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Abstract - Extensive research has been carried out on
FRP (Fiber Reinforcement Polymer) composites and on
variety of laminates. In this paper, work has been done
on unsymmetric 09/309/-45° graphite/epoxy laminate
and symmetric 09/900/0° graphite/epoxy laminate with
different mechanical and thermal loading conditions.
Theoretical model is developed to show the mechanical
response of a laminate. Determination of response of a
laminate involves developing stress-strain relations for
a composite plate. The macromechanical analysis has
been carried out for a laminate. Based on applied in-
plane loads of extension, shear, bending and torsion,
stresses and strains are found in the global axes of each
ply. Stresses and strains in each ply are calculated for
the laminates subjected to thermal loads. Analytical
models developed helps to calculate fairly accurately
mechanical properties of each lamina. Finally results
are computed through CLT (Classical Lamination
Theory) and ANSYS. Conclusion is drawn based on
computed results.
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1. Introduction

A lamina is a thin layer of a composite material that is
generally of a thickness of the order of 0.125 mm. A
laminate is constructed by stacking a number of such
lamina in the direction of the lamina thickness (Figure
1).The design and analysis of laminated structures
demands knowledge of the stresses and strains in the
laminate. Also, design tools, such as failure theories,
stiffness models, and optimization algorithms, need the
values of these laminate stresses and strains. However, the
building blocks (Figure 2) of a laminate are single lamina,
so understanding the mechanical analysis of a lamina
precedes understanding that of a laminate. A lamina is
unlike an isotropic homogeneous material. For example, if
the lamina is made of isotropic homogeneous fibers and an
isotropic homogeneous matrix, the stiffness of the lamina
varies from point to point depending on whether the point
is in the fiber, the matrix, or the fiber-matrix interface.
Accounting for these variations will make any kind of
mechanical modeling of the lamina very complicated. For
this reason, the macromechanical analysis of a lamina is

based on average properties and considering the lamina to
be homogeneous [1].
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Fig -1: Laminate with 3 lamina showing fiber and

matrix
The thermo mechanical properties required for the
analysis were obtained from tests on unidirectional
laminates [2]. The fundamental solutions of concentrated
forces and moments on an infinitely extended
Unsymmetric laminate are developed and discussed [3]. It
should be recognised that similar behaviour can also be
achieved using less sophisticated designs, such as applying
off-axis material

LAMINATE

1. Fig-2: Lamina stacked to make laminate

alignment to otherwise balanced and symmetric laminates
or by using un-balanced and symmetric design [4],
Unsymmetric CFRP laminates are studied. These hybrid
laminates are studied using analytical, finite element and
experimental techniques [5]. Usually, uncoupling is
obtained using symmetric stacking sequences, but in this
case bending orthotropy is very difficult to be obtained
[6]. The sensitivity of the FEM to model inputs and
manufacturing accuracy was explored, and it was found
that the laminate thickness and accuracy of ply angles
were highly influential on the ability of the FEM to predict
accurate deformations [7].

2. Statement of the problem

In this paper, study is done by taking 3 layer laminate
composite, and calculating strains and stresses for
different type of laminates with different orientation of
lamina are stacked.

Mathematical relationship is developed for 3 layered
symmetric and unsymmetric laminates by applying
classical lamination theory, two cases are considered.
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In case 1. unsymmetric 0-/30-/-45.  graphite /epoxy
laminate under biaxial loading (mechanical loading)
without considering thermal loading condition is taken in
to validation by classical lamination theory.

In case 2: symmetric 0-/90-/0- graphite/epoxy laminate
under uniaxial loading along with thermal loading
conditions under proper curing and room temperature is
validated by finding strains and stresses through classical
lamination theory. Now both cases are taken in to
analytical validation through ANSYS. Results obtained
from classical lamination theory and ANSYS mechanical
APDL (ANSYS Parametric Design Language) are compared.

3. Mathematical model

3.1 Stress-Strain Relations for an Orthotropic Material
The Generalized Hooke’s Law of stress and strain of any
material is,

I:fi = CI] Ej (31)
In terms of strain,
Ej = Sijﬁi (32)

Where Cj;is the stiffness matrix, 5;; is the compliance
matrix, @; are stress components, £; are strain components

The Generalized Hooke’s Law for an Orthotropic Material
reduces to

= _ ¥z Yaa 1

Ey E; Ez 00 0

Yiz 1 Yzz
£1 "B, E;  E; 0 00 01
Eg _ Yiz o Yz 1 00 0 Oq
£z | _ Ey E; Es Oz
Yaa| I (33)
Yo 00 0 Gzs . Ty
Y1z 00 0 0 P Ty7

