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Abstract - This research paper discusses the econometric

modeling approach of linear regression using statistics.
Linear regression is a widely used statistical technique for
modeling the relationship between a dependent variable
and one or more independent variables. The paper begins by
introducing the concept of linear regression and its basic
assumptions.

The univariate and multivariate linear regression models
are discussed, and the coefficients of the regression models
are derived using statistics. The matrix form of the Simple
Linear Regression Model is presented, and the properties of
the Ordinary Least Squares (OLS) estimators are proven.
Hypothesis testing for multiple linear regression is also
discussed in the matrix form.

The paper concludes by emphasizing the importance of
understanding the econometric modeling approach of linear
regression using statistics. Linear regression is a powerful
tool for predicting the values of the dependent variable
based on the values of the independent variables, and it can
be applied in various fields, including economics, finance,
and social sciences. The paper’s findings contribute to the
understanding of the linear regression model's practical
application and highlight the need for rigorous statistical
analysis to ensure the model's validity and reliability.
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statistics, univariate regression, multivariate
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1. INTRODUCTION

Linear regression is a powerful statistical modeling
technique widely used to analyze the relationship between
a dependent variable and one or more independent
variables. In a simple linear regression model, the
dependent variable is assumed to be a linear function of
one independent variable, while in a multiple linear
regression model, the dependent variable is a linear
function of two or more independent variables.

The coefficients of the linear regression model are
represented by beta () values, which are constants that
determine the slope and intercept of the regression line.

The beta values are estimated using the Ordinary Least
Squares (OLS) method, which involves minimizing the
sum of squared errors between the predicted values and
the actual values of the dependent variable.

The matrix form of the linear regression model is a useful
tool for understanding the relationship between the
dependent and independent variables. The matrix form
allows for a more efficient calculation of the beta values
and the variance-covariance matrix of the beta values.

Partial derivatives are used to derive the expected values
and variation of the beta values. The expected values of
the beta values are equal to the true beta values, and the
variation of the beta values can be used to derive
confidence intervals and hypothesis tests for the beta
values.

The relationship between the beta values and the normal
distribution is important in understanding the properties
of the OLS estimators. The beta values are normally
distributed, and their variance-covariance matrix can be
used to derive confidence intervals and hypothesis tests.

Hypothesis testing is an essential component of linear
regression analysis. The null hypothesis is typically that
the beta value is equal to zero, indicating that there is no
relationship between the independent variable and the
dependent variable. The t-test and F-test are commonly
used to test hypotheses about the beta values.

The ANOVA matrix is a useful tool for decomposing the
total variation in the dependent variable into the
explained variation (sum of squared regression) and
unexplained variation (sum of squared error). The sum of
squared total is the sum of squared deviations of the
dependent variable from its mean.

The relationship between the sum of squared regression,
sum of squared error, and sum of squared total with the
mean squared error and the degrees of freedom is
important in interpreting the results of the linear
regression analysis.

In summary, linear regression is a powerful statistical
modeling technique that can be used to analyze the
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relationship between a dependent variable and one or
more independent variables. The beta values, matrix form
of the model, partial derivative concept, expected values
and variation of beta values, relationship with normal
distribution, hypothesis testing, ANOVA matrix, formulas
for sum of squared regression, sum of squared error, sum
of squared total, and relationship with mean squared
error, t-test, and F-test with degrees of freedom are
important concepts in understanding and interpreting the
results of linear regression analysis.

2. METHODS

2.1 Deriving the coefficient of the regression
model for the simple linear regression model

The important result that is needed to derive Eo and E
1

Suppose, y is the sample mean of y then y is defined as 1
over n times the summation fromi=1ton of y,

The written L.H.S. can also
be written as:

?:1
(1)

G 00y [5n (r-x

(2)

n
i=1

(3)

n
i=1

Table 1: Different forms of ¥ . (x;-x)(y;-y)[1]

