222

3),(

122

236),(

122

236),(

62

33),(

62

33),(





































baw

kk

kbaY

kk

kbaX

kk

kbay

kk

kbax

                  (47) 

Solution for case 2: 

22

22

22

22

22

22

22

22

22

3),(

1222

36),(

1222

36),(

62

33),(

62

33),(
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kk
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kk

kbaX

kk

kbay

kk

kbax

         (48)            
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4.4 Solution for case 

3:

22

2

222

2

222

2

222

2

222

3),(

1223

62),(

1223

62),(

623

3),(

623

3),(





































baw

kk

kbaY

kk

kbaX

kk

kbay

kk

kbax

            (49) 

 

5. Conclusion 

In this paper, we have presented different 

choices of integer solutions to homogenous the 

biquadratic equation with five unknowns, 

2)22)(231()33)((2 wYXkyxyx  . It is 

worth mentioning here that in (2), the linear 

transformation for X & Y may also be considered 

as (1)X=uv+2, Y=uv-2  and (2) employing the 

above two forms of transformations for X, Y are 

obtained. To conclude, as bi-quadratic equations 

are rich in variety, one may consider other forms 

of bi-quadratic equations & search for 

corresponding properties. 
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