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Abstract

A new class of convolution integral equations whose kernels involve an H-function of several variables, which is defined by a
multiple contour integral of the Mellin-Barnes type, is solved. It is also indicated how the main theorem can be specialized to
derive a number of (known or new) results on convolution integral equations involving simpler special functions of interest in
problems of applied mathematics and mathematical physics.

The object of the present paper is to generalize the solution of the Convolution Integral Equation involving the Fox’S H-
function kernel to the case of Generalized H-function kernel. There are some novel functions that form special cases of the
generalized H-function but not Fox H-function. In the present paper, we shall give the solution of convolution equations
involving two of such novel functions as kernels.

The object of this paper is to solve an integral equation of convolution form having H-function of two variable as it’s kernel.
Some known results are obtained as special cases
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1. Definition and Introduction

)] The Laplace Transform if
F(P)=LIf(t);p] =[e™f(t)dt , Re(p)>0 (11)
0

Then F(p) is called the Laplace transform of f(t) with parameter p and is represented by F(p) = f (t) Erdelyi [(3) pp.129-131 ]

LIT@:P1=F(P) o Liet®)1= F(p+a) (12)

andit F(0)=f'(0)= £ (0)=....= f™3Q0)=0 , f"(t)

Is continuous and differential, then

L[f"(t);p]1=P"F(p) .(1.3)

(if) it LLfM®] =FR(p)

then L [ f,(D)] = F,(p)
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Then convolution theorem for Laplace transform is
1
L[ (0 f,(t—u)du} = L{R,OILLEL O =F.(p).F,(p) -(14)
[0}

(iii) The H-Function Defined by
Saxena and kumbhat [1] is an extension of Fox’s H-Function on specializing the parameters , H-Function can be
reduced to almost all the known special function as well as unknown

The Fox’s H-Function of one variable is defined and represented in this Paper as follows [see Srivastava etal [2] ,pp 11-13 ]

L 1

HD] = HMN | /@erke |2 1 (A% d

[ ] P.Q (bj ’ﬂj)l,Q 27[(() 9:}[_1 (5) 5 (15)

.(1.6)
ﬁrbj _ﬂjflﬁ[rl_aj —a; &
o(s) - — il

[ITi-b+ps]] Ta—a¢
i=M =1 j=N-+1

For condition of the H-Function of one variable (1.5) and on the contour L we refer to srivastava et al [2]

(V) The H-Function of two variable occurring in this paper is defined and represented as follows [see Srivastava et al [2] ,pp
83-85]

H[Xx,y]= H LB /(ajﬂj ’Aj)l,pl (¢ )1,,,2 (e E )1,p3

Py GoPats| Y (b 88y (6 0) (TR

1 (1.7)
= [ [ mva (&) v (m)x(£)y(r)dédn
o Where
¢1((§,77) :ﬁl"(l—aj +a; &+ A7)
x lp_l[ I'a, _O‘jg_ Ajﬂﬁrl—bj _ﬁj§+ Bj77 ..(1.8)
j=n 41 j=1
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Where the ¥/, (f) and ¥, (77) are defined as (1.6) and for conditions of existence etc. of the H (X, y) we refer to srivastava
etal [2]

(vi)Let @, 5 and 17 be complex numbers,and let x € R4= (0, ) Follwing Saigo [7} Fractional integral (Re(a)>0 and

derivative Re(a) < 0 of first kind of a function f(x) on R+ are defined respectively in the forms:

x~@=F
[(a)

f{fjﬁf(f) = f;(x —t)* 1 2F1 (.:r +B, —n;a;1 —E)f(t)dt; .(1.9)  Re(a)>0

d" _g+n f-n.n-n

o, x (f),0<Re(a) +n<1 (n=1,2,3, cceveeeerens ),

Where 2F1(a, b; c; z) is Gauss’s hypergeometric function

Fractional integral Re(a)>0 and derivative Re(a) < 0 of second kind a function f(x) on R4 are given by:

A3, 1 X _ _ t
gfa”:mju (x — ) 1 t*B2F, (.:r +B, —1n;a;1 —;) f()dt;  ..(110) Re(x)>0
n 4" .axtnf-nny
= (—1) —x, o ), O<Re(a)+n<1 (n=1,2,3,..),

Let o, BnandA be complex numbers. Then there hold the following formulae. The R.H.S. has a definite meaning

aBn .z _ _[Q+DIA+A-B+n) ;g
Iy") = TQtA—p) (Lt Atatn) —(1.11)
provided that Re(a)> max [0, Re(f-n)] — 1,and
afn g [B-Dln-4) A-B
Jo  t° = [{—A}[{a’+,ﬁ’+n—&}x .(1.12)

Re (a)>0and Re(A) <min [Re (B) , Re (m)], Re()< 0, O<Re(a) +n<1,and
Re(A)<min [ Re(f)-n, Re(n)], Wherenis a positive integer.