Derive: ',  (x; — )(y; —y)= XL, Xy -nxy
y=lyn .
X LHS.=S2, (4~ D0i — ¥)
It also means that ny is equal to the summation from
4 =X, Ggyi-yxi-xytxy)
i=1ltonofy,
Y =YL, %y yIh, xcx¥l, yitnay
ny =yr [ e (a)
L7 &imt i From equation (a) and equation (b)
Similarly, —on
Sliz1 X yp-nxytynx-ynx
x is the sample mean of y and is defined as 1 over n times
the summation fromi=1tonof x; =Xit1 X5 yiTnx Yy
x= %2?21 x; = R.H.S [Equation (1)]
It also means that ny is equal to the summation from Derive: 3L, (i — 0 — y)=2iky ba-2y,
i=1tonofx;. LHS.=3, (x — 00 — y)
nx =¥t x------- (b) =X, Ggyi-yxi-xyitxy)
Th.ere are some important results that we need to know =¥, X Y- leﬂ:l Xicx X, oyt nxy
using the summation operator,
From equation (b)
=YL Xy nxy-xXh, yitnxy
=X 4 YitxXi Vi
=2 -y
= R.H.S [Equation (2)]
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Derive: 37, (x, — D0 — ¥) =% Oi-¥)x 0 =y onpx
LHS. =3, (i — 00i — ¥) 0 =y BBk
=Xk ayi-yxi-xyi+txy) Bo =Y B X
=Y, xyicyXh, xcxXh, yitnxy Applying Partial Derivative with respect to EI
From equation (a) % =237, (v = Bo — Buxi) (x0)

=Xt %Yty X-nxytnxy To find the maxima or minima,

= Z?:l XiYi~Y Z?:l Xi Equivalently, the derivative equals 0.
=X Oi-ylx 0=-23_, (y _B;_Exi) (x:)

= R.H.S. [Equation (3)]
Deriving the formula for Bo and B, [2]
1. S.S.E: The sum of squared error is equal to the

summation from i = 1 to n of the square of the difference
between y; and 5,:

2. y; is the real observation and y is the predicted
L
observation
3. The goal is to minimize the distance between the

real observation and the predicted observation.

4. The equation is a quadratic equation and the
objective is to find the minimum point and not the
maximum point.

(vi-3)°

substituting 7 =By + Bxi

SSE= PN

i=1

SSE=¥r_ . (y — By + Bx.))?

Applying Partial Derivative with respect to E;

0SSE =2
8Bo

ry (=B - Bx) O

To find the maxima or minima,
Equivalently, the derivative equals 0.

0 =281 (3 - Bo — Bx)

0 Yi'nﬁA()'B:Z?=1 X

n
i=1

from equation (a) and equation (b)

2

0=3¥L1 Xiyi"By Yr, x B2 X

From equation (b)

022?:1 xi}’i"é\on&'ﬁlzln:l xi2
AS,B’O

0=3L: xyi-[y-pBxlnx-g Xl x

= X—Z}IZ

2

- . ~ -7 2
0=X51 xyinx Y Binx® "B IR

From equation (1)
- Z?:l

xiz)

0=3", (x;i — 00 — X)+El(n£2

Bi(nx? Yl =Xl (- 000~ y)
B=Ir, i-00i-y)

(2, x2 - nx?)
ASZ?:1 ( —x) ? =QL;, x? - nx?)

Bi= it (xi-©0i-y)

Z?=1 (xi — E)Z

2.2 Matrix form of the Simple Linear Regression
Model

X =

Lz,
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[ Z:IZJ i“;}
X =1
Z;—J Iy Z;:J ry

Here, XTX is a 2 x 2 symmetric matrix

det(X"X) = n¥l, «f XL, x*Zli X

nyt., xRl x)?
=nyt_ , x?-n®x?
=n(Et., xf-nx?)

Sex=(2Po1 x MXA=FP_ . (x —x )P

detXTX) =05y, (x = x )7 S

T - [ —n;?}

 det{ XTX) | —nz 1

T e 1 —Na

! nb‘_,._,. —na i
o’
ey [V 1] "
) Sl oz T, ' Z
LY

B = (™) XTY

E.'—J Ty —NE e—J Ll
—nz 3o T

iy
I|

.'JiffJ
i=1 Tilh

|

Scalar form of Y is
V=B, + Bix; t €

ForY, ﬁo the intercept, ﬁl is the slope, and €; 1s the error
term epsilon. This is known as the scalar form. Suppose
there are n data points, theniranges from 1 ton

The Matrix Form of Y is

Y = XB + €[3]

Y1 Lown oz o 2| | B £1
Y2 L zn oz . . x| | D £1
=|. T} TP . . Ty |+

Ty Ty . . Ty
| Y| _1 Tpl Fp2 . o Tpp _'Ljal_ | En |

2.3 SLR Matrix Form Proof of Properties of
OLS(Ordinary Least Squares) Estimators

The first assumption is that the expected value of epsilon
is equal to zero for all i and these i are in the range of i = 1
2,.., n, where n is the number of data points.

The mathematical representation is stated below.
E[g;]=0vyi wherei=1,2,3,.,n.

The anticipated value of vector epsilon is going to be zero
vector or in rows, so it's essentially epsilon, the expected
value of epsilon is going to be simply a vector of zero,
where there will be n rows, So this is the first assumption
that will be evaluated when working with the simple
linear regression model in matrix form.