00 0 oy
0 0 L_r—u_

3.2 Hooke’s Law for Lamina under plane stress state

A thin plate is a prismatic member having a small thickness,
and it is the case for a typical lamina. If a plate is thin and
there are no out-of-plane loads, it can be considered to be
under plane stress. If the upper and lower surfaces of the plate
are free from external loads, thengy; =0,754 =10
andtyz = 0.This assumption then reduces the three-
dimensional stress—strain equations to two-dimensional
stress—strain equations. A

Fig -3: Unidirectional lamina

A unidirectional lamina falls under the orthotropic
material category. If the lamina is thin and does not carry
any out-of-plane loads, one can assume plane stress

conditions for the lamina. Therefore, taking 3 = 0,733 = 0

and 73z = 0.

Equation (3.3) for an orthotropic plane stress problem can

then be written as

[ €1 ] 511 Sz 071017
£ | = 51: 5:: 0 0y (34)

L2 0 0 Sgllrys]
Inverting Equation (3.4) stress-strain relationship is,
[01] @11 @iz 0 [52]

02 _['?1: @2 0|2 (35)
[T ] 0 0 QEE- ¥z ]

Where @;; are the reduced stiffness coefficients, which are

related to the Compliance coefficients as Stiffness
coefficients in terms of engineering or technical constants
is

Ey Y1z £ E;
Qi = T

i 1—_1’:1’:1JQ:: 1=y ¥
Qss = Gyz (36)
E; = longitudinal Young’s modulus (in direction 1)

E; = transverse Young's modulus (in direction 2)

¥1z = major Poisson’s ratio, where the general Poisson’s
Gy = in-plane shear modulus (in plane 1-2)

3.3 transformed reduced stiffness matrix for angle
lamina:

The coordinate system used for showing an angle lamina
is as given in Figure 4. The angle between the two axes is

denoted by an angle 6. _
AN

Fig -4: Angle lamina showing local and global axes

Relation between stress and strain in global axis is,
Oy '?:11 ':EL: Q:Ls Ex
HJ'] =@z @ Q= [EI]
Ty Gis Qs Qecl o

Where Q_[J- are called the elements of the transformed

reduced stiffness matrix,

Qus = Quc* + Qa5 + 2(Quz + 2Qge)s7 7 (38)

Quz = (Quy + Quz — 4Qgelsc” + Quz (e + 57)

Qz = Quys* + Quc® + 2(Qy +2Qge)s7c?

Que = (Qqy — Quz — 2Qge)c¥s — (Qp — Qup — 2Qge)s%c

Q26 = (Quy —Quz — 2Qge)sc — (Qpz — Quz — 2Qgel s

Qee = (Quy — Qa2 — 2Quz — 2Qgeds™e™ + Qe (5* + %)

Where, ¢c= cos(#) , s= sinl8)

From above equations, it can be seen that they are just

functions of the four stiffness elementsQyy, 04z, Qag,

and Q;;, and the angle of the lamina, 6.

3.7)
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3.4 Classical lamination theory:

The relationships are developed for a plate under in-plane
loads such as shear and axial forces, bending and twisting
moments. The classical lamination theory is used to
develop these relationships. The following assumptions
are made in the classical lamination theory to develop the
relationship. Each lamina is orthotropic, and
homogeneous.
Laminate strains can be written as

g1 [l
Ey ]: E_F +=z
Yoy 'JGE];
Above equation shows the linear relationship of the
strains in a laminate to the curvatures of the laminate.
Strain and Stress in a Laminate:
If the strains are known at any point along the thickness of
the laminate, putting equation (3.9) in equation (3.7) ,

Ky
By ] 39

II}-

Oy ?n '21.: ?15 £x ?n '21.: ?15 L
[’J}'] = @iz Qu @ EJ? +z|Qu Un @ j_il"|
Tay Gis @as Quallvy Gis @as Qual™@
(3.10)

From Equation (3.10), the strains vary linearly only
through the thickness of each lamina (Figure 5).

Mid-Plane

z

Stress variation

Laminate Strain variation

Fig -5: Laminate thickness with stress and strain
variation

Equation (3.10) gives the stresses in each lamina in terms
of these unknowns. The stresses in each lamina can be
integrated through the laminate thickness to give resultant
forces and moments (or applied forces and moments).
Consider a laminate made of n plies shown in Figure 6

1
1
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Fig -6: Locations of plies in laminate

h,

The resultant forces and moments can be written in terms
of the midplane strains and curvatures:

Nyl A Az A £ Byy By By[%
Ny, =E1: Ay H:ﬁ] E:E +|Byz By By Ry
Ny 12 Azs Ags yﬂ. Bis By Bggl Uixy
(3.11)

My | [Buy Biz Byg]| % | [P Diz Dig][%e

My |_|Buz Bz E:E:| E_E +|Dyz Dy D:s] x}.]