The integral (1.10) is a special case of (1.9) where a’ + ﬁz = A~ ! which was already pointed out by Wille [8] moreover more
general results than (1.10) can be found out in the literature ([9], [10])

(vii) The I-Function which was recently introduced by sexena [11] is an extension of Fox’S H-function. On Specializing the
parameters,I-Function can bereduced to almost all the known special function as wellas unknowns. The I-Function of one
variable is further studied by so many researchers notably as vaishya, jain, and verma [15], Sharma and shrivastava [13],
Sharma and Tiwari [14] ,Nair [12] with certain properties series summation, integration etc.

Saxena [11] represent and define the I-Function of one variable as follows
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(aj,aj)lyn ------ (aj: ,“ji)ml,pi
m,n
Iz) =1 qr | £ I (1.13)
| (bj’ ﬁj)l,m ...... (bﬂ ,ﬁji)m+1,qi_

JL t(s) z*° ds.

2mi
Where
t(s) = ; - (1.14)
X1 [H;;mﬂfl —bji + Bjis 12 [aji - GfﬁS]

The following definition and results will be required in this paper

2. Main Result

Result 1
(j,@)) . . (aji, @ji)
198 Seh L{ee o |at? : D
(b, BJ) o v (bji, B
_XPm e
S P;+2 qi+2,r

(A—a, ) (A—a—n+pB41): (q,aj) .. .. (aji, aji)
ax
(=2 =+ B, 2)(~2 = 20 = 1,2) (O], Bj) v e (B, B

Provided Re(f) >0 1=A>a and Re(1+x)>0

Result II
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(@), aj) ... (aﬂ aji)p;

Ig:f,?} t,1+vs jgyoﬁg,ﬂ {tp—I—us L {th I;ﬂ‘g . zx’l
(b, BJ) v o (D], B
xf~A72P +5 —uU— —k
= ~prm Ipsgrer XU P

4K (=B +p WA 1+ pu) (~4,0) (&, @) e . (afi, @)

(1 +pru)(1 —a _ﬁ —n+p u) (_“1 + ﬁrlv) (_“1 —a— f}':'U} (bjrﬂj} ------ (bjirﬁji)qi

Provided Re (a) >0 Re () >0 A, n>0

b; :
Re(a+ﬂﬁ—’j) >0 Re(,B+,ug—;) >0 j=1,2..m k=1,2..g

larg z,| <47 A, |argz,| <izA, A A, >0
M, Q, N, P
Zb—Zb+Za —Za A, =2 d;=> d;+>¢;—> ¢
M;+1 N;+1 1 M, +1 1 N, +1
Result I1I

aﬁ”{t‘l L{e_”x th Ig » ztk. P

(P + n}—l—ﬂ—h+_8 ‘r;?—lig_:iz;r
A—hEKYA—h+—nk)(A— h+,8k)(aa0 ...... (aj; aj;)p;
z(p+n)~*F

(bj Bj) - - ( ﬂ,ﬁﬁ)qi (A —h + B, k) (A —h —a—n,k)

Provided Re(p) >0 12A>a and Re(1+)>0
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Proof I First Taking by mellin barnes type contour integral for I- function for one variable and then convolution of laplace
transform for H-function.then solving we get required result.

Proof II First Taking the I-Function of one variable Saxena( [11],1.13, 1.14 ) then applyLaplace transforms efine as (1.1) . Now
using Gamma Function ( Euler’s second formula).Mellin barnes type contour integral for I- function for one variables then
(using 1.11 &1.12 ) and then we get required result.

Proof III same as proof I & II we get required result.
3. Conclusion

Three kinds of generalized convolution operations of fractional Integral and Laplace transform are investigated, and the
corresponding convolution theorems are derived, which can be seen as the generalization of the classical results. The
relationships of these generalized fractional convolution operations are also discussed. Additionally, the potential applications
of the derived results in solving two kinds of generalized convolution integral equations are discussed, and the explicit
solutions of these convolution-type integral equations are obtained.

From this Paper we get some many solution of integral equation of convolution from having H - Function of one or more
veriables
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