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Abstract

Generalized metric spaces are important in many fields and are regarded as mathematical tools. The idea of generalized metric
space is introduced in this study, and various sequence convergence qualities are demonstrated. We also go over the
continuous and self mappings fixed point extended result.
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1. INTRODUCTION

The study of fixed point theory has been at the center of vigorous activity, although they arise in many other areas of
mathematics. In 1992, Dhage [1] developed the concept of generalized metric space, often known as D-metric space, and
demonstrated the existence of a single fixed point for a self-map that satisfies a contractive condition. Rhoades [4] discovered
certain fixed point theorems and generalized Dhage's contractive condition. The Rhoades contractive condition was also
extended by Dhage's [3] to two maps in D-metric space. Dhage [2] discovered a singular common fixed point [6] on a D-metric
space by applying the idea of weak compatibility of self-mappings.

A generalized metric on set X is a function D:X XX XX — R, such that for any x,y,zzw€X (i) D(x,y,z) =0 and
D(x,y,z) =0 if and only if x =y =2z, (ii) D(x,y,z) = D(p(y,x,z)), where p is a permutation, and (iii) D(x,y,z) <
D(x,y,a) + D(x,a,z) + D(a,y,z). The pair (X, D) is referred to be generalized metric space after that. A triangle with the
vertices x, y and z has a peridiameter defined by a generalized metric D(x, y, z).

Definition 1.1 If R(a, b, c) = max(a, b,c) then D(x,y,z)(p + ¢+ 1) < R(D(x,y,a)(p),D(x,a
,2)(q),D(a,y,2)(1)) © 1,(x,y,2) < 1,(x,,a) + T,(x,a,2) + 74(a,y,2) foralla € [0,1] and x, ¥,z € X.
Definition 1.2 If S(a, b, c) = min(a, b,c) then D(x,y,2)(p + q + 1) = S(D(x,y,a)(p),D(x, a
,2)(q),D(a,y, Z)(r)) Se,(x,v,2) g (x,y,a) +e,(x,a,2) + g4(a,y,2) forall ¢ € [0,1] and x,y,z,a € X.

Definition 1.3 A sequence {x,} in a D-metric space is said to be Cauchy if for any given € > 0, there exists n, such that for all
r,5,t > ng, D(x,, x5, x;) < €.

Definition 1.4 f is said to be orbitally continuous if for each x € X, {x,} € 0¢(x), x, - x* =
fxn = fx".0p(x) = {x} U{f"x:n € N}

Theorem 1.5 Let (X, D) be a complete bounded D-metric space and T be a self map of X satisfying the condition that if there
exists a k € [0, 1) such thatforall x,y,z € X if

D(Tx,Ty,Tz) < kmax{D(x,y,z),D(x,Tx,z),D(y,Ty,z),D(x, Ty, z),D(y,Tx, 2)}.

Then T has a unique fixed point u in X and T is continuous at u.
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Theorem 1.6 Let (X, D) be a compact D-metric space and T be a continuous self map of X satisfying for all x,y,z € X with
D(x,y,z) # 0,

D(Tx,Ty,Tz) < max{D(x,y,z),D(x,Tx,z),D(y,Ty,z),D(x,Ty,z),D(y, Tx, 2)}.
Then T has a unique fixed point u € X.

Definition 1.7 Let T represent a multi-valued map [7] on the (X,D) D-metric space. Let x, € X. If x,,_; € T" 1(x,), then
Xn € Tx,_1, Vn € N, then a sequence {x,,} in X is said to represent an orbit of T at x, denoted by O(T, x,). If an orbit's diameter
is finite, it is said to be bounded. If every Cauchy sequence in it converges to a point on X, then it is said to be complete.

D(x,y,z) = max[@(x,y), 8(x, z), d(y, z)] is an example [5] of D-metric., where @ is a metric on X, and (b) D(x,y,z) = 0(x,y) +
B(x,2) + 0(y,2).

When a sequence {x,}, lim,_,., x, = x in a D-metric space (X, D) converges to a point x, it is said to be D-convergent. If there is
an n, € N such that D(x,, X;,, Xx) < 8§ Vn,m > n,.

If @,,[(s1, 52, S3,54,55), S¢] = @[max(sy, S, S3,54,55)] — s and @,,: R} X R, — R, In this case, :R, — R, is a non-decreasing
upper semi-continuous function with #(0) = 0 and @(s) < s for s > 0. Then, on R} X R, @, is upper semi-continuous, and @,,
is non-decreasing on R3. Additionally, @,,[(p, p,p,p,P),q] = 0 = q < @(p). Therefore, @,, € ¢.

2. OUR RESULTS

Theorem 2.1 If (X, D) is a complete generalized metric space with three self-mappings of X that satisfy the criterion Ty, T, and
T; such that

D(Tyx, Ty, T32) < By max[D(y, Tyx, T2y), D (v, T2y, T32), D(y, T5z, Ty x)]
+:82 maX[D (x' sz, T3Z)' D(x, ’Z Z), D(y, sz, T3Z)] + B3D(x, Tlxl sz)
Forall x,y,z € X and B;, B,, 3 € R satisfying the condition 35; + 35, < 1 — 3. Then T has fixed point.