MIJ-‘ Bi. By, B 'J"_%.- D, Doy Dol iy

(3.12)

Where,

A =EE=1[QU];‘.(hR = hy_y) (313)
1 = . -

By = 1 R0yl (hP s — RP ) (3.14)
1 = 7 7

Dy = TR [@u] (P — ¥ iy) (3.15)

i=1,2,6; j=1,2,6
The [A], [B], and [D] matrices are called the extensional,
coupling, and bending stiffness matrices, respectively.
Combining Equation (3.11) and Equation (3.12) gives six
simultaneous linear equations and six unknowns as;

Ny Ayy Az A By By Byfex

Ny Ay Ay Ay By By Byl
Ny _|Az A Ass By By By Yoy
‘Mx Ell El" BLE DLL DL" D:I.E Ky
M By; By, By Dy Dy Dol i

¥ z Dz
My Big Big Bgs Dig Dyy Dy

(3.16)

Thermal and mechanical stresses:

The 3 dimensional strain-stress relations are given by
o; = Cl'_i'(E_i' - I'.?t_i'AT) i,j: LE, e .,ﬁ-

g; is total strain

o AT are 6 free thermal strains due to temperature AT
The stresses in laminate coordinates for the & layer is,

[ O Qi Qi Qus Ex — AT

H}'] Q2 Q2 Ox gy — ay AT (3.17)
oy dy Q45 Qus Qe Vv — xydT |,

The resultant forces are,

[N, ][4 A A £x Byy By By[%

Ny =E1: Az H:E] E_E +|Byz By B:E] x}.]_
[Ny ] LAgz Ay Age Yoy Big Bzs Bggl lEny
N

Ny (3.18)
NE
Thermal forces are obtained as,

[Ny ] Qi Qi Qus] 12

NJ:-'r g Gz Q2 Qu al’] ATdz (3.19)
Nﬂ-- G Q26 Qus k Cayly
Forces are rearranged as

(N [ [ Ne+ 85 ] 4 A Ao

Ny | Ny + N7 | |4 A A:E] gy |+

V] Ney + N, Ayz Ay Age iy

[Byy Byp By][*x

Byz By B:s] By ] (3.20)
[Byg By  Bggl Uiny
Writing equation (3.20) in reduced matrix form,
(N=14 Bl (3.21)

Inverting equation (3.21) ,
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[1=[4 g1IN] (3.22)

4. Theoretical and analytical calculation
4.1 CLT theory on case 1:

Fig -7: Stacking sequence of graphite/epoxy laminate

In case one glass/epoxy laminate with 3 layered
unsymmetrical O, 30,-45 degree lamina stacked on one
other, staking sequence is shown in figure 7.
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Fig -8: Ply surface position and thickness

Stresses and strains are found by applying classical
laminate theory on this laminate and obtained strains and
stresses, and calculated strains and stresses for same
model in ansys and compared these analytical values with
theoretical readings obtained by classical laminate theory.

Table 4.1 Mechanical properties for graphite epoxy
lamina [8]

Property symbol | Units Graphite/epoxy

Fiber volume | V: 0.70
fraction

Longitudinal E, GPa 181
elastic modulus

Transverse E, GPa 10.30

elastic modulus

Major Poisson’s | ¥y 0.28
ratio

Shear modulus Gyq GPa 7.17

Longitudinal ty pum/m/°C | 0.02
coefficient of
thermal

expansion

Transverse e
coefficient of
thermal
expansion

um/m/°C | 22.5

Each lamina are having thickness t=5mm

Using equations from mathematical model, stresses are
given as

[ Tx ] 33537.22 Ox 55763.16
Oy =|61945.28 Oy 453209.03
Ty d g tom —27532, Tay " portom —12798.4
[ T ] 69300 Oy 143344.26
Oy = |73910 Oy =|81015.80
e 33810 Txy oot boteom 84234.135
[ Ox ] 123521.4358

Oy 156265.414

Ty d_ s tom —118671.456

Similarly,

[ Ox ] —25452.6

Oy [—18380 .84]

Ty d_ o5 borrom 40881 .63

4.2 Validating case 1 in ANSYS:

For 3 layered unsymmetrical 0,30-45 degree

graphite/epoxy laminate shell 181 is used as element. By
using shell element laminate can be easily modeled. Where
each shell thickness in case 1 is 0.005 m, Model is created
by taking square cross section of each side of 1m and
meshing is done by element edge length of 0.5, meshing is
done for entire laminate at a time, 3 lamina are stacked on
one other to get single laminate, each lamina consisting of
matrix and fiber elements.