Expected value and Variance of ¢ [4]
E[gi] =
0

Elz] =

..

The second assumption is about the variance of the
epsilon

Var[] i. The epsilon vector's variance matrix is equal to
sigma squared times the identity matrix, with dimensions
of n by n.
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Var[ei] = O-ZInxn

So the variance of epsilon is equal to sigma squared on all
diagonal terms up to n rows, and all these entries should
be zero other than diagonal terms.

Var[g;] = 021

a2 0 000 0]
0 & 000 0
0 0 . 00 0
0 0 0 . 0 0
0 0 00 . 0
0 0 000 o

Var[z] =

The third assumption is that the epsilon values are
uncorrelated. If they are uncorrelated then that means
that for any Epsilon values g, and ¢,, the variance of g,
and g, is equal to zero. This also means that the
covariances of g, and g, are equal to zero. Thus, Vi, j
where i % j, the covariance of ¢; and g; is equal to zero.

As g;'s are uncorrelated

The mathematical representation of the above third
assumption is:

Var(e;,e,) =0
COV(gl, Sz) =0
Cov(e;,g) =0 vij i+#j

As the epsilon of i's(g;’s) are uncorrelated with each other,
and based on these three assumptions, when combined
with the fourth assumption, allow for a very good
powerful construction of the simple linear regression
model, from which various results can be derived.

The fourth and last assumption is that the error terms are
normally distributed.

The epsilon i(g;) follows the normal distribution with
some mean(y) and some variance( g?2) .

& ~N(wo?) vil5]

From Assumptions 1 and 2, we know that y = E[g;] =0,
and Var[g;] = a?1,,,,, where 5 is the standard deviation.

Also, from assumption 3 where y i, wherei=1, 2, 3,........ ,n

COV(SL-,sj) =0 vi j iz jwhich means these epsilon are
independent and are identically distributed.

Hence,
& ~N(0,, 0%1)
Hence, §=Y-¢
=Y-Xp
Derive and show that E[ 'é] =B
Asp =(XTX)7'XTY
E[g]=E[(x"X)"'XTY]
Note: (XTX)—1XT is not stochastic, it's not random at all, it
is all just constant known values that are multiplied by
each other.
E[g]= (x"X)"'X"E[Y]
As Y = Xﬁ +g
E[Y] =E[XB + ¢]
= E[Xp] + E¢]
= E[Xp]
=XB

Hence,

----(From Assumption 1, E[¢] = 0)

E[3] = (X"X)"'X"E[Y]
= XTX)'(X"TX)B
As (XTX)~1(X"X) = I, where XX is symmetric matrix
E[gl=1,B
E[gl=p
Derive and show that Var[g] = 52 (x7x)-!
Var[] = Var[(xTX)"1XTY]
Let B= (xTX)~1xT
Var[B Y]

= BVar[Y] BT

B Var[Xp + ¢] BT = B Var[Xp] BT + B Var[¢] BT

Here, XB in Var[Xp] is not random and continuous hence
we can assume that Var[Xf] =0
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From Assumption 2 where Var|[g;] = g1 To fit the regression model, the goal should be to minimize
the SSE,

Var['é] =Bg?IBT
minimize(SSE) = minimize (g7 £)

= (XTX)—leO-ZI[(XTX)—le]T
= minimize[(y — X3 )T(Y — X1

As XTX is symmetric, [(XTX)—le]T= X [(XTX)—l]T

Here, g = (XTX)"'X"Y

=X
(7] Lor o ; where
Var[g] = (x"X)"' X" o?l[(x"X) 7' X"] _ -
n > pE - R P
Saea Sah Maeaxe .. Y TiTip
= —1yT 42 — 2
=XTX)TXT I X [(xTx) 1 Ty — L Xmara YlEm . :
= O.ZI(XTX)—leX(XTX)—l ’ ’
7
_Z Tip . . v Z:Ef|IjIJ i
As (XTX)~1(XTX) = I, where XTX is symmetric matrix
= O.ZI(XTX)—I B _
20yTx)-1 Z'{h
=o°(X'X)™
( ) Z a1l
As are unobservable, g2 cannot be computed hence we T'x r )
assume 2is an estimator of g2 XY =
Hence, Var[ﬁ] =52 (XTX)™ .
; ; . . E Liplh
2.4 Hypothesis testing for Multiple Linear - -
Regression- Matrix form E[g]=8
Y2XB e Var[g]=6%(x"X)~*
T A2 uTy -1
oo r T o o =0°(X' X
Y1 Loen @2 . . x| | £l Var[p]=0" (")
y2 L woy x . . wyp| | o £1 g2=MSE=_SSE_ - .Tg
= . T X3z . . :Ef;;}, . - . n—p—l n—p-— 1
' Tt Ty H f interest 1 is f d n is th
: , , , - - ere, p regressors of interes is for B, and n is the
L 4n _J- Tnl Tp2 . . Tpp '-jn ] b Te8 Bo

ol sl number of samples in the population

here, ¢ =Y - ¥ where Y above in the equation is the actual
observation and ¥ is the fitted observation.

Let Se be the Standard Error

Hence,
The following equation gives the sum of squared

errors(SSE):

Se(p) = \/VW] =/62(xTx)1

SSE=¢T ¢

Here, Se(2.) = [
Therefore, the above function can be written as: (:31) 62 (XTX)—111

SSE=(v - XB)T(Y - XB)
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Hypothesis to be tested: H: ’B]. =0 VvsH,: ’B]. +0
[6]

Test Statistic =g, - g;, = B, -0 = B4

Se(ﬁl) Se(ﬁl) b\.Z(XTX)—l11

Hypothesis testing on a linear combination of regression
parameters in the matrix form of the linear regression
problem.

Below is the general formula of the regression model that
is in matrix form:

Y=XB + ¢
Scalar representation of the regression parameters:

Y = Bot Brxint BoXip * B3z * eeeeneen + BpXip:

Linear combination:

LetZ — Coﬁo + C1,81+C2ﬁ2+ ............... +Cpﬁp
_lf'{]_
1
2
{
="

L5

The cy,cq,Cp0mmm Cp in the above equation represent the
constants.

Hypothesis to be tested: Hy:L=LyVs H{: L # L,
Expected value of [, :

E[L 1=E[L] = [c"4)=c" Elf]=cTB =1

cT is the row vector of the constants.

Variance of [ :

Var[L]=Var[cTB] = c"Var[B]c=cT62(X"X) c

BFormulation of the test statistics is a t-test where the
parameter of interest (7) follows the normal distribution
with mean of L and variance of ¢T42(xTX)~c.

L~N(L c"6*(xTX)~c)
Test statistics T:

T =L-Lgy
Se(L)

L, : It is the value of the linear combination under the null
hypothesis

where Se(L) = /52T (xTX)~1c
Then test statistics becomes,

T=

cTB -1y

Va2l (xTx)~1c
ANOVA Matrix Form [7]:

~ tn—p—l

SSR: Sum of squares Regression : o
i=1

(- w)?
(yi - 5’\1)2

SSE : Sum of squares Errors : Z’L 1

SST : Sum of Squared Total : 2
a I ()

& s
L'=cp Source of | Sum of degree | Mean F
r -_1[_‘ variation | Squares s of Square statistic
o freedo
3 m
L= [co0 ©l ':}J] Regresion | SSR p MSE = F = MSR
SSR MSE
, P
L3 Errors | SSE n-p-1 | MSE =
_SSR_=
ﬁ—-..'. vy v n-p-1
L= lecobo a1 Cps, | pe
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Total SST = SSR | n-1 MST = REFERENCES
+ SSE SST 1 . . . .
1 [11 Introduction to Linear Regression Analysis, 5th

Table 2: ANOVA matrix form [8]

F=MSR . F
mse  PPTE
Hypothesis to be tested: H:F = Bo=P1=L2==Pp

vs H.:F= H [9]

fF>F, then reject H, else accept H,

,pn-p-1

3. CONCLUSIONS

In conclusion, this research paper has explored the
econometric modeling approach of linear regression using
statistics. The paper has presented the fundamental
concepts of linear regression, such as the basic
assumptions and the definition of the dependent and
independent variables.

The paper has then discussed the wunivariate and
multivariate linear regression models, and the coefficients
of the regression models have been derived using
statistical methods. The matrix form of the Simple Linear
Regression Model has been presented, and the properties
of the Ordinary Least Squares (OLS) estimators have been
proven.

Finally, the paper has discussed hypothesis testing for
multiple linear regression in the matrix form. The
importance of understanding the econometric modeling
approach of linear regression using statistics has been
emphasized, and the paper's findings contribute to the
understanding of the practical application of the linear
regression model.

Overall, linear regression is a powerful tool for predicting
the values of the dependent variable based on the values
of the independent variables. It can be applied in various
fields, including economics, finance, and social sciences.
Rigorous statistical analysis is necessary to ensure the
model's validity and reliability, and this paper has
provided insights into the statistical methods used in
linear regression modeling.
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