Proof: Let x, € X and define a sequence {x,,} of points of X:T;Xsn = Xont1, ToXon+1 = Xon+2r T3X2m42 = Xonsz,n = 0,1, ... ...
Now, applying the given condition we achieve the result as follows D (T; X3, ToX2n41, TsXona2) = D (Xan41) X2n42) Xans3)

< By max[D (Xznt1, X2n+1 X2n42)) D (Xans 1, Xant2, X2n43), D (2ns 1, Xanazr Xons )] +
B2 max[D (xzp, Xop 42, Xan+3)s D (Xon, Xons1, X2n42), D (Xons1, Xon+2, Xone3)] +
B3D (X2n, Xan+1, X2n+2)
L.e. D(xzn11, X2n42: X2n43) < P1D (Xzns1r Xon+ 1, Xans2) + B2D (Xon, Xons2, Xonss) +
B3D Xz, X2n11, Xan42)
i.e.D(xzn11, X2n42) X2n43)
< Bi[D (X2n43) X2ns 1) X2ns2) + D(Xani1 Xant3 Xant2) + D(Xons1, X2ns1) X2n43)]
+B2[D (X2p41, X2n42) Xam+3) + D (X2n Xona1, X2na3) + D (Xon, Xona2) Xon+1)]
+B3D (X2n) Xan+1, X2n+2)

i.e.D(X2n41, X212, Xan+3)[1 — 281 — o]
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D (X2n+1 X2n+1, X2n+3)» D (2ns Xon 41, X2na3)

< [B; + 2B, + B3] max
! 2 3 D (X2, Xan+25 X2n+1)» D (Xam, Xan 41, X2n+2)

i.e.D(Xan4+1, Xon+2) X2n+3)

D (Xzn+1) X2n+1, X2n+3), D (X2n, x2n+1rx2n+3)]' here p = B+ 2B, + 33/1

< pmax
D (X2ns Xon42) X2n41)s D (Ko, Xon41, Xan+2)

= 2B =B,
But we have to given that 36, + 36, < 1 — f33 sop=ﬁl+282+ﬁ3/1_2ﬂl_ﬂ2 <1

D (X2n41 X2n+1, X2n+3)r D (C2ms Xoms1, X2n43) If

. q = D(Xzn+1, X2n+2) X2n+3) then
D (X2, Xan+2) X2n+1)» D (Xam, Xan 41, Xan+2)

Letting q = max

we achieve

D(Xan11, X2n+2, X2n43) < PD(Xan11, Xan+1, X2n+3) and this implies D(Xz2n41, X242, Xan+3) < PD (X2n, X2p, Xon43) similarly we can

obtain D (xzn 41, X2n42, X2n43)

< PD (X, Xoms Xon+2) < P2D(Xapn—1, X2n—1, Xzn42) < =+ < 2D (x4, %1, %3). Now when we have q = D (X2, X21141, X2n43) then we
get D (Xapi1, X2n+2) Xan+3) < PD(Xon, Xon4+1, X2ne3) and hence D (Xzp, X2n41, X2n42) < PD(Xan—1, X2n, Xan42)- SO by symmetry

D (Xzn+1) X2n+2) X2n+3)

< DD (KXo Xont1s Xon+3) < P2D(Xpn—1, Xon, Xons1) < -+ < 1D (xg, %1, X3). Again, we have q = D(Xzn, Xan42, ¥2n41) then we
get D (Xpni1) Xan+2 Xones) < P2T1D(xg, x5, x;) and which shows that {x,} is a Cauchy sequence because p < 1. Hence there
exists some point u € X such that lim,,_,, x, = u because X is complete. Now we shall show that u is the common fixed point

of Ty, T, and Ty D(Tyu, Tou, TsXgne3) = D(Tiw, Tow, T3Xon42)
< py max[D(u, Tyu, T,u), D (W, Tow, TsXon43), D (W, TsXonys, Tiw)] +
B> max[D (w, Tou, TsXzp43), D(W, U, Xon42), D(W, Tow, T3Xpp43)] +
BsD(u, Tyu, Tou)
< pymax[D (u, Tyu, Tou), D(w, Tow, X2n43), D (W, X2n43, TiW)] +
B> max[D (u, Tou, Xpn43), D (W, U, X2p42), D(W, Tou, T3Xop43)] +

ﬁ3D(ul Tlul TZu)

Now, when n — o we achieve D(Tyu,T,u,u) <0 and this shows that Tyu = T,u = u by symmetry we also achieve

T,u = Tyu = u. Thus, Tyju = T,u = Tzu.