ANSYS|

R145

D Wy 3208
b - & 21:21:06

Fig -9: Lamina stacking sequence with fiber orientation
representation

ELnenTs
ELEN NOM

Fig -10: Model showing element numbers of laminate
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Now to apply constraints, node at the centre of laminate is
selected and all degrees of freedom set to zero. Loads of
1000 N/m is applied on laminate in both x and y
directions.

4.3 Stresses obtained in ANSYS:

For 0 ply,
Stresses in x direction

ANSYS
BOOAL soLITION 2ok
TR — oo
SIE -1 20083110
ToHE-1
£ )
Lums
RS
X - 286E-04
S -33513.2
a6 ~5576
33513.2 38458.5 43403.8 [TET 53204.3
35985.8 408311 45876..4 50821.7 55767

Fig-11: 0 ply, stress in x direction

Stresses in y direction

—— ANSYS

STER=1 MY 3 2018
e 20:54:20
ThME-1

s (RVG)
LAYR-1

RSYS-0

MK = 886E-04
2 =45312.1

S =61875.4

56354.3

453121 469928 52613.5 00:
47152.4 50833.2 54513.9 58184.6 €1875.4

Fig-12: 0 ply, stress iny direction

Shear stress in x-y plane

HOOAL SOLUTION A
015
20155208
21503.7 24236.2 20968..7 FEITTe] 144337
25870 -22602.5 19335 -16067.5 -12e00

Fig-13: 0 ply, shear stress in x-y direction

For 30° lamina,
Stresses in x direction

ANSYS

nias|
MAY 3 2018
w915
£8207.1 85756.2 102215 Tieens 135133
775266 93985.7 110845 126904 143363

Fig-14: 30  ply, stress in x direction
Stresses iny direction

F— ANSYS)
STEF=1 MAY 3 2015
B =1 21100200

e EEEES S —
73914.1 754936 77073 766524 80231.6
14703.8 76283.3 77862.7 79442.1 §1021.5

Fig-15: 30 ply, stress iny direction
Shear stresses in x-y plane

WODAL SoLTTICH ANS“\]"SS
R MAY 3 2015
e 21:00:34
Tnée=1

s v

TATR

| EEEESETUUSa—— |

33807.6 45018.3 56229, 1 GIEEN) 78650.6
39413 50623.7 61834.5 73045.2 84256

Fig-16: 30 ply shear stress in x- y direction

For —45 lamina,
Stress in x and y direction are plotted as

—— ANSYS)
STEF-1 Wy 3 2015
I 21:03:37
TE-1
x Ve
LayRe3
BSYS=0
e -, B36E-04
260 —-25468.6
2 -123528
Ly S — ]
254686 64183 a0752.3 30627 106973
-2913.99 20197 s7301.5 04173 123528

Fig-17: —45 ply stress in x direction
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184021 20415.9 59234 =]
1006.93 ssead.9 78643 e

ANSYS

oy 3 s

— —
g 136870

Fig-18: —45 ply stress iny direction

Shear stress in x-y plane

WODAL SOLOTICN

ssssss

—
-118672 —£3208.1 -4Ts.e E
-100341 654775 -30014.1 584923

172624 23160,

s
TAYR=3 Z mx
BS¥s=0
DMK = 886E-04
0 =-118672
M8 ~40912.6
——

g
21:08:50

0912.6

Fig-19: —45 ply shear stress in x- y direction

Stresses for entire laminate,
Stresses in x direction

Ry 3 20

s

43363

Fig -20: Stresses in x direction for laminate

Stresses iny direction

Shear stress in x-y plane of laminate

NSy

TaST-3 28482 [T E—T

Fig -22: Shear stress in x-y plane for laminate
4.4 CLT theory on case 2:

In this case symmetric 0/90/0 degree graphite epoxy
laminate is taken in to consideration and thermal loads are
included under certain curing and room temperature
along with_mechanical_loads .

