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On solution of a quadratic integral equation by Krasnoselskii theorem
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Abstract: in this paper, we prove the following equation

1
a(@) = 91(D) + (3, a(@2(0)) f 3G O 6, alps(6))ds, 7€ 0,] ®)
0

Has existence solution in the space of continuous function by Krasnoselskii theorem under of collection of

assumptions.
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) Introduction:

The use of Integral Equations is crucial for mathematicians, engineers, and theoretical physicists in solving
complex research problems. These equations are commonly utilized in dealing with initial value and boundary
value problems, which may have fixed or variable boundaries. Knowledgeable individuals recognize the
significant importance of Integral equations in pure and applied Mathematics. These equations play a critical
role in solving physical and chemical problems. The quadratic integral equations are encountered in various
fields, such as radiative transfer, neutron transport, kinetic theory of gases (see [1, 2, 5, 9, 10, 14]) and
designing band-limited signals for binary communication. These equations are also used in simple memoryless

correlation detection, especially when signals are disturbed by additive white Gaussian noise.

Many problems in the real world can be described using integral equations. This type of equation has been
extensively studied by various authors, such as Chandrasekhar in 1947 (see [18]) and in a book published in
1960 (see [17]). These initial studies were primarily by astrophysicists, but later mathematicians also became
interested in this theory. They have discovered many thought-provoking questions that still remain unanswered.
Some notable contributions in this field have been made by Conti (see [6]), Banas, Argyros (see [8]),
Sadarangani (see [11, 12]), Gripenberg (see [7]), Joshi [16] and numerous other.
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i) Preliminaries and Notation

We introduce notations, definitions, and theorems which are used throughout this paper.
We denoted for Banach space by (3%, || .||), 38 is Banach space with a norm || . ||, consider the set T is subset
of 2B. as well, S, is set of family of all bounded and empty subset of A%B. Thereover, we can refer to subfamily

consisting of all weakly relatively compact and relatively compact sets.
Now we refer to T3 is subfamily set consisting of all weakly relatively compact and relatively compact sets.

Definition [13]: Let ¥: S, — R is a measure of weak noncompactness in 3% if it satisfies the following

provision:

a) The family ker W is nonempty and ker ¥ c T, such that ker ¥ = {T € S,g: ¥(I') = 0}, as well ker ¥
is called the kernel of the measure W.

by T'c Y= W) < ¥Y(Y).

c) W(convl') =¥(I).

d) If T,, € 8,4, I, = [, and the set T,,; < [, such thatn = 1,2, ...
and if lim,_,o W(I3,) = 0, then [y, = Ny~ [, IS nonempty.

e) Y[pl'+ (1 —p)Y]<p¥?@)+ 1A —-p)P(),p€[01].

The modules of continuity ¥ (a, 7) is defined by
Y(a,7) = sup{la(d;) —a(A)|: 44,2, € 1|4, — 44| < 1}
Suchthatt > 0, « € T'"and T is a bounded nonempty subset of continuous function on interval I.

Definition [19]: a set ¢ subset of B is said to be convex, ifall ,p € [0,1]and all @, €E¢, pa + (1 —p) B € s.
The following expression p a + (1 — p) f is said to be a convex combination of @ and . Now we can say that

if any combination of every two element in ¢ , it is also in ¢., then the set ¢ is a convex set.

Theorem (Ascoli-Arzela Theorem) [3]: suppose a subset P of C (1) is relatively compact if and only if the set

P is bounded, and equicontinuous.

Theorem (Krasnoselskii Theorem)[15]: suppose that M be a nonempty, convex and closed subset of E.

Consider § and 7" are operator such that:
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a) S(M)+T (M) S M.
b) § is a contraction mapping.
c) Theset T is continuous and the set 77(M) is relatively compact.

1)  Main results

We can write the equation (®) as following:

1
(@) = 01(0) + (8, a(92(0) f 3G O 6, a(9s(6)))ds, {ea  (®)
0

Such that § is bounded and linear operator on real number. As well as, all the hypotheses below were fulfilled:

&. The functions IT; (Hi =1,(¢, a(goiﬂ(g))) :[0,1] X R — R is continuous and satisfies the Lipschitz
condition i.e there are QO > 0 such that:
I1,(¢,a(0,,,©)) =11 (€. 8(0,,, )| < Qla(0,,©) = (0, ©)]
So, we can find that:
(¢, a(0,,,©))| = [ (¢ a(0,,©)) - MG, 0) + 1,(Z, 0)| < Qlal +a*
Foreach¢ e [0,1], a,pEeRandi =1,2.
B. The functions II; (l‘[i =1;(¢,g a((le(q))) :[0,1] x [0,1] X R — R is continuous and there are
function define by U:[0,1] — [0,1] such that:
1(¢.6.a(0,,,))| = V(@)D
Foreach¢ e [0,1], aeRandi = 1,2.
C. The function ¢, is continuous and define by ¢;: [0,1] — [0,1].
D. The function 3 (3 = 3(¢,¢)): [0,1] x [0,1] - R is continuous with respect to two variables ¢ and ¢
where folll((, ¢)|d¢ < a, suchthata > 0,V (€I

E. The operator S is bounded and linear operator on real number.

F. The following inequality is fulfilled

aQU(llal]) <1
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Theorem: If the assumption from A to F are fulfilled, then equation (®) has at least one solution on interval
[0,1].

Proof:

< first step, let u is positive number such that the set M, is contain all positive function a(¢) and ¢
belong to [0,1]. So M, is nonempty and bounded set however we need prove that it is closed and
convex set.