Theorem 2.2 If T meets the criteria, let T be an orbitally continuous mapping of a bounded complete D-metric space X into

itself such that

() x, = X%,y = ¥, 2, = zin X then D(xp,, Y, 2,) = D(x,y,2)

(ii) D(Tx, Ty, Tz) < a;D(x,y,Tz) + a, max{D(x,Ty,Tz),D(y, Tx,Tz)} +
azmax{D(x,Ty,Tz),D(y,Tx,Tz)} + a, max{D(Ty,T?x,Tz),D(x,T?x,Tz)}

+as max{D(Tx,T?x,Tz)}

Vx,y,z € X and @y, a,, a3, &y, @s € R:a; + a, + 3a; < 1 —3a, — as for each x € X, the sequence {T™x} converges to a fixed

point of T
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Proof: Let x, be an arbitrary point of X. Now we define a sequence {x,,} by x; = Txg, x; = TXq,e0eer, Xy = Txp_q. If for some
n =0, x, = x,,4, then x,, is a fixed point of T. Now assume that x,, # x,,,¥n=0,1,2,...... From the hypothesis we have

Tsatisfies the condition
D(Tx,Ty,Tz) < a;D(x,y,Tz) + a, max{D(x, Ty, Tz),D(y,Tx,Tz)} +
as max{D(x,Ty,Tz),D(y, Tx,Tz)} + a, max{D(Ty, T*x,Tz),D(x,T?x,Tz)}
+as max{D(Tx,T?*x,Tz)}.
From the above condition we achieve the result
D(Txp—1, Txp, Txpy1) < a1D(xp_q, Xp, Xny2) + @ max{D (Xn_1, Xn, Xp42), D (Xn, Xni1, Xny2)}
+az max{D (Xp_1, Xp41, Xn+2), D (X, Xy Xpi2)} +
as Max{D (Xn41) Xn41) Xns2)s D (Xn_1, Xna1, Xna2)} + as max{D (xp, Xpy1, Xpi2)}
or, D (X, Xny1, Xns2) < @1 D(Xn_1, Xp, Xny2) + @D (Xn_1, Xny Xny2) + 3D (Xn_1, X, Xny2)
+a4D (i1, X1, Xnt2) + 5D (Xn, Xpp1) Xny2)
< 1D (Xp_1, X, Xpg2) + @D (Xp_1, X, Xng2)
+a3[D (Xn, Xn+1) Xns2) + D (nq, X, Xpa2) + D(Xn_1, Xns1, X))
+a4[D (Xn, Xn41) Xn12) + D(Xni1, Xn, Xng2) + D (pr, Xy, X))
+asD (X, Xn1) Xnt2)
or, [1 — az — 2a, — as]D Oy, Xpy1, Xny2) < [ag + ag + az]D (-1, X, Xp42)
+a3D (X1, Xpp1, Xn) + @4 D (X1, Xng1, Xn)
< [ag + ap + 2a3 + ay] max[D (-1, X, X 42), D (Xn—1, Xnt1, Xn), D (1, X1, X))
i.e.D(xn, Xp41, Xn42) < pmax[D (xp_1, Xp, Xn12), D (Xn-1, Xn41, Xn), D Oy 1, Xps1, X))

_apta, +2a3+a,
Herep = /1—a3

_2a4_a5<1duet0a1+a2+3a3<1—3a4—a5

L.e.D(xp, Xps1, Xns2) < PD (X1, X, Xny2), D (X, Xng 1, Xng2) < pD(Xn_1, Xny1, X,) and also

D(xn' Xn+1» xn+2) < pD (xn+1' Xn+1» xn) i.e. D(xnr Xn+1 xn+2) =< an(xO: X1, X3) Similarly we achieve D(xn' Xn+1s xn+2) <
p"D(xg, X3, X1) and D (X, Xpt1, Xna2) < p™D(xg, X5, X1). This concludes the result that
D (%, Xpg1y Xnaz) < p™ max[D(xg, x4, X3), D(xg, X2, %,), D(x3, X5, x;)] and hence {x,,} is a Cauchy sequence because p < 1. On the
other hand X is complete. So {x,,} converges to a point g € X. This implies that lim,,_,., D(T"*"'x,, Tq,7) = 0. But T is orbitally
continuous D(q,Tq,7) < D(q,Tq, T"" 'xo) + D(q, T"* 'xy,7) + D(T™*'x,,Tq,7) approaches to 0 as n — co. Which leads us
d(q,Tq,r) = 0but q # Tq.Also D(q,Tq,r) # 0 for any r. Hence q = Tq. Hene q is a fixed point of T.

Corollary 2.3 If X be a complete D-metric space and T; and T, be self-mapping on X satisfy the criterion A, (OT1 (szo)) <
0, T; (X) € T,(X), the pair (Ty, T,) is D-compatible and T, is continuous, and for some k € [0,1) V u,v,w € X,

© 2023,IRJET | ImpactFactorvalue:8.226 | 1S09001:2008 Certified Journal | Page 38



’,/ International Research Journal of Engineering and Technology (IRJET)  e-ISSN: 2395-0056
JET Volume: 10 Issue: 08 | Aug 2023 www.irjet.net p-ISSN: 2395-0072

D(T,u, T,v, T,w), D(Tyu, Tyu, T,w), D(Tyy, T,v, T,w)

<
D(Tyw, Tyw, Tyw) < kemax D(Tyu, Tyv, Tyw), D(T,v, Tyu, Tyw)

Consequently, T; and T, share a unique

common fixed point.
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