Fig -23: 0/90/0 degree graphite epoxy laminate with fiber
orientation

Layers are stacked on one other with green colour of fiber
indicates 0 degree ply, blue colour indicates 90 degree ply.
Since this cross-ply laminate having 3 layers, it is
symmetric about it's middle surface. This is the reason
why, there is no coupling between bending and
extension..Layer 1 is outer layer and fibers are in x
direction, layer 2 is inner layer and fibers are in y
direction, due to symmetry layer 3 is similar to layer
1.Thickness of both outer layers is equal to 0.127mm,
Thickness of inner layer is equal to 10 times, thickness of
outer layer 1.27 mm, Total laminate thickness is equal to
1.524mm.

Table 4.2 Mechanical properties of this graphite epoxy
laminate [9]

Fig -21: Stresses in y direction for laminate

Property symbol | Units Graphite/
epoxy

Longitudinal elastic | E; GPa 290

modulus

Transverse elastic | E; GPa 6.9

modulus

Major Poisson’s ratio | ¥ 0.25

Shear modulus Gyq GPa 48

Longitudinal By um/m/°C | -1.04

coefficient of thermal

expansion

Transverse e pm/m/°C | 29.7

coefficient of thermal

expansion
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This composite was cured at 370 °F but is sitting in a room
at 70°F . Thus we must consider the residual stresses
resulting from the temperature difference.

Curing temperature= 370 *F = 187.5°C

Room temperature = 70°F = 21.11°C

Change in temperature AT = 21.11 — 187.8 = —1668.7°C

Stresses in each lamina is given as

For 0°lamina

[ Tx ] 3330.376
Oy = [ 54.2118 ]

[Ty d - 0

For 90°lamina

O ] 114.193
Oy =]-11.18
ay dope 0

4.5 Validating case 2 in ANSYS:

Same size of laminate is modelled as taken in case 1
,mechanical properties are also mentioned along with
thermal coefficient of expansions and both curing and
room temperature also specified in this case. Meshing is
done in same way as in case one. Mechanical loading and
uniform temperature are also specified to get final
solution.

ANSYS
Bias|

Fig-24:
graphite/epoxy

Stacking  sequence  of  0°/90° /0

sys

or

Fig -25: Model of case 2 with element numbers

Stresses in case 2:
For lamina 1, Stress in x direction

ANSYS
AL

Fig -26: stresses in x direction

Stresses iny direction

Fig-27: Forlamina 2, stresses in x direction

ANSYS
Ch
¥ 3 2015

W

Fig -28: Stresses in x direction

Stresses iny direction

ANSYS|
[

Fig-29: Stresses in y direction

Stresses for entire laminate,
Stresses in x direction
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NODAL SOLUTION
sTER=1

ANSYS|
A1es
2018

2219.72 3001.29
1918.93 2640.51 3362.08

I
114.985 836.562 1558.14
475.774 1197.35

Fig -30: stresses in x direction

Stresses iny direction

Fig -31: stresses in y direction

5.RESULT

Stresses calculated in both symmetric and unsymmetrical
graphite/epoxy laminate with different mechanical and
thermal loading condition by applying classical lamination
theory and analysed in ANSYS. Thus obtained theoretical
and analytical results for both are listed and calculated
percentage error to compare the results obtained from
CLT and ANSYS.

5.1 for case 1, 0-/30-/-45- graphite/ epoxy laminate

Lamina 1 O-

By CLT ANSYS % Error

stresses UL L UL (L UL | LL

33537.22| 55763.1e | 33513.2| 557&T | 0.07 | 0.01

gx
Ty £1945.28| 45329.03 | 61875.4| 453121 011 | 0.04
Ty —27532.9 —127%84 | —27503) —12800| 0.11 | 0.01

Lamina 2 30-
stresses By CLT ANSYS % Error
UL LL UL LL UL LL
a. £9300 | 14334426 | 692971 | 143363 | 000 | 0.01
a, 73510 | E1015.80 | 735141 | 810215 | 001 | 001
Toy 33810 | 54234.15 | 33807.6 | 84256 | 001 | 003

Lamina 3 -45.
stresses By CLT ANSYS Y Error
uL LL uL LL uL LL
o 123521 —25452.6| 123528 | 254626 001 | 0.06
a, 158265 —18380.8| 156279 | —18202] 001 | 012
T, —11867] 408816 | —118&72 | 209126 000 | 0.08

5.2 for case 2, 0-/90-/0- graphite epoxy laminate

stresses _ By CLT _ _ ANSYS _ .?-f: Error _
0 30 0 30 0 30

T, 3330378 | 11413 | 336208 | 11459% | 095 0.69

Ty 54.21 —11.18 54.43 —10.% 041 2.62
Ty 0 0 0 0 0 0

6. CONCLUSION

The results obtained by CLT agree very closely with
ANSYS results. The results are valid for symmetric and
unsymmetric laminates.
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