1) Suppose {a,} is strong convergent sequence of u, and convergent to a, so there exists {ay }
subsequence of {a,} where it is converges in interval | which means that « belong to M,,. We
conclude that the set M, is closed.

2) Suppose a, f € M, then ||a|| < pand ||| < u, p € [0,1], we get:
lpa+ (1—p) Bl <pllall + (A —p)IIBIl < pu + (1 — p)p = u, we conclude that M, is convex.

Now, for ¢ € M, we have:

1Sal = |92 + 1, (¢ a(92(©) j 3 O, (6, alps(6))ds
0

IA

lp1 (O + |H1((,a(<pz(c))lj IMS, DT, 6, alps(§)))Idg
0

< llosll + a (Qlall + a) U(llal)

By assumptions (C) and (E), it is imply that ||Sa|| < us.

Similar away, we obtain ||Ta|| < us. Let u = max{us, ur} and for any « € M

Thus,

| S(a)+ T()| < ||ISall + ||Tall < u, we conclude that S(M) + T(M) € M.
+«+ Second step, we must prove that the operator § is contraction mapping.

Forall T > 0 and @, B € B where ||a — || < T, we get:
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St = SB1 = |@1(0) + My (5, a(@2()) [y 3 (6, a(p3(6)))dls
~0:1(0) = T, (5, B(2(6)) J 3G MG, B(p3(6)))ds|
< | (¢, a(0,)| 3 B@ O (26 aley0)) - 12 (2.6 8(05(0))) | ds

+ |11 (¢, a(e,0)) = 1 (€. 8(0,())| J3 13 1M (8, 6. B( 05 ())|ds

< a(Qla| + a*)yY1,, 1) + aQla — BlU(la])

When 7 — 0 then ¥/(I1,, ) — 0 and take aQ U(]|a||) = K such that K < 1, imply that
ISa — SBIl < Klla - Bl

We conclude that the operator § is contraction mapping.

¢ The third step, suppose arbitrary {;, {, €1 such that {; < {, and |{, — {;| < T, we get:

ITa(2) = Ta@)l = |01(%) + (G @(92(6) fy 3G M2 (Ga 6, a(93(6)))ds
—1(%) + T4 (G, a(92(9)) J 3w, M (G, 6, a3 ($))ds
< 101(32) — 911 + M1 (8 (02 ()| [ 1302, )1 M5S0 6, a(3(6))) s
+|11, (2, a(92(9)) — T4 (G0, a(@2(6))| [IJ(Q,C)I M, (C2 6, a3 (6)))1dg

+]104 (82, @ (@2())| f, 1382, §) = 3(G1, ) M5 (G4, 6, a3 (6))) ds

1
+|H1(Zz,a(<pz(c))|f 1302, O M2(E2, 6, a3 (6))) — M (Gh, 6, a3 (6)))ldg
0
< Y(p, 1)+ a@llall + a”)U(llall) + allla - IO lall) +r(@llall + a”)U(lall) + a(Q||all +
a”)Y(Ily, 1)
When 7 — 0 then ¥(I1,, 7), Y (@4, T) = 0. We obtain that
1T7a({z) — Ta(@)ll < [aUp+ t0u](Qu + a”) + aQUulla - B|
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So, we conclude that the operator 7 is continuous.

%+ The fourth step, we must prove that the operator 77 (M) is a relatively compact, we need show that:
a) Ta € T(M) isbounded, we have:

Tl = |@:(©) + (¢, alp2(9)) fy 3G MG, 6, a(@a())ds]

IA

1
021 + |, (3, a(92(9)))| f 153, ) 5., 6, a(ps(©))lds

< llgall + a Qllall + a®)O(llal)
We take § = aUu(Qu + a*), itis imply that ||Ta|| < 7 + §. We conclude the operator T is bounded.

b) Ta € T (M) is equicontinuous, suppose arbitrary ¢, , {, €I such that {; < ¢, and |{, — ;| <1, by
Similar way in third step we have:

1Ta(d) = Ta(l)| < Y@, 1) + [aUu + T0u + ayp(Ily, DI(Qu + a*) + aQUplla - Bl

Since ¥ is continuous function then Y (¢4, 1), ¥(I1,,7) - 0and [{, — ;| > 0asTt - 0
1Ta($1) = Ta(S)| < [abp + t0p](Qu + a”) + aQUulla - Bl

We conclude the operator T« is equicontinuous.

Now, we must demonstrate an example in which our primary finding proves to be advantageous and enables the

expansion of existing theorems.

Example: let the following quadratic integral equation

1
N A
S(a) =e*+¢ +7 a“{%(cosqdg, { €[0,a] (®®)
0
From observing, we can conclude that above equation is a specific instance of equation (®), so the function
@1(0) = e is continuous and I, (¢, a(p,(¢)) = % + % where |(2 + %| < %Iagl

Moreover, 3(, ¢) = ¢¢ which implies that |{¢| < 1 such that {, ¢ € I and the following function

I, (¢, ¢, alps(¢))) = a?cosg, this implies that |a?{cosg| < |{cosg||a?|
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Additionally, when provided with any arbitrary element 7 > 0 and «, § € B where |a — B| < T, We get:

la?¢¢¢cosg — B2{¢¢cosg| < |{5¢cosg|la? — B

The equation (® ®) is fulfilled all conditions of our theorem, so it has at least one solution on interval.
Iv)  Conclusion:

By collection of assumption and it is possible to locate a favorable outcome for equation(®), thus fulfilling
all requirements for Theorem Consequently, equation (®) will then possess at least one feasible solution on
interval [0,1